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Abstract

We investigate the multiplicity of the solutions of the fourth order elliptic system
with Dirichlet boundary condition. We get two theorems. One theorem is that the
fourth order elliptic system has at least two nontrivial solutions when A, <¢ < Ay
and AnAsn - Q) < a + b < Appp s - ©). We prove this result by the critical
point theory and the variation of linking method. The other theorem is that the
system has a unique nontrivial solution when A, <¢ <A1 and A s - ) < 0, a+b <
Aks1Pirr - ©). We prove this result by the contraction mapping principle on the
Banach space.
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1. Introduction

Let Q be a smooth bounded region in R” with smooth boundary 9Q. Let A, < 4, < ...
< Ax < ... be the eigenvalues of -A with Dirichlet boundary condition in Q. In this
paper we investigate the multiplicity of the solutions of the following fourth order
elliptic system with Dirichlet boundary condition

Au+rcAu=a((u+v+1)" ' —1) inQ,
Av+cAv=b((u+v+1)"—1) ing, (1.1)
u=0,v=0, Au=0, Av=0 on 0%2,

where c € R, u" = max{u, 0} and a, b € R are constant. The single fourth order elliptic
equations with nonlinearities of this type arises in the study of travelling waves in a sus-
pension bridge ([6]) or the study of the static deflection of an elastic plate in a fluid and
have been studied in the context of the second order elliptic operators. In particular,
Lazer and McKenna [6] studied the single fourth order elliptic equation with Dirichlet
boundary condition

Au+cAu=b((u+1)"—1), inQ,
u=0, Au=0 on 0%2.

(1.2)

Tarantello [10] also studied problem (1.2) when ¢ < 1; and b > 1;(1; - ¢). She show
that (1.2) has at least two solutions, one of which is a negative solution. She obtained
this result by degree theory. Micheletti and Pistoia [8] proved that if c < 1; and b > 4,
(A3 - ¢), then (1.2) has at least four solutions by the Leray-Schauder degree theory.
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Micheletti, Pistoia and Sacon [9] also proved that if ¢ < A; and b > A,(A, - ¢), then
(1.2) has at least three solutions by variational methods. Choi and Jung [2] also consid-
ered the single fourth order elliptic problem

AU+ cAu=bu* +s in Q,
u=0, Au=0 onoS.

(1.3)

They show that (1.3) has at least two nontrivial solutions when ¢ < 13, A;(4; - ¢) < b
< Ay(Ay - ¢) and s <0 or when A < ¢ < Ay, b < A1(A1 - ¢) and s >0. They also obtained
these results by using the variational reduction method. They [3] also proved that
when ¢ < A1, L1(A;1 - ¢) < b < 2,(A, - ¢) and s <0, (1.3) has at least three solutions by
using degree theory. In [7-9] the authors investigate the existence of solutions of jump-
ing problems with Dirichlet boundary condition.

In this paper we improve the multiplicity results of the single fourth order elliptic
problem to that of the fourth order elliptic system. Our main results are as follows:

11
b—a

Akon - €) <a + b < Myps1Aiyns1 - ¢). Then system (1.1) has at least two nontrivial

THEOREM 1.1. Suppose that ab = 0 and det( ) #0. Let My <¢ < Miy1 and gy,

solutions.

11
b —a

Ak - ¢) <0, a + b < Ag,1(Ais1 - ¢). Then system (1.1) has a unique nontrivial solution.

THEOREM 1.2. Suppose that ab = 0 and det( ) #0. Let Ay <¢c < Ayy1 and Ay

In section 2 we define a Banach space H spanned by eigenfunctions of A* + cA with
Dirichlet boundary condition and investigate some properties of system (1.1). In sec-
tion 3, we prove Theorem 1.1 by using the critical point theory and variation of linking
method. In section 4, we prove Theorem 1.2 by using the contraction mapping
principle.

2. Fourth order elliptic system
The eigenvalue problem A*x + cAu = pu in Q with u = 0, Au = 0 on 9Q has also infinitely
many eigenvalues p; = A (A - ¢), k > 1 and corresponding eigenfunctions ¢y, k > 1. We
note that 1;(1; - ¢) < A,(As - ¢) < A543 - ¢) <....
The system
Alu+cAu=a((u+v+1)'—1) ing,

A?v+cAv=b((u+v+1)*—1) ing,
u=0,v=0 Au=0, Av=0 on IR

can be transformed to the equation
A*(u+v)+cAu+v)=(a+b)((u+v+1)"—1) inQ,
u=0v=0 Au=0 Av=0 on 9%2.
We also have
A%(bu—av) + cA(bu —av) =0 inQ,
u=0v=0, Au=0, Av=0 on 0£2.

