Hongya and Jinjing Journal of Inequalities and Applications 2011, 2011:58 ® Journal of Inequalities and Applications
http://www journalofinequalitiesandapplications.com/content/2011/1/58 a SpringerOpen Journal

RESEARCH Open Access

A Caccioppoli-type estimate for very weak
solutions to obstacle problems with weight

Gao Hongya'™ and Qiao Jinjing'~

* Correspondence: hongya-
gao@sohu.com

'College of Mathematics and
Computer Science, Hebei
University, Baoding 071002,
People’s Republic of China

Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper gives a Caccioppoli-type estimate for very weak solutions to obstacle
problems of the 4-harmonic equation div.A(x, Vu) = 0 with | A(x, £)| ~ w(x)|E]P~L
where 1 <p < e and w(x) be a Muckenhoupt A; weight.
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1 Introduction

Let w be a locally integrable non-negative function in R” and assume that 0 <w < o
almost everywhere. We say that w belongs to the Muckenhoupt class A,, 1 <p < oo, or
that w is an A, weight, if there is a constant A,(w) such that

1 1 Pt
/(1-p) = .
sup <|B| fwdx) <|B| {wl 1=p dx) Ap(w) < 00 (1.1)

B B

for all balls B in R". We say that w belongs to A;, or that w is an A; weight, if there
is a constant A;(w) such that

1
B /wdx < A;(w)essinfgw
B

for all balls B in R".
As customary, u stands for the measure whose Radon-Nikodym derivative w is

w(E) = fwdx.

E

It is well known that A; € A, whenever p > 1, see [1]. We say that a weight w is
doubling if there is a constant C > 0 such that

1(2B) = Cu(B)

whenever B C 2B are concentric balls in R”, where 2B is the ball with the same cen-
ter as B and with radius twice that of B. Given a measurable subset E of R”, we will
denote by LP(E, w), 1 <p < o, the Banach space of all measurable functions f defined
on E for which
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p
e (Ew) = /If(x)l”w(x)dx < 00.
E

The weighted Sobolev class W*?(E, w) consists of all functions £, and its first general-
ized derivatives belong to L? (E, w). The symbols L” (E,w) and Wllc;z(E, w) are self-

loc

explanatory.

If xo € Q and ¢ > 0, then B, denotes the ball of radius ¢ centered at x,. For the func-
tion u(x) and k > 0, let Ay = {x € Q : |u(x)| >k}, Ar, = Ax N B,. Let Ti(u) be the usual
truncation of u at level k > 0, that is

Tr(u) = max{—k, min{k, u}}.

Let Q be a bounded regular domain in R”, n > 2. By a regular domain, we under-
stand any domain of finite measure for which the estimates for the Hodge decomposi-
tion in (2.1) and (2.2) are satisfied. A Lipschitz domain, for example, is regular. We
consider the second-order degenerate elliptic equation (also called 4-harmonic equa-
tion or Leray-Lions equation)

divA(x, Vu) =0 (1.2)

where A(x, &) : @ x R" — R" is a carathéodory function satisfying the following
assumptions

L (A(x,§),§) = aw(x)|§]",
2.|A(x §)l < Bw(x)I51P,

where 0 < < B < o, we A; and w > ky > 0. Suppose y is any function in Q with
values in the extended reals [-oo, +oo] and that # € W (Q, w), max{l, p -1} <r < p. Let

Ko =Kja(Qw)={ve W (Qu):v>1y, aexeQandv—0 € Wy (Qw)).

The function y is an obstacle, and 6 determines the boundary values.
We introduce the Hodge decomposition for V(v —u)""V(v—u) e Lr—;rm (2, wy
from Lemma 1 in Section 2,

Vv —u)"PV(v—u)=Ve+H (1.3)

and the following estimate holds

=l < cAp (W)’ Ir = plIV (v = )l (o)

(1.4)
F—p+1 (Quw)

Definition 1 A very weak solution to the K} g-obstacle problem is a function
u € Ky o (2 wsuch that

[ A v, 190 = 01 V- e = [ (A V), s 15)

Q Q

whenever v € Ky, 4(Q, w)and H comes from the Hodge decomposition (1.3).
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The local and global higher integrability of the derivatives in obstacle problems with
w(x) = 1 was first considered by Li and Martio [2] in 1994, using the so-called reverse
Holder inequality. Gao and Tian [3] gave a local regularity result for weak solutions to
obstacle problem in 2004. Recently, regularity theory for very weak solutions of the
A-harmonic equations with w(x) = 1 have been considered [4], and the regularity the-
ory for very solutions of obstacle problems with w(x) = 1 have been explored in [5].
This paper gives a Caccioppoli-type estimate for solutions to obstacle problems with
weight, which is closely related to the local regularity theory for very weak solutions of
the 4-harmonic equation (1.2).

