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Abstract

In this paper, we consider the twisted Carlitz's g-Bernoulli numbers using p-adic g-
integral on Z,. From the construction of the twisted Carlitz's g-Bernoulli numbers, we
investigate some properties for the twisted Carlitz’s g-Bernoulli numbers. Finally, we
give some relations between the twisted Carlitz's g-Bernoulli numbers and g-
Bernstein polynomials.
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1. Introduction and preliminaries

Let p be a fixed prime number. Throughout this paper, 7, Q, and C;, will denote the
ring of p-adic integers, the field of p-adic rational numbers and the completion of alge-
braic closure of Qp, respectively. Let N be the set of natural numbers, and let Z, = N U

{0}. Let v, be the normalized exponential valuation of C, with [ply = p(P) = ;. In this

paper, we assume that g € C, with |1 - ¢|, < 1. The g-number is defined by
o

1 _qq. Note that lim, _, 1 [*], = x.

We say that fis a uniformly differentiable function at a point @ € Z,, and denote

[x]g =

this property by fe UD(Z,), if the difference quotient Fy(x,y) = f(xi:);(}') has a limit

f(a) as (x, y) — (a, a). For fe UD(Z,), the p-adic g-integral on Z,, which is called the
q-Volkenborn integral, is defined by Kim as follows:

1
I4(f) = | f(x)dpg(x) = lim ), (see[1]). 1
q Z{ Hq N> o0 [pN]q XZO: ( )

In [2], Carlitz defined g-Bernoulli numbers, which are called the Carlitz’s g-Bernoulli
numbers, by

i - _J1if n=1,
Bog=1 and q(gB+1) 'B”"i_{oif n>1, @

with the usual convention about replacing 8" by B, ,.
In [2,3], Carlitz also considered the expansion of g-Bernoulli numbers as follows:

h h 1if n=1,
A1 - -1

he  a(h) n_ =
[h]q' and q'(qB"" +1)" — By 0if n>1, @
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with the usual convention about replacing (3%)" by ﬂr(fq).

Let Cyn = {£|£”" = 1} be the cyclic group of order p”, and let Tp = im0 Cpn = Gy = U Cpr

n=0
(see [1-16]). Note that T, is a locally constant space.
For ¢ € T, the twisted g-Bernoulli numbers are defined by

¢ 0 m
Bt
=¢* = E B , 4
Eet — 1 s ™ @

(see [1-19]). From (4), we note that

1if n=1,

0if n>1, (5)

Bo;=0, and &(B:+1)"—B,: = {

with the usual convention about replacing B by B,, - (see [17-19]). Recently, several

authors have studied the twisted Bernoulli numbers and g-Bernoulli numbers in the
area of number theory(see [17-19]).

In the viewpoint of (5), it seems to be interesting to investigate the twisted properties
of (3). Using p-adic g-integral equation on Z,, we investigate the properties of the
twisted g-Bernoulli numbers and polynomials related to g-Bernstein polynomials. From
these properties, we derive some new identities for the twisted g-Bernoulli numbers
and polynomials. Final purpose of this paper is to give some relations between the
twisted Carlitz’s g-Bernoulli numbers and g-Bernstein polynomials.

2. On the twisted Carlitz ‘s g-Bernoulli numbers
In this section, we assume that n € Z,, € T, and g € C, with |1 - ¢g|, < 1.

Let us consider the nth twisted Carlitz’s g-Bernoulli polynomials using p-adic g-
integral on Z, as follows:

Brea(x) = f [y + < dg ()

Zy

1 ~(n I _Ix !
= n (=1)q" | &'q7duy(y) 6
(1-q) 12(1) Z/ q (©)

g ,Z (7) () g ) 0

In the special case, x = 0, f3,,:4(0) = B,, ¢, are called the nth twisted Carlitz’s
g-Bernoulli numbers.
From (6), we note that

e oL S () v (L)

1=0

' (1_1(,)“ g(?)(—”’q”‘(l _éqm) 7)

=0 Y &P e mly 4 Y € (1 — g+ m.

m=0 m=0

Therefore, by (7), we obtain the following theorem.
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Theorem 1. For n € 7.,, we have
o0 o0
Buea(x) = —n)_€"q"[x+mly"t + (1 —q)(n+1) Y §"q"[x+m]j.
m=0 m=0

Let F,, - (¢, x) be the generating function of the twisted Carlitz’s g-Bernoulli poly-
nomials, which are given by

o0
tTl
Fae(t,x) = P00 =3 "B, 0 () nl’ (8)

n=0

with the usual convention about replacing (Bz,(x))" by B,,¢,(x).
By (8) and Theorem 1, we get

Fae(tx) = 3 uea®)

. . )
- —t Z qu2m+xe[x+m]qt + (1 _ 6]) Z smqme[“m]qt.
m=0 m=0
Let F, ¢, 0) = F,At). Then, we have
G&Fqs(t,1) — Fae(t) =t+ (g —1). (10)

Therefore, by (9) and (10), we obtain the following theorem.
Theorem 2. For n € 7.,, we have

1if n=1,

—1
_ . and qéﬂn,g,q(l)—ﬁn,g,f{ol.f ne 1

focal) =

From (6), we note that

foea =3 (7 <127 | €Iyl duq(y)
&.4q g(l> / q“Hq

" 11
-2 (z) [+l 7" Preq "
1=0
= ([x]q + fﬁé,q)nr

with the usual convention about replacing (B:,)" by B,z By (11) and Theorem 2,

we get
g—1if n=0,
d&(dPeq+1)" — Bneqg=y1 if n=1, (12)
0 if n>1.

