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Introduction

In connection with work on the general theory of orthogonal series, Littlewood [1]
raised some problems concerning elementary inequalities for infinite series. One of
them asks to decide whether an absolute constant K exists such that for any non-nega-

tive sequence (a,,) with A, =Y }_; ap

oo oo 2 oo
> auAl (Z ai/z) <K a2Al (1.1)
n=1 k=n n=1

The above problem was solved by Bennett [2], who proved the following more gen-
eral result:

Theorem 1.1 ([2, Theorem 4]). Let p > 1, g > 0, r > 0 satisfying (p(q + 1) - Q)/p = 1
be fixed. Let K(p, q, r) be the best possible constant such that for any non-negative
sequence (a,,) with Ay =Y p_, ai

ZaﬂAZ<Zai*”/") <K(p a1 (dhan)™™". (1.2)

n=1 k=n n=1
Then
K(p, 4, 1) < (p(q+;)—q).

The special case p = 1, ¢ = r = 2 in (1.2) leads to inequality (1.1) with K = 4 and
Theorem 1.1 implies that K(p, ¢, r) is finite for any p > 1, ¢ > 0, r > 0 satistying (p(gq
+7) - q)/p = 1, a fact we shall use implicitly throughout this article. We note that
Bennett only proved Theorem 1.1 for p, g, r = 1 but as was pointed out in [3], Ben-
nett’s proof actually works for the p, g, r’s satisfying the condition in Theorem 1.1.
Another proof of inequality (1.2) for the special case r = g was provided by Bennett
[4] and a close look at the proof there shows that it in fact can be used to establish
Theorem 1.1.
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On setting p = 2 and ¢ = r = 1 in (1.2), and interchanging the order of summation
on the left-hand side of (1.2), we deduce the following

o0 n 3 o0
Y a3 aiar < 5 > anAl. (1.3)
n=1 k=1 n=1

2'3 in [5] and the following more general

The constant in (1.3) was improved to be
result was given in [6]:
Theorem 1.2 ([6, Theorem 2]). Let p, g = 1, r > 0 be fixed satisfying r(p - 1) < 2(q

- 1). Set

(p—1)(g+r)+p>+1 2qg+2r+p—1 grr—1
o = ﬂ: 8:

p+1 ’ p+1 ’ prq+r’

Then for any non-negative sequence (a,,) with A, = ZZ=1 Ak

o0 n oo
Z a Z aZA;C <20 ZaﬁAg. (1.4)
n=1 k=1 n=1

Note that inequality (1.3) with constant 2% corresponds to the case p = 3, ¢ = 2, r =
1 in (1.4). In [7], an even better constant was obtained but the proof there is incorrect.
In [3,6,7], results were also obtained concerning inequality (1.2) under the extra
assumption that the sequence (a,,) is non-decreasing.

The exact value of K(p, g, r) is not known in general. But note that K(1, ¢, 1) = 1 as
it follows immediately from Theorem 1.1 that K(1, q, 1) < 1 while on the other hand
on setting a; = 1, a, = 0, n 2 2 in (1.2) that K(1, g, 1) = 1. Therefore, we may restrict
our attention on (1.2) for p, r’s not both being 1. In this article, it is our goal to
improve the result in Theorem 1.1 in the following

Theorem 1.3. Let p > 1, q > 0, r 2 1 be fixed with p, r not both being 1. Under the
same notions of Theorem 1.1, inequality (1.2) holds when q + r - q/p = 2 with

K(p, 4. 1) §K<p<1+r;1>, q+r—1,1) (p(“;)_q)”.

When 1 < g + r - gqlp <2, inequality (1.2) holds with
p(r—1) p(r—1)

K(p. q, 1) = (K(p(n';l), q+r_1,1>>PM+P(T—1)—q<1’(q+;)—ﬂ>pq+p(r—1)_q.

Moreover, for any p =2 1, g > 0,

K(p, g, 1) < min (p(“;)_qrc(pr q, 6)), (1.5)

where

0:9= (30" 1) (10t 1)) 09

and the minimum in (1.5) is taken over the d’s satisfying

qip—1)

) 1. 1.7
pg+1)—q "= 7
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On considering the values of C(p, ¢, J) for 6 = 1 and 6 = g(p - 1)/(p(q + 1) - q), we
readily deduce from Theorem 1.3 the following

Corollary 1.1. Let p > 1, g > 0 be fixed. Let K(p, q, r) be the best possible constant
such that inequality (1.2) holds for any non-negative sequence (a,). Then

—1)q

(r
cmin | POFD =4 p—1)qep (1, DI, P
K(p, g, 1) < min ) P , (1 bed )(1 q(p_1)> . (1.8)

We note that Theorem 1.3 together with Lemma 2.4 below shows that a bound for
K(p, ¢, r) with p > 1, g > 0, r > 0 satisfying (p(q + ) gq)/p = 1 can be obtained by a
bound of K(p(1 + (r - 1)/q), ¢ + r - 1, 1) and as (1.8) implies that K(p(1 + (r - 1)/q),
q+r-1,1) < (plg + 1) - q)lp, it is easy to see that the assertion of Theorem 1.1
follows from the assertions of Theorem 1.3 and Lemma 2.4.