Theorem There exists r1 € (p - 1, p) such that for arbitrary |y Wl’p(Q, wand ry <r

loc

<p, a solution u to the Ky g-obstacle problem with weight w(x) € A, satisfies the follow-
ing Caccioppoli-type estimate

1
[wuran=c| [1vvraus [
(R—p)
Arp Apr Apr

where 0 <p <R < +o and C is a constant depends only on n, p and B/c.

2 Preliminary Lemmas
The following lemma comes from [6] which is a Hodge decomposition in weighted
spaces.

Lemma 1 Let Q be a regular domain of R" and w(x) be an A, weight. If

p—
ue Wé’p_g(Q, w) 1 <p < o, -1 <& <p - 1, then there exist e W;rl_i (@ w)z/md a
divergence-free vector field fy . L?:i (2 w)such that

|Vu|*Vu = Vo + H

and

Vel p—e = cAp) VUl g,

2.1)
L1 —¢Qu
H _ < cAy(w)" |e|||Vul 8
IHI p—e =< cAp)lellVull, =g (2.2)
L1l —¢&(Qu

where Y depends only on p.

We also need the following lemma in the proof of the main theorem.

Lemma 2 [7]Let f(t) be a non-negative bounded function defined for 0 < Ty < t < T).
Suppose that for Ty < t <s < Ty, we have

f(t) < A(s —t)™% + B+ 6f(s),

where A, B, a, 0 are non-negative constants and 6 < 1. Then, there exist a constant c,
depending only on o and 0, such that for every p, R, Ty < p <R < T; we have

f(p) = clA(R = p)™ +BJ.



Hongya and Jinjing Journal of Inequalities and Applications 2011, 2011:58 Page 4 of 7
http://www.journalofinequalitiesandapplications.com/content/2011/1/58

3 Proof of the main theorem
Let u be a very weak solution to the K}, 4-obstacle problem. Let Bz, CC € and 0 <R, <
7 <t < R; be arbitrarily fixed. Fix a cut-off function ¢ € CJ°(B;) such that

suppp CB;,, 0<p <1, ¢=1inB; and |Vo| <2(t —1) "
Consider the function
v=u—Ty(u) —¢"(u—1yy3),
where Tj(u) is the usual truncation of u at the level k defined in Section 1 and
Yy = max{y, Ti(4)). Now v € Ky 7y o1, (€2 W). Indeed,
v— (0 —Tp(w) =u—0—¢"(u— ;) € Wy (Qw)
since ¢ € CF°(R2) and
v —Tw) =(u—-v)—¢'(u—v)=(1-¢)u-vy) =0
a.e. in Q. Let
E(v,u) =o' Vul"P¢"Vu + |V (v — u+ T (u)| "V (v — u + Tp(u)). (3.1)
From an elementary formula [[8], (4.1)]

+

1+e&
[IX|76X — |Y|¢Y] 5281 X—Y|'?% X,YeR", 0<e<1
— &

and Vv = V(u— Ti(u)) — ¢"V(u— ;) — 19" 'V (u — ¥;"), we can derive that

T+

L h—
E(v, 2T
IE(v, u)l < s

1
. o'V — @' V(u— ) —r¢" ' Ve(u—y) P (32)
From (3.1), we get that

/(A(x, Vu), |¢"Vul"P¢ Vu)dx = / (A(x, Vu), E(v, u))dx
At A
- /(A(x, Vu), V(v —u)[PV (v — u))dx.

