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Abstract
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Banach *-algebras. We moreover prove the superstability of *-derivations and of
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1 Introduction and preliminaries

Suppose that A is a complex Banach *-algebra. A C-linear mapping § : D(§) — A is
said to be a derivation on A if 6(ab) = 6(a)+ b + ad(b) for all g, b € A, where D(J) is a
domain of ¢ and D(J) is dense in A. If § satisfies the additional condition d(a*) = d(a)*
for all 4 € A, then ¢ is called a *-derivation on A. It is well known that if 4 is a C*-
algebra and D(J) is A, then the derivation ¢ is bounded.

A C*-dynamical system is a triple (4, G, o) consisting of a C*-algebra 4, a locally
compact group G, and a pointwise norm continuous homomorphism ¢ of G into the
group Aut(A) of *-automorphisms of A. Every bounded *-derivation ¢ arises as an infi-
nitesimal generator of a dynamical system for R. In fact, if J is a bounded *-derivation
of A on a Hilbert space #, then there exists an element % in the enveloping von Neu-
mann algebra 4" such that

3(x) = adin(x)

for all x ¢ A.

If, for each t € R, o, is defined by a,(x) = e’th xe 'th for all x € A, then , is a
*_automorphism of 4 induced by unitaries U, = e’th for each t € R. The action
a:R— Aut(A), t > o, is a strongly continuous one-parameter group of *-auto-
morphisms of A. For several reasons, the theory of bounded derivations of C*-algebras
is important in the quantumn mechanics (see [1-3]).

A functional equation is called stable if any function satisfying the functional equa-
tion “approximately” is near to a true solution of the functional equation. We say that
a functional equation is superstable if every approximate solution is an exact solution
of it (see [4]).

In 1940, Ulam [5] proposed the following question concerning stability of group
homomorphisms: under what condition does there exist an additive mapping near an
approximately additive mapping? Hyers [6] answered the problem of Ulam for the
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case where G; and G, are Banach spaces. A generalized version of the theorem of
Hyers for an approximately linear mapping was given by Rassias [7]. Since then, the
stability problems of various functional equations have been extensively investigated by
a number of authors (see [8-19]). In particular, those of the important functional equa-
tions are the following functional equations

fle+y) =) +f ) (1.1)

2 (1) = 1@ + £, (12)

which are called the Cauchy functional equation and the Jensen functional equation,
respectively. The function flx) = bx is a solution of these functional equations. Every
solution of the functional equations (1.1) and (1.2) is said to be an additive mapping.

In this paper, we introduce functional equations of *-derivations and of quadratic
*-derivations. we prove the stability of *-derivations associated with the Cauchy func-
tional equation and the Jensen functional equation and of quadratic *-derivations on
Banach *-algebra. We moreover prove the superstability of *-derivations and of quadra-
tic *-derivations on C*-algebras.

2 Stability of *-derivations on Banach *-algebras
In this section, let A be a Banach *-algebra. We prove the stability of *-derivations on
A.

Theorem 2.1 Suppose that f : A— Ais a mapping with f(0) = 0 for which there
exists a function ¢ : A* — [0, co)such that

o]

@abcd) =Y znl+1 ¢ (2"a,2"b, 2", 2"d) < oo, (2.1)
n=0

I f(ra+b+cd) —af(a) = f(b) = f(c)d —cf(d) | = ¢(a b c.d), (2:2)

1f(@*) =f(a)" Il < ¢(a a,a,a) (2.3)

forall eT:={AeC:|A|=1}and all g,b,¢c,d € A. Then there exists a unique
*-derivation J on 4 satisfying