It follows from the above equation that bu - av = 0. If u + v = w is a solution of
(2.1), then the system

Page 2 of 10



Jung and Choi Journal of Inequalities and Applications 2011, 2011:60
http://www.journalofinequalitiesandapplications.com/content/2011/1/60

U+v=w,

bu—av=0

11
b —
tions w = u + v of (1.1) is equal to that of (2.1). To investigate the multiplicity of (1.1)

has a unique solution of (1.1) since det( a) # 0. Hence the number of the solu-

it is enough to find the multiplicity of (2.1). Let us set w = u + v. Then (2.1) is equiva-
lent to the equation
ANw+cAw=(a+b)((w+1)" —1) ingQ,
w=0, Aw=0, ondfQ.

(2.2)

Any element u € L*(Q) can be expressed by

U= thdm with Zhi < 00.
Let H be a subspace of L*(Q) defined by

H={ueL*(Q) Y IM(h —c)lhf < oo}

Then this is a complete normed space with a norm

1
lul = 1) (= o)Ihi]2.

Since A (Ax - ¢) > + o and c is fixed, we have

(i) A’ + cAu € H implies u € H.

(ii) [l u |= C || ull2(e), for some C >0.

(iii) Il ulli2(@) = 0 if and only if || u || = 0.

For the proof of the above results we refer [1].

LEMMA 2.1. Assume that c is not an eigenvalue of -A, a + b = A (Ay - ¢) and
bounded. Then all solutions in L*(Q) of

A’w+cAw=(a+b)(w+1) —1)in L*(Q)
belong to H.
Proof. Let us write (a + b)(w + 1)* - 1) = Shpr € L*(Q).

(A2 +cA)M(a+b)(w+1) = 1) =) hepr € L2 ().

1
)\k()\k — C)

(A% +cA) Ha+b)((w+ 1) =1) =) (e —0)l !

(A (hre = 0))

i,

<CY My =Cllwlf,< o

for some C >0. Thus (A% + ¢cA) (@ + b)(w + 1)" -1))e H. =

With the aid of Lemma 2.1 it is enough that we investigate the existence of the solu-
tions of (1.1) in the subspace H of L*(Q).

Let us define the functional
b

lw+1|" — (a+b)w. (2.3)

1
F(w) / awp — v = 4t
02 2 2

Page 3 of 10



Jung and Choi Journal of Inequalities and Applications 2011, 2011:60 Page 4 of 10

http://www.journalofinequalitiesandapplications.com/content/2011/1/60

If we assume that A <¢ < Ar,; and a + b is bounded, F (u) is well defined. By the
following lemma, F(w) € C'. Thus the critical points of the functional F(w) coincide

with the weak solutions of (2.2).
LEMMA 2.2. Assume that Ay <c < Ayy1 and a + b is bounded. Then the functional F

(w) is continuous and Frechét differentiable in H and

DF(w)(h) = fQ [Aw- Ah — cVw - Vh — (a +b)(w+ 1)"h — (a + b)h]dx (2.4)

for h e H.
Proof. First we shall prove that F(w) is continuous at w. Let w, z € H.

F(w+2z) — F(w)

/S;[;A(uuz) 12 — ;|V(w+z) |2 — a;b|(w+z +1)*> = (a+b)

1
(w+z)]dx—/[2|Aw|2— ;|Vw|2— a;b|(w+1)+|2— (a + b)wldx
Q

1 a+b
/[w-(A2z+cAz)+2z- (A%z +cAz) — ( ) |(w+z +1)*?
Q

_ Y 1R - (@ b))

Let w = Slu@i z = 3" Iy, - Then we have

([ w @2 ecadan = 1Y [ anu— Ol < 1wz
Q Q

|/"z.(A2z+cAzyu|= 1S M — R < D211
Q

On the other hand, by Mean Value Theorem, we have

a+b a+b
[ 2|@wz+nﬁ— 2|W+nvn5w+mnzw

Thus we have

a+b a+b
1 Mz + 1) P = e 1) = (@ bzl = 2(a+b) 21 = O(l 2 ).
Thus F(w) is continuous at w. Next we shall prove that F(w) is Fréchet differentiable

at w e H. We consider

|F(w + z) — F(w) — DF(w)z| = | / ;Z(A2z +CAZ)
Q

a a

—( ;b|(w+z+1)*|2— ;b|(w+1)*|2+ (a+b)(w+1)*2)]