Ak,L

(3.3)

Now we estimate the left-hand side of (3.3),

/(A(x, Vu), |¢"Vu|"P¢" Vu)dx > /(A(x, Vu), |Vu| P Vuydx > oz/ [Vu|"dpu. (3.4)

At Apr A
Using (1.3), we get
V(v —u+T(w)|" V(v —u+Ty(u) =Veo+H (3.5)

and (1.4) yields

IHI < cAp (W)’ Ir = plIV (v — -+ Te(w)) (o)

(3.6)
F—p+1 (@)

Since u - Ty(u) is a very weak solution to the ’C;_Tk(u)ﬂ_Tk(u)—obstacle problem, we

derive, by
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Definition 1, that

/(A(x, V(u—Ty(u))), IV (v—u+Tr(w))| PV (v—u+Tp(u)))dx > /(A(x, V(u—Te(u))), H)dx
Q Q

that is

/(A(x, Vu), [V —uw)|" V(v —u))dx > f(A(x, Vu), Hydx

At At
Combining the inequalities (3.3), (3.4) and (3.7), we obtain

a/ [Vu"dp < f(A(x,Vu),E(v,u))dx—/(A(x/ Vu), H)ydx
A At At

zp—r(p_r+1)/ o | o\ pe
repal VulP™ o'V — g™ Ve (u—yy)I P du

+p f [VulP~"|H|dp
At
2T (p—1+1)
r—p+1

< / [VulP =" V| dp
At
20 T(p—1+1)

P r—p+1

f Va1 g — i) g

+ﬁf\Vu\”7]\H|dH
Al
-1 r—p+l

p—r — '
<20 ”UC Vu’du) (A w*du)
r—p+1

p—1 r—p+1

2=+ ) , - N
“h r—p+1 (\ IVuIdM) C Irg V¢(“‘/fk)|dﬂ)

r—p+1

=
+ﬁCfV“"du) C|H|’P+1du) .

Let ¢ = 2‘77;9;71”), by (3.6) and Young’s inequality

, 1 1
ab < gaf +cz(8,p)bp,p, +p =1,a4,b>0,>0p>1,

we can derive that

a/|Vu|’du fﬂclsf|Vu|’dp,+,361cz(e,p)/|V1/f|’du

Ak,t Ak,t Ak,r
+ Beie / |Vul"du + Beica (e, p) f [r¢" 'V (u— ) du
Ak,r Alz,t
+ BeAp(w)! (p — r)e / Vuldu
Apt

+ BeAp(w) (p — 1)ea(e, ) / V(v — u+ o) du,
Q

where c is the constant given by Lemma 1. Since v - u + Ty(u) = 0 on Q\A;,, by the

equality

(3.7)
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Vv = V(u—Ty(u) = ¢"V(u— i) — 10" Vo (u—yy),

we obtain that

/ V(v — u+ To(u)) du = f V(v — )l

At
- [V )+ Ve v du
At
§2T_1/|V(u—'(/f}:)|rdpc+?_r_11'/ |V¢(u—1/f,:)|’d,u
Akt Akt
.
< 2% 2/|Vu|’du+2” 2/ |V |"dp + 222 (tlu l)rdﬂ.
-1

At At At
Finally, we obtain

/ |Vul"du ﬂ(zcl + ehp() (p = )e + ey (w) ea(e p)27 0 — 1) _/ |Vul"du

o
Al Al
Beica(e, p) + 222 BcA,(w)  ca(e, p)(p — 1 .
, Pa 2(e,p) + ap( ) e2(e,p)( )]lvwl du (3.8)
Ah[
,35152(5 p) + 27! BeAp(w) ca (e, p)(p — 1) / ul”
a (t—r)

Now we want to eliminate the first term in the right-hand side containing Vu.
Choosing ¢ and r; such that

_ B(2er + cAp(w)” (p = 1))e + BeAp(w) ea(e, )27 (p — 1)

o

<1

and let p, R be arbitrarily fixed with Ry < p <R < R;. Thus, from (3.8), we deduce
that for every ¢ and 7 such that p < 7 <t < R, we have

c
/ [Vul"du < r;/ [Vul'du + / [V |du + _4 oy / lul"du, (3.9)
Ak[ Ak,[

where

c3 = Berca(e, p) + 2772 BeAp(w) ca (e, p) (p — 1)
and

ca = rBcica(e, p) + 127 BeAp(w)? ca (e, p) (p — 1).
Applying Lemma 2 in (3.9), we conclude that

/ Vulrdu < / Vyldu+ / jul"dpe,

o a(R—p)
Akp Apr Akr

where c is the constant given by Lemma 2. This ends the proof of the main theorem.
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