I f(a)—d(a) | = ¢(a,a,0,0), (2.4)

for all g € A.
Proof. Setting a = b, ¢ =d = 0and A = 1 in (2.2), we have

I f(2a) — 2f(a) I < ¢(a,a,0,0)

for all 4 € A. One can use induction to show that

n m n—1
‘ f(ina) _ f(ima) H _ Z 2;—1 (p(zka’ 2ka’ 0, 0) (25)
k=m

for all  >m > 0 and all g € A. It follows from (2.5) and (2.1) that the sequence

{f g:“)} is Cauchy. Due to the completeness of 4, this sequence is convergent. Define
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8(a) := lim f@'a) (2.6)

n— 00 on

for all g € A. Then, we have

n—k
B (Zlka) = lim L@ ey 1 8(a) (2.7)

n—oo 2k on—k = 2k
for each k € N. Putting ¢ = d = 0 and replacing a and b by 2"a and 2"b, respectively,
in (2.2), we get

| @Gasm) =2 s - s = 6" 20,0

Taking the limit as # — oo, we obtain
3(ra +b) = r8(a) + 8(b) (2.8)

for all g, b € A and all A e T. Putting @ = b = 0 and replacing ¢ and d by 2"c and 2"d,
respectively, in (2.2), we get

1 1
< 22n¢(0,0,2”c,2"d) < 2n<p(0,0,2"c,2"d).

Taking the limit as # — oo, we obtain
8(cd) = 8(c)d + cd(d) (2.9)
for all ¢,d € A.
Next, let A = Ay +ik, € C where Ay, Ay, € R. Let 3 = Ay - [A1] and 95 = Ay - [Ao],
where [A] denotes the integer part of A. Then, 0 < ¢ < 1(1 < i < 2). One can represent
Yiasy; = ’\’71;*‘72 such that A;j € T(1 <14,j < 2). From (2.7) and (2.8), it follows that

8(ra) = §(ra) +18(A2a)
= ([1118(a) + 8(r1a)) + i([2215(a) + 8(y2a))

= <[A1]8(a) + ;3()\1/161 + )»12(1)) + 1 ([)\2]5(&) + ;8()»2,111 + )»2/2(1))
= <[A1]8(a) + ;_)LMS(a) + ;_)Ll,z(s(d)) + 1<[A2]6(a) + ;),2,18(11) + ;_)\.2'28((1))
= X18(a) +1iry8(a) = A8(a)

for all g € A. Hence, ¢ is C-linear, and so it is a derivation on 4. Moreover, it fol-
lows from (2.5) with m = 0 and (2.6) that || §(a) — f(a) || < @(a,a,0,0) for all g € A.
It is well known that the additive mapping o satisfying (2.4) is unique (see [3] or [19]).
Replacing a and a* by 2"a and 2"a*, respectively, in (2.3), we get

1
= o ¢(2"%a,2"a, 2"a, 2"a).

L@ - (2"
2 2

Passing to the limit as # — o, we get the d(a*) = d(a)* for all g € A. So J is a *-deri-
vation on A, as desired. O
Corollary 2.2 Let & p be positive real numbers with p < 1. Suppose that f : A — Ais

a mapping satisfying
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I f(ra+b+cd) —rf(a) — f(b) — cf (d) — f()d | < e(ll all’+ | BIP+ Il clP+ || dII”), (2.10)

I f(a*) =f(a) Il < 4e ] all (2.11)
for all ) € Tand all a,b,c,d € A. Then there exists a unique *-derivation ¢ on

2¢e o
I fla)=d(a) |l < ) | al|Psatisfying

Il all”

If@-s@i =,

forall g € A.

Proof. Putting ¢(a, b, ¢, d) = e(||a||F + ||b|| ¥ + ||c|| ¥ + ||d] ¥) in Theorem 2.1, we
get the desired result. O

Similarly, we can obtain the following. We will omit the proof.