We point out here that among the three expressions on the right-hand side of (1.8),
each one is likely to be the minimum. For example, the middle one becomes the mini-
mum when p = 2, g = 1 while it is easy to see that the last one becomes the minimum
for p = q large enough and the first one becomes the minimum when ¢ is being fixed
and p — . Moreover, it can happen that the minimum value in (1.5) occurs at a §
other than g(p - 1)/(p(q + 1) - q), 1. For example, when p = g = 6, the bound (1.8)
gives K(6, 6, 1) < 21/5 while one checks easily that C(6, 6, 1.15/1.2) < 21/5. We shall
not worry about determining the precise minimum of (1.5) in this article.

We note that the special case p = 1, ¢ = r = 2 of Theorem 1.3 leads to the following
improvement on Bennet’s result on the constant K of inequality (1.1):

Corollary 1.2. Inequality (1.1) holds with K = /6.

A few Lemmas
Lemma 2.1. Let d > ¢ > 1 and (1,,) be a non-negative sequence with A, > 0. Let

An =Y 5y M Then for all non-negative sequences (x,,),

[ee] n d d d oo
—c d—c
;mn (;xkxk) 5<C_1> ;MA,, X,

The constant is best possible.

The above lemma is the well-known Copson’s inequality [8, Theorem 1.1], see also
Corollary 3 to Theorem 2 of [2].

Lemma 2.2. Let p < 0. For any non-negative sequence (a,) with a; > 0 and

Ay =Yy a4k we have for any n 2 1,

= 1
Y aAl T < (1 - )AZ. 2.1)
k=n p
Proof. We start with the inequality #” - px + p - 1 > 0. By setting x = Ay 1/A for k > 2,
we obtain

A=A AV (p— )AL > 0.

Replacing Ay ; in the middle term of the left-hand side expression above by Ay a;
and simplifying, we obtain

-1
Al — AP > —pa Al

Page 3 of 10
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Upon summing, we obtain
x _ 1
> oaAl < — A
k=n+1 p
Inequality (2.1) follows from above upon noting that 4,4”"! < A”. O
Lemma 2.3. Let p > 1, g >0, r > 1 be fixed with p, r not both being 1. Under the
same notions of Theorem 1.1, we have

K(p.q,7)
-1 p(r—1)

< (K(p(“’;l), q+r—l,1>)p+p(7p_1)/q_1(K(l,g/p(qJ';)_q>)Pq+p(r—l)—q‘

Proof. As it is easy to check the assertion of the lemma holds when p = 1 orr =1,
we may assume p >1, r >1 here. We set

o0
p—1 < ’_1> alp 1+9/q
o= , B=all+ , by =asA)l", o= a, """
pepr—1)/q—1 q 2
Note that we have 0 < o <1 as p >1, r >1 here. By Holder’s inequality, we have
- af,Aﬂ( - a1+p/q> _ o i, = S bf,ﬂc‘; _bﬁ(l—ﬁ)cxa
s PR 1-«
< [Spre a.) . ( pO-AI0-a) C;r—u)/(l—a))
(Zl 2 2.2)

p—1 pr—1)

_ (i bﬁ(h[f—l]/q)gﬂ) p+p(r=1)a-1 (i bncglp(qq]—q]/p) pq+p(r—1) - qa

n=1 n=1

The assertion of the lemma now follows on applying inequality (1.2) to both factors
of the last expression above.O

Lemma 2.4. Let p > 1, ¢ >0, 0 < r < 1 be fixed satisfying (p(q + r) - q)/p > 1. Under
the same notions of Theorem 1.1, we have

K(p, a, T)IS(K(p(1+T;1), q+r—1,1))r4 (2.3)

Proof. We may assume 0 <r < 1 here. We set

oo

r
a=1-r, ﬂ=a(1+q), bn=anAZ/p, cn=2a;+p/q.