IA

;ndﬁ+(a+mnzn+(a+wuuun+nnzn

120 () 20+ (a+B) + (@ D)1 wl +1)) = OCl 2 1),

Thus F(w) is Fréchet differentiable at we H. ®
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3. Proof of Theorem 1.1
Throughout this section we assume that Ay <¢ < Agy1 and Agy,,Agsy - €) < @ + b < Agyy
1A ki1 - ©). We shall prove Theorem 1.1 by applying the variation of linking method
(cf. Theorem 4.2 of [8]). Now, we recall a variation of linking theorem of the existence
of critical levels for a functional.

Let X be an Hilbert space, Y € X, p >0 and ee X\Y, e = 0. Set:

By(Y)={xeY:|xlx<p}
Sp(Y)={xeY:lxlx=np}
Ay(e, Y)={oe+v:oc>0,veY, |oe+vlx < p},

Y,(e, Y)={oe+v:o>=0,veY, [|[oe+vlx=p}U{v:veY, |vlx <p}.

THEOREM 3.1. ("A Variation of Linking”) Let x be an Hilbert space, which is topolo-
gical direct sum of the subspaces X, and X,. Let F € C'(X, R). Moreover assume:
(a) dim X; <+oo;
(b) there exist p >0, R >0 and e € X3, e # 0 such that p < R and
sup F < inf F;
S,(X1) Zr(eX2)
(c) —o0o <a= ianR(g,XZ)F;
(d) (P.S.), holds for any c € [a, b], where b = supp (x,) F.
Then there exist at least two critical levels ¢ and c, for the functional F such that :

inf F<c¢; < sup F< inf F<c¢ < sup F.
Ar(eXa) S,(x) (o) By (X1)

Let H' be the subspace of H spanned by the eigenfunctions corresponding to the eigen-
values Ai(Ay - ¢) >0 and H the subspace of H spanned by the eigenfunctions corre-
sponding to the eigenvalues (A - ¢) <0. Then H = H" @ H. Let Hy be the subspace of
H spanned by @y, ..., Ox whose eigenvalues are A1(A; - ¢), ... , Lx(Ax - ¢). Let H,J; be the
orthogonal complement of Hy in H. Then

H=H, ® Hj.

Letee H' N Hy,,, e # 0 and p >0. Let us set

By(Hisn) = {w € Hiwn| Tw |l < p},

Sp(Hpsn) = {w € Hiwn| lw |l = p},
Apy(e, H,) =f{oe+wlo >0, we Hi:,, | oe+w| < p},
(e Hkﬁn) ={oe+wloc >0, we Hk{rn, |oe+w| = p}

Ulwlw € Hi,,, Il w ]l < p}.

Let L : H— H be the linear continuous operator such that
(Lw)z = / (Aw + cAw) - zdx — (a + b)/ wzdx. (3.1)
Q Q

Then L is an isomorphism and Hy,,, Hi- are the negative space and the positive

ke+n

space of L. Thus we have
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(Lw)w < —((a +b) = Aeen(Mean — ©)) | wl?, w € Hppn, (3.2)

(LLU)W > ()\k+n+1 ()Vk+n+l - C) - (a + b)) ” LU||2, we HL (33)

k+n*

We can write

Fw) = (Lwyw — y(w)
where

v = [ 1w 1) P

Since H is compactly embedded in L* the map Dy : H — H is compact.

LEMMA 3.1. Let Ay <¢ < Agy1 and Ay y(Agesn - €) <@ + b < My yys1 Aisnsr - €). Then F(w)
satisfies the (P.S.), condition for any ye R.

Proof. Let (w,) be a sequence in H with DF(w,) — 0 and F(w,) — 7. Since L is an
isomorphism and Dy is compact, it is sufficent to show that (w,,) is bounded in H. We

argue by contradiction. we suppose that ||w,|| — +co. Let zZn = ”32”. Up to a subse-