Theorem 2.3 Suppose that f: A — Ais a mapping with f (0) = 0 for which there
exists a function ¢ : A* — [0, co)satisfying (2.2), (2.3) and

o0
Z22n_ltp (al b, c’ d><oo
L 2n’ gn’ gn’ o
forall a,b,c,d € A. Then there exists a unique *-derivation 6 on Asatisfying

I f(a)—d(a) | = ¢(a,a,0,0),

for all g € A, where

N N a b ¢ d
(p(a,b,c,d) :=§ 2 l(p <2n’2n’2n’2n>'
n=1

Corollary 2.4 Let ¢ p be positive real numbers with p > 2. Suppose that f : A — Ais
a mapping satisfying (2.10) and (2.11). Then there exists a unique *-derivation o on

2¢e oo
I f(a) —d(a) Il < » o | allPsatisfying

Hf@-s@ 1= ) nar

forall g € A.
Proof. Putting ¢(a, b, ¢, d) = &(||al||” + ||b]| ¥ + ||c|| ¥ + ||d]| ¥) in Theorem 2.3, we
get the desired result. O

3 Stability of *-derivations associated with the Jensen functional equation
The stability of the Jensen functional equation has been studied first by Kominek and
then by several other mathematicians (see [11,20]).

In this section, we study the stability of *-derivation associated with the Jensen func-
tional equation in a Banach *-algebra A.

Theorem 3.1 Let Abe a Banach *-algebra. Suppose that f : A — Ais a mapping
with f(0) = 0 for which there exists a function ¢ : A x A — |0, 00)such that

o0

1
Plab) =) 309 (3"2,3"0) < o0, (3.1)

n=0
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L (M57) = a@ -390 = ota) 52)

I f(@®) =f(a)* Il < ¢(a a), (3.3)

I £(ab) = af(0) — f(@)b 1| < ¢(a,b) (3.4
for all a,b € Aand all ). € T. Then there exists a unique *derivation o on Asatisfying

(@)= 8(0) | = (#a ~a) + §(~a,30)) 65)
foralla e A.

Proof. Letting A = 1 and b = -a in (3.2), we get
I =f(a) = f(=a) I = ¢(a —a)

for all g € A. Letting A = 1 and replacing a and b by -a and 3a, respectively, in (3.2),
we get

I 2f(a) — f(—a) = f(3a) Il = ¢(—a,3a)
for all g € A. Thus,

A

IOEWIED

(1@ +£(=a) |+ 11 2f(@) = f(~a) ~ F3a) )

IA

1
3 (¢(a, —a) + ¢(—a, 3a))
for all g € A. So

1
3n

n—1

! f(3la) -

f3"a) ~ , f(3") 5

W{Ean

3j+

E

" (3.6)

|
—

n

1 1
525 ( (3/a, —3/a) + p(—3a, 3’+1a))

IA

E

for all nonnegative integers n, m with n >m and all g € A. It follows from (3.6) that
the sequence {31nf(3”a)} is a Cauchy sequence for all g € A. Since A is complete, the

sequence {31n f(3"a)} is convergent. So one can define the mapping § : 4 — A by
N S,
8(a) = lim _ f(3"a)
for all g € A. By (3.2),
a+b . 1 n a+b n n
268 —8(a) — 8(b) lim 2f (3 —f(3"a) — f(3"b)
2 n—oo 3" 2

3 1 n n
lim 3ngo(3 a,3"0) =0

n—oo

IA

for all g,b € A. Thus

25 (“;b) = 5(a) + 8(b) (3.7)
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for all g,b € A. Since f{0) = 0, we have 6(0) = 0. Putting b = 0 in (3.7), we get
25(%) =8(a) for all ge A and therefore 8(a)+8(b) =26 (“;b) =8(a+b) for all

a,b € A. Moreover, letting m = 0 and passing the limit # — oo in (3.6), we get (3.5).

Replacing both a and b in (3.2) by 3"a and then dividing both sides of the obtained
inequality by 3", we get

Passing the limit as # — o, we get d(La) = Ld(a) for all » e T. Thus we can get 6(ra)
= Ad(a) for all L € C by the similar discussion in the proof of Theorem 2.1.

030 = 1 f(3")

1
< 3ng0(3"a, 3"a).

Replacing a in (3.3) by 3"a and then dividing the both sides of the obtained inequal-
ity by 3", we get

Passing the limit as # tends to infinity, we get d(a*) = d(a)*.
Similarly, replacing a and b in (3.4) by 3"a and 3"b, respectively, we get

Ww”wy_yﬁw%)_ﬂfww%w
32n

LB~ [y

1
< 3n<p(3"a, 3"a).