It is easy to show that

Bue1qg1(1 —x) = /E_y[l —x+ylgadpg ()
(13)

(1)q A g,
Z( )( 1)'q ”"Z[éyq Yapg (y)

PP 1 " /n o 1+l
-5 (-1) ((1—q)"-1§<1)( 1)q(1_§qm))

=§4"(=1)"Pne,q(x)-
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Therefore, by (13), we obtain the following theorem.
Theorem 3. For n € Z,, we have

Bre1,q1 (1 —x) = 64" (—1)"Bne q(x).
From Theorem 3, we can derive the following functional equation:
Fq—llg—l (t1—x)= f;‘Fq,g(—qt, x). (14)

Therefore, by (14), we obtain the following corollary.
Corollary 4. Let Fye(t,x) = > po0 Bng,q(x) Z’, Then we have

Fy1 -1 (t1—x)= Equg(—qt, x).

By (11), we get that
& Puea(2) =76 ) (?) q'(1+4peq)
=0

1 _ n
=& (| _ ;’S) + (T) FE(L+Breq) + A& ) <7> q'Biz.q(1)
1=0

22 n
(1-9) f’_éqé + (?) 7€ +qe Y <?> q'Breq
1=0

_l=aq 5.5 2. . 14
- e e g

(15)

+Bneq if n>1

Therefore, by (15), we obtain the following theorem.
Theorem 5. For n € N with n > 1, we have

n 1 1-
q ( q

S
Prea® =y ge e " aeli o

1
)+ () Bueg-
g& né,q
By a simple calculation, we easily set

: / 1 — 2" 5y (x) = £(—1)"" / [ — 18 g (x)
7, z, (16)

=§(=1)"q"Pneq(=1) = Png-1.41(2)-

For n € 7, with n > 1, we have
[ 1=l ) = o ()
ZP

. 1—q 2, 1—4 2 (17)
—E(l_qé)ws—qs (1_q$)+(q£) Brg-1,41

=§(1—q) +nE +(q8) Bug1.41-

Therefore, by (16) and (17), we obtain the following theorem.
Theorem 6. For n € 7, with n > 1, we have

1=t = (1= )+ B

Zy
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For x € Z, and n, k € Z,, the p-adic g-Bernstein polynomials are given by
n k
Bin(xq) = ( ) il — a2, (18)

(see [8,20]).

In [8], the g-Bernstein operator of order n is given by
" on . on. (n
Bualf1) = Y- F( Bt = £ () i =i
k=0 k=0

Let f be continuous function on Z,. Then, the sequence By 4(f|x) converges uniformly
to fon Z, (see [8]). If g is same version in (18), we cannot say that the sequence
By.q(f1x) converges uniformly to f on Z,.

Let s € N with s > 2. For ny, ..., n5, k€ Z, with ny + - - - + ng >sk + 1, we take the
p-adic g-integral on Z, for the multiple product of g-Bernstein polynomials as follows:

/ E*Bin, (%, q) - - - B, (%, q)dpeq(x)

Zy

_ (’;;) (’;) [ it = gty o

Zy

- <’;) ( k); (Sk)( 1)’*"*/ [1— & dpag () (19)
() ()R

X(qzéﬁn1+---+nrl,§*1,q*1 +NnNy+---+ N — I+1— q)d,uq(x)
_ ngﬁn1+---+ns E-1,q71 +Ny+---+ N5 + (1 — Q) ifk=0,
qZE (Zl) .. (k ) sk (sk)( 1)I+Skﬁn1+ ml gt ifk >0,

and we also have

/ E* B, (%, q) -+ - - Bin, (% q)dpig(x)

Zy

n n\ " oy w e — sk
)R

1=0

(20)

By comparing the coefficients on the both sides of (19) and (20), we obtain the fol-
lowing theorem.

Theorem 7. Let s € N with s > 2. For ny, .., ng, ke 7, with n, + ... + ng >sk + 1, we
have

Ny +--+ng—sk n ne — sk
Foe 4
) ( A )(—1)lﬂz+sk,s,q

1=0
qsﬂn1+ g g-lgt T+ - +ns+(1_CI)ifk=0,
P& Yy () =1 Brysamtg 10 if k>0,
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