quence, we have z, — z in H. Since DF (w,) — 0, we get

DF(wn)lUn _ B )
w2~ /Q(Az +eA)z, /Q[(“b)(zn w

+ Zn
n”)zn—(a+b)”wn ]—0. (34

Let P*:H — Ht

ion @and P": H — Hy,, denote the orthogonal projections. Since

P* z, -P z, is bounded in H, we have

/ (A? + cA)(P*zy + P~ z,) (P2 — P 2y)
Q

1 (3.5)
- / [(a+b)(P"zy + P2y + )" (P*zy — P"z,)] — O.
Q | wa |l
Since P z, - Pz, > P z - P z in H, from (3.2) and (3.3) we get
0< f [((a + b)z")(P*z — P z)]dx.
Q
Hence z # 0. On the other hand, from (3.5), we get
0 = [ (A% +cA)(P*z+ P z)(P*'z— P z) — / [(a +b)e" (P*z — Pz)]
Q Q
> / (A% +cA)(P*z+ P 2)(P*z — P z) — / [(a +b)z(P*z) — P"z)]
Q Q
- / (A2 +cA)(P*z+ P 2)(P'z— P z) — / (a+b)(P*2) + P~2)(P*z) — P~z) (3.6)
Q Q
- /(A2 + A — (a+b))(P*2) dx — / (A% +cA — (a+b))(P2)>?
Q Q
> ()“k+n+l ()“k+n+l - C) - (a + b)) ” Pz “[29 - ()\‘;(+"(A‘k+n - C) - (a + b)) “ P~z ”zI(Q) .

The last line of (3.6) is positive or equal to 0 since Ag,pe1(Agsns1 - ¢) - (@ + b) >0
and - (Ax,,,(Axsn - ©) - (@ + b)) >0. Thus the only possibility to hold (3.6) is that P* z =
0 and P z = 0. Thus z = 0, which gives a contradiction.

LEMMA 3.2. Let Ay <¢ < Mgy1 and Ajyy(Aisrs - €) < b < Apynpse1 Aisns1 - ©)-
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Then
(i) there exists Ry.,, > O such that the functional F(w) is bounded from below on H,ﬂ; 0

inf F(w)>0 and iqf F(w) > —o0.

weH;,, P (3.7)
[[w]|=Risn [l <Riesn
(ii) there exists Py, > 0 such that
sup F(w) <0 and sup F(w) < oo.
weHjn weHjn (3-8)

1] 1=Presn 1w 1=Presn

Proof. (i) Let w € Hi- . Then we have

k+n

1
lim Fw)> lim _(1 ) Il wil?

weHi,, weH},, 2 Mesne1 (Mense1 — €)
[Jw]|—+00 [lw]|—o00

b
— lim /[“* w+1)"1% = (a+bw— w]dx
o 2 2

weHi,
||w||—+00
i 1 . a+b T
= lim (1 - ) “ w”2 - lim / [ (w2 + 1) _ w2]dx
weHy,, 2 )&k+n+1()\k+n+1 — C) weHL o 2 2
[lwl]— o0 ol 0
. 1 5 . 1 ,
= Jimo (1= )Ilwl® = lim _((a+b)—1) | w
weHj., )\k+n+1()»k+n+1 — C) weHE 2 Q
[lw]]—+o0 ol 00
a+b
- (2] — +o0,
2

since g+b—r1 < Mesnsl ()\k+n+1 _ C) —r= )‘-k+n+l()‘-k+n+l_Cz)_)‘-kﬂt()‘-kﬂz_c). Thus there exists

Ry, > 0 such that lan;HEﬁ; F(w) > 0. Moreover if w € Hklm with ||w|| <R, then
we have

1 2 a+ b 2

F(w) = 2()‘k+n+1()\k+n+l - C))HWHLz(Q) - [ 2’ (w+ 1) — —(11 + b)w]dx
Q
1 a+b
> {(Mesnst ksns1 —€)) — (a+ D)} | w ||%2(Q) _/ dx > —oo.
2 0 2
Thus we have M werz,  F(w) > ——o0
[lw||<Rpesn

(ii) Let w € Hp,,. Then

< )\k+n()\k+n - C) - )Lk+n+l (}\k+n+1 - C) fQ w+2’

(LLU)w < ()\-k+n ()‘-k+n _C) _T) fQ wzdx 2

fg[;(a+b)|(w+1)*|2— (a+b)w—rw?]dx > fg[;(a+b)|w+|2— (a+b)w—rw*?dx,
so that

F(w) < ) ’

b—
_ar T/w+2+/(a+b)wdx
2 Q Q

1 Aken ()\k+n - C) - )\k+n+1()\k+n+1 - C)
2 { 2

+(a+Db) [ wliz ().