<

1
o o < 030 3") < e(3"3"),

which tends to zero, as # tends to . So we get d(ab) = d(a)d + ad(b) for all a,b € A.
Hence, 0 is a *-derivation on A.

Corollary 3.2 Let ¢ p be positive real numbers with p < 1. Suppose that f : A — Ais
a mapping satisfying

L (*3) - - w0

I f(a*) = f(a)" I = 2¢ | all”,

< e(ll al”+ I BI7), (3.8)

(3.9
Il f(ab) — af(b) = f(a)b Il < e(ll all’+ || bI") (3.10)
for all ). € Tand all a,b € A. Then there exists a unique *-derivation o on Asatisfying

3+3°
_ p
If@=s@i= ;" " elal
forall g e A.

Proof. Putting ¢(a, b) = &(||a]|” + ||b]|¥) in Theorem 3.1, we get the desired result. O
Similarly, we can obtain the following. We will omit the proof.

Theorem 3.3 Let Abe a Banach *-algebra. Suppose that f : A — Ais a mapping

with fl0) = O for which there exists a function | f(a) — §(a) || < 2p28 , | alPsatisfying
(3.2), (3.3), (3.4) and

it a b
Z32n<p <3n, ) <00
n=1

3n
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for all a,b € A. Then there exists a unique *-derivation 6 on Asatisfying
Ly L
| f(a)—é(a) |l < 3 (¢(a, —a) + §(—a, 3a))

for all g € A, where
- > a b
@(a,b) = ZS”(p <3n, 3n> .
n=1

Corollary 3.4 Let ¢, p be positive real numbers with p > 2. Suppose that f : A — Ais
a mapping satisfying (3.8), (3.9) and (3.10). Then there exists a unique *-derivation o
on Asatisfying

@) =8 1< 2 e ar

forall g e A.
Proof. Putting ¢(a, b) = &(||al||” + ||p||’) in Theorem 3.3, we get the desired result. &

4 Stability of quadratic *-derivations on Banach *-algebras
In this section, we prove the stability of quadratic *-derivations on a Banach *-algebra
A.

Definition 4.1 Let Abe a *-normed algebra. A mapping § : A — Ais a quadratic
*-derivation on Aif 0 satisfies the following properties:

(1) 0 is a quadratic mapping,

(2) 8 is quadratic homogeneous, that is, d(Aa) = A°d(a) for all g € Aand all A € C,
(3) 8(a b) = d(a)b* + a*o(b) for all a,b € A,

(4) o(a*) = d(a)* for all a e A.

Theorem 4.2 Suppose that f: A — Ais a mapping with f{0) = 0 for which there
exists a _function ¢ : A* — [0, co)such that

o0
1
@a,bc,d) =) e (2%a, 2%, 2%¢, 2% d) < oo,
k=0

| f(ra+Ab+cd) + f(ra — Ab + cd) — 20%f(a) — 2)2f(b) — 2f (c)d* — 2E°f(d) |k

4.1)
< ¢(a,b,¢cd),

I f(a*) —f(a)* | < ¢(a a a a) (4.2)

for all a,b,c,d € Aand all ) € T. Also, if for each fixed a ¢ Athe mapping t — f(ta)
from R to Ais continuous, then there exists a unique quadratic *-derivation J on

I f(a)—é(a) | < i@(a, a, 0, 0)satisfying

(@)~ 8(@) | = ,#(a,4.0,0)

forall g e A.
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Proof. Putting a = b, ¢ =d =0, ,and A = 1 in (4.1), we have
I f(2a) —4f(a) | = ¢(a,a,0,0)

for all 4 € A. One can use induction to show that

f(2"a) _ f(2"a) L p(2%a, 2ka 0,0)
‘ i o Z (4.3)

<.2

n
for all # >m > 0 and all g4 € A4. It follows from (4.3) that the sequence {f(2 a)} is

4qn

Cauchy. Since A4 is complete, this sequence is convergent. Define

5a) = tim /29,

n—oo 4N

Since fl0) = 0, we have 4(0) = 0. Replacing a and b by 2"a and 2"b, ¢ = d = 0, respec-
tively, in (4.1), we get

Hf(Z"(Aa £30) fQ'Ga—ib) _of(2") ) of(2) H _ 9(2"4,2',0,0)
4n 4n 4n 4qn - 4qn ‘

Taking the limit as # — <o, we obtain
8(ra + Ab) + 8(ra — Ab) = 20%8(a) + 225 (b) (4.4)

for all g,b € A and all x e T. Putting 4 = 1 in (4.4), we obtain that J is a quadratic
mapping. Setting b: = a in (4.4), we get

8(2xa) = 42%8(a)
for all g € A and all e T. Hence,
8(ra) = A%8(a)

for all g € A and all A € T. Under the assumption that f{ta) is continuous in t € R
for each fixed g € A, by the same reasoning as in the proof of [10], we obtain that
0(Aa) = A*5(a) for all g € A and all A € R. Hence,

e e
8(ra) =8 (mma) = |Mza(ma) = IAIZW 8(a) = A*8(a)

forall g e Aand all A € C (A = 0). This means that J is quadratic homogeneous.
Replacing ¢ and d by 2"c and 2"d, respectively, and putting a = b = 0 in (4.1), we get

‘ f@'c-2md) f(2Me-2nd) _ 2M@f(2") _f(2"e)2d?

42n 42n 42n
‘ f(2*cd) f(2*cd) 2% f(2"d) _f(2"c) 2*"d?
= + -2 -2
42n 42n 22n 4n 4n 22n
_ (0.0, 2"¢, 2"d) - ©(0,0,2"%,2"d)
- 42n - 4n

for all ¢,d € A.
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Hence, we have

0(0,0,2"¢.2"d) _

I 8(cd) — 28(d) — 8(c)d? ||< lim 4n

Thus, 0 is a quadratic *-derivation on A4.

The rest of the proof is similar to the proof of Theorem 2.1. O

Corollary 4.3 Let ¢ p be positive real numbers with p < 2. Suppose that f : A — Ais
a mapping such that

| f(ra + Ab +cd) + f(ra — Ab + cd) — 20%f(a) — 20%f(b) — 2c°f(d) — 2f(c)d? |£

4.5)
< e(ll al’+ 11 bIP+ 1l cl”+ Il d1IP)

forall a,b,c,d € Aand all ). € T. Also, if for each fixed a € Athe mapping t — flta) is
continuous, then there exists a unique derivation 0 on Asatisfying

1@ =s@ s, 2 Nar

forall g e A.

Proof. Putting ¢(a, b, ¢, d) = &(||al||” + ||b||” + ||c||F + ||d]|[F) in Theorem 4.2, we get
the desired result.

Similarly, we can obtain the following. We will omit the proof.

Theorem 4.4 Suppose that f : A — Ais a mapping with f(0) = 0 for which there
exists a function ¢ : A* — [0, oo)satisfying (4.1), (4.2) and

>\ ok a b ¢ d
;4 ¥ ok’ ok’ ok’ ok <

for all a,b,c,d € A. Also, if for each fixed a € Athe mapping t — f(ta) from R to Ais
continuous, then there exists a unique quadratic *-derivation ¢ on Asatisfying

I f(a) —8(a) || < i(ﬁ(a, a,0,0)

for all g € A, where
o0
. _ r a b ¢ d
¢(a,b,¢,d) kZ4 ¢ (zkfzkfzklzk)

Corollary 4.5 Let & p be positive real numbers with p > 4. Suppose that f : A — Ais
a mapping satisfying (4.5). Also, if for each fixed a € Athe mapping t — f(ta) is contin-
uous, then there exists a unique derivation 6 on Asatisfying

Hf@-s@i= % laP

forall g € A.
Proof. Putting ¢(a, b, ¢, d) = &(||al||” + ||P||” + ||c||F + ||d|[P) in Theorem 4.4, we get
the desired result. O
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5 Superstability of *-derivations and of quadratic *-derivations On C*-
algebras