1 Apsn ()\k+n - C) - )\k+n+1()\k+n+1 - C) / w2
Q

- (d + b - T)} ” w+ ”%2(9)
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Since Ak+n()\k+n*6)7zk+n+l()\}Hml*C) —(a+b—r) < 0, there exists py,, > 0 such that if w e
Hp., and ||w|| = pisn then sup F(w) < 0. Moreover, if w € Hy,, and ||w|| < pg,,» then

F(w) < ;{)le+n(lk+n7’:)7};z+n+l (Aresns1—c) _ (a +b— T)} ” wt ”%2

(a+ b) || w”LZ(Q) < o0
LEMMA 3.3. Let Ay <¢ <Api1, Aan Ao - €) <a + b <Apri1 Aisns1 - €) and let e; €
H" 0 Hy,, with ||e,|| = 1. Then there exists R,,,such that R, > pln,

+(a+b) whize) =

we have (2) ]

inf F(w) >0 and inf F(w) > — oo.

L L
weZ - (e1,Hjg, weAp— (e1,Hy;,)
k+n k+n

Proof. Let us chose w € Hi;, and 6 > 0 and e; € H" N Hy,, with ||e;|| = 1. Then we

get

1 o?
Fw+oe) > 2)‘-k+n+1()vk+n+1 -0 llw ”iZ(Q) + ) Il e1 ”2

—/[a+b(w+ae1+1)2—(a+b)(w+ae1)]dx
o 2

1 o?
= 2{)"}6+n+1 (}‘-k+n+1 - C) - (a + b)} [l w ”iZ(Q) + 2 (A - (a + b)) I e1 ”12‘2(9)

a+b
—(a+b)o? || wlliz(ey |l e1lliz(e) — , 19l

where Axi1 (Ags1 - €) € A < Agyr (Agar - ©). Choose 0 > 0 so mall that § || er]|? is

fn > Plen, and

small. We can choose a number R,,, > 0 such that R, >0, R

infyept -0 F(w+oe) >0,

[lw+oe1]|=Rpsn

Moreover if w e Hi-

e 0 Z0w+oer || R, then

Fw) = % (A=b) |l e P2y = (@+b)o I wlizgg) Il erlliziey — “37IRA = —oo. Thus we

prove the lemma. =

Proof of Theorem 1.1
By Lemma 2.2, F(w) is continuous and Frechét differentiable in H. By Lemma 3.1. F(w)
satisfies the (P.S.), condition for any y € R. We note that the subspace Sp,,, N Hin

and the subspace X (e1, Hkﬂn) link at the subspace {e;}. By Lemma 3.2 and Lemma

3.3, we have

sup F(w) < inf F(w).

L
weS,, NHjpn wex R, (e1,Hp.,,)

Ple+n

By Lemma 3.3, we also have infweAR’; (e, H:,) F(w) > —00 Thus by the variation of

linking theorem, there exists at least two nontrivial solutions of (2.2). Thus we com-
plete the Theorem 1.1.

4, Proof of Theorem 1.2
Proof of Theorem 1.2
Assume that Ap <c < Agp; and A (Ax - ¢) <0, b < App1(Ager - ¢). Let

r= ;{)\k()\k =€) + A1 (Are1 — ©)}. We can rewrite (2.2) as

(A2 +cA —rw=(a+b)(w+1)" —r(w+1)" +r(w+1)* —rw — (a+b) in L2(R),

4.1)
w=0, Aw=0 onof.
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or

w=(A%+cA =) (a+b)(w+ 1) —r(w+1)" +r(w+1)" —rw— (a+b)] in L*(Q),

(4.2)
w=0, Aw=0 onodf.

We note that the operator (A% +cA - r)" is a compact, self-adjoint and linear map
from L*(Q) into L*(Q) with norm )»k+1()~k+1_C2)_)~k()~k_C)’ and
I ((a+b) = r){(wz + 1)" — (w1 + 1) "} + r{(wa + 1)" — (w1 + 1)} —r(wz —w1) |

1
<max{(a+b) —r,1}lw, — w1 < 2{kk+1(kk+1 —¢) — Ae(Ae — ) Hlwo — wi].

Thus the right hand side of (4.2) defines a Lipschitz mapping from L*(Q) into L*(Q)
with Lipschitz constant <1. By the contraction mapping principle, there exists a unique
solution w € L*(Q) of (4.2). By Lemma 2.1, the solution u € H. We complete the
proof. ®
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(FESDBC): fourth-order elliptic system with Dirichlet boundary condition.
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