We prove the superstability of *-derivations and of quadratic *-derivations on C*-alge-
bras. More precisely, we introduce the concept of (i, ¢) -approximate *-derivations and
of (y, ¢)-approximate quadratic *-derivations on C*-algebras and show that every (y,
€)-approximate *-derivation is a *-derivation and that every (y, ¢)-approximate quadra-
tic *-derivation is a quadratic *-derivation. Thus, we extend the results of [21].
Definition 5.1 Suppose that Ais a *-normed algebra and s € {1, -1}. Let § : A — Abe
a mapping for which there exist a mapping ¢ : A — A, and a function  : A x A — R

satisfying
: —s s R —s ST _
nlggo n*y(n'a, b) = JLI& n Y (a,n’b) =0(a, b e A) (5.1)
such that

I ad(b) —e(a)b || < ¥(ab)
I e(a)ed — a(8(c)d — cd(d)) | = ¥(a cd)
I ad(b)" —e(a)b™ | < ¥r(a,b)

forall a,b,c,d € A. Then ¢ is called a (v, ¢)-approximate *-derivation on A.

Theorem 5.2 Let Abe a C*-algebra. Then any (y, €)-approximate *-derivation o on
Ais a *-derivation.

Proof. We assume that (5.1) holds. Let g,b € A and A € C. We have

| b(8(Aa) — A8(a)) | < n™* || n°bS(ra) — AnbS(a) ||
< n™* || n°b8(ra) — e(n’b)ra || +n° || e(n’b)ra — An*bS(a) |

n=*y(n’b, Aa) + n=°|A|Y (n’b, a),

which tends to zero as n — oo, and so b(6(Aa) - Ad(a)) = 0 for all p ¢ A. Let {e;};c; be
an approximate unit of 4. If we replace b with {e;}, then we have

I ei(5(Aa) — 2d(a)) || = O

for all i € I So we conclude that d(Aa) = Ad(a) for all g € 4 and A € C.
The additivity of ¢ follows from

Il c(8(a+b) —5(a) — 5(b)) I
< n7* | n’cd(a+b) —e(n’c)(a+b) || +n° || n’cd(a) — e(n’c)a) || +n~° || n’cs(b) — e(n'c)b)
< n*Y(n’c,a+b) +n"*y(n’c,a) + n~*y(n’c, b).

By the same process, using the approximate unit of A, we have that d(a + b) - d(a)
-0(b) for all a,b € A.
The following computation
I 2(8(ab) — 8(a)b — a8 (b)) |
< n~* || n’z8(ab) — e(n’z)(ab) || +n~* || e(n’z)ab — n’z(8(a)b + ad(b)) |
< n~Y(n’z, ab) + n"*yr(n’z, ab)

yields that d(ab) = d(a)b + ad(b) for all q,b € A.
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Finally, on the involution, we have that

I z(8(a*) —8(a)") | < n™° || n°z8(a*) — e(n’z)a™ |
+n7° || e(n'z)a* — n’z8(a)* ||

<n*Y(n "z, a") + n Y (n’z, a).

Thus, d6(a)* = 6(a) * forall g e A. O

Therefore, 0 is a *-derivation on A.

Corollary 5.3 Suppose that Ais a C*-algebra and that § : A — Ais a mapping for
which there exist nonnegative real numbers o, B and positive real numbers py, po, q1,
g2 With p1, pa, q1, > < 1 such that

Il a8(b) — e(a)b Il < a(ll al”+ [ bI"2) + B Il al™ || bI™,
I e(a)ed — a(8(c)d — c8(d)) Il < ee(ll al™+ | cdlP*) + B | al™ |l cd]| ™,
I as(0)" —e(a)b™ || < a(ll al”+ [ bIP2) + B Il all™ || bJI*

for all a,b,c,d € A. Then ¢ is a *-derivation of A.
Next, we prove the superstability of quadratic *-derivations on C*-algebras.
Definition 5.4 Suppose that Ais a *-normed algebra and s € {-1, 1}. Let § : A — Abe
a mapping for which there exist a function ¥ : A x A — [0,00)and a mapping
: —2s s _1; —2s s _ .
r}grglo n =y (n'a, b) = JLHC}O n~ =y (a,n'b) = 0(a, b € Asatisfying

nlggo n~ >y (n'a,b) = nhrglo n~>vy (a,n’b) = 0(a, b € A) (5.2)
such that

| a®8(b) — e(a)b? || < ¥(a,b)
I e(a)(cd)?® — a®(8(c)d® — ¢28(d)) || < ¥(a, cd)
I a®8(b*) — e(a)(b*)* || < ¥ (a, b)

for all a,b,c,d € A. Then ¢ is called a (v, ¢)-approximate quadratic *-derivation on A.

Theorem 5.5 Suppose that Ais a C*-algebra and s € {-1, 1}. Let § : A — Abe a (y,
&)-approximate quadratic *-derivation on A. Then 0 is a quadratic *-derivation on A.

Proof. We assume that (5.2) holds. We first show that J is quadratic homogeneous.
To do this, pick A € C and a,b € A. Then, we have

I 62 (8(2a) — A28(a)) | = n~2 || n®b8(ra) — A2n*b?8(a) |
n7 || n2b%8(ra) — e(n'b)(Aa)? || +n~ % || A2e(n’b)a® — A2n*b%8(a) |
n~ 2y (n'b, Aa) + n2|A |2y (n'D, a).

INIA

So
I b°(8(ra) — 228(a)) || < n~ >y (n'b, 1a) + [A*n~ >y (1D, a),

which tends to 0 as # — oo. Let {e;};c ; be an approximate unit of A. Then, {fle;)|i € [}
is also an approximate unit of 4 for every polynomial f. Considering e; instead of b in
the above inequality, we conclude that d(Aa) = 1*(a) for all A € C.
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The quadraticity of J follows from

I (3(a+b) +8(a—b) = 25(a) = 25(6)) |
=0 || w85+ b) + n*d5(a — b) — 2@ 5(a) — 20*d5 (D) |
<n %[ n*d*5(a +b) — e(n’d)(a +b)* |
+n~ % | n*d*8(a — b) — e(n°d)(a — b)* |
#2202 || 8(n'd)a® — n*d*8(a) | +2n7> || $(n*d)b* — n*d*5(b) ||
< B (Y (d,a s b) + ¥ (w'da — b) + 29 (a,Pd) + 29/ (b, )

for all a,b,d € A. Thus, we have d(a + b) + d(a - b) -26(a) - 26(b) = 0 for all
|d*(8(ab) — (8(a)b* +a®8(b))| =n || n*d*(8(ab) — 8(a)b> — a®s(b)) |
< n~B[|| n®d?s(ab) — e(n*d)(ab)? |
+n7 % || e(n'd)(ab)? — n*d28(a)b? + n®d*a>s(b) |||
< n~E[Y(n'd, ab) + v (n'd, ab))

[d2(8(ab) — (8(a)b? +a®8(b))| =n~2 || n*d*(8(ab) — 8(a)b® — a®8(b)) ||
< n~2[|| n®*d*5(ab) — e(n'd)(ab)? |
+n 2 | g(n’d)(ab)* — n®*d*s(a)b* + n*d*a®s(b) ||
< n~ B[y (n'd, ab) + ¥ (n'd, ab)]

for all a,b,d € A. So d(ab) = d(a)b* + a*d(b).

The rest of the proof is similar to the proof of Theorem 5.2.

Therefore, J is a quadratic *-derivation on 4. O

Corollary 5.6 Suppose that Ais a C*-algebra and that § : A — Ais a mapping for
which there exist a nonnegative real number o and a positive real number p with p < 2
such that

I a*8(b) — 8(a)b? || <« || al” || b]”,
| e(a)(cd)? — a*(8(c)d* — 28(d)) | <« | al’ | |,
I a?8(b*) — e(a)(b*)* | <« | all” || bIIP

for all a, b, ¢, d € A. Then ¢ is a quadratic *-derivation on A.
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