k=n

Note that we have 0 < < 1. By Holder’s inequality, we have

o0 00 r o0 o0
> ani(Sa) - it S
n=1 k=n

n=1 n=1
00 a /a0 11—«
< (Z pPle (Z bz;(lﬂ)/(la)c;/(la)>
n=1 n=1

00 1-1 / 5o T
(Z bf,(“’/")) (Z bf,(“(’_l)/")cn> .
n=1 n=1

The assertion of the lemma now follows on applying inequality (1.2) to the second
factor of the last expression above.O
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Proof of Theorem 1.3
We obtain the proof of Theorem 1.3 via the following two lemmas:

Lemma 3.1. Let p > 1, q >0 be fixed. Under the same notions of Theorem 1.1, inequality
(1.2) holds when r = 1 with K(p, g, 1) bounded by the right-hand side expression of (1.5).

Proof. We may assume that only finitely many a,’s are positive, say a,, = 0 whenever
n > N. We may also assume a; >0. As the case p = 1 of the lemma is already con-
tained in Theorem 1.1, we may further assume p >1 throughout the proof. Moreover,
even though the assertion that K(p, ¢, 1) < (p(q + 1) - g)/p is already given in Theorem
1.1, we include a new proof here.

We recast the left-hand side expression of (1.2) as

Z aqu Zalw/a Zaw/q Za”A"

k=1

n
_ Z( pAq 9(1+1/r7) 1+p/q(aZAZ)—e(1+1/q) Z“ZAZ
k=1

N ya-on -6 (3.1)
< (Z pAz)“l/fl) (Z“ 11D/ 0=0) (g ATy 0(1+1/q)/(1-0) (Z pAq) )

n=1 k=
N oy N " ((a+1)-a)/@(p-1)\ 170
+1/q - —
- (Z (ahAl) ) ZanAn”(“”’/‘”“’ Rl <Za§Ag> ,
n=1 n=1 k=1

where we set

_ p
pla+1)—q

so that 0 < € <1 and the inequality in (3.1) follows from an application of Holder’s
inequality.
Thus, to prove Theorem 1.3, it suffices to show that

N n
Z an A;p(qﬂ)/(q(p—l)) (Z “Z AZ

(p(q+1)=q)/(a(p—1)) N )
) <Ki(p, )Y (ahaf) ", 32)

n=1 k=1 n=1
where
. 1) — g\ V-0 B
Ki(p, q) = min ((P(q p) 67) , C(p, ¢, $)V0-9),

where C(p, g, 0) is defined as in (1.6) and the minimum is taken over the 0 ’s satisfy-
ing (1.7).
Note first we have

N n
Z an A;ﬂ(fnl)/(a(p—l)) (Z “Z AZ

n=1 k=1

) (p(g+1)—a)/(a(p—1))

N n
< Z a A;ﬂ(fnl)/(a(p—l)) (Z “Z Az—q/(p(wl)—q) Az/(p(rﬁl)—q)

(p(g+1)=a)/(a(p—1))
k=1 )

n=1

) (p(a+1)—a)/(q(p—1))

nzl ay <Z an (aZ’l Azfq/(p(wl)fq))

1) — g\ Pla+D-a)/(ap—1)) N .
n=1
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where the last inequality above follows from Lemma 2.1 by setting d = ¢ = (p(g + 1) q)/
@@ -1), Ay = x, = a’! AZ_"/ (P(a+1)=4) there. This establishes (3.2) with

Mq+1)—q)““9’

Ki(p, q) = ( p

Next, we use the idea in [5] (see also [6]) to see that for any 0 < d < 1,

N n

3 g D) (Z A7

n=1 k=1
Z"A (- 1)(2 a

kl"

)(v(q+1)—q)/(q(v—1))

) (p(g+1)—a)/(a(p—1))

3.3
o) o1y s\ (pla+1)=a)/(a(p—1)) (33)
—1/(p—1 8 cals
Ay “ (a7l A)
a3 )
k=1
" 8(p(a+1)=a)/(a(p—1))
—1/(p—1) ko (p=1)/8 pa/$
n=1 k=1
We now further require that
alp—1)
pla+1)—q  ~
then on setting for 1 < n < N,
N n 8(p(q+1)—4)/(a(p—1))
Su= 3 @y VD0 (Z el AZ/&) ,
k=n k=1
we have by partial summation, with 7 = 0,
N " 8(p(q+1)—q)/(a(p—1))
—1/(p—1 —1)/8 §
3 a1 )(ZA oV AZ/)
n=1 k=1 "
N n 8(p(q+1)—q)/(a(p—1))
= 3 apay MOS0 -0 1) (Z g8 AZ/&)
n=1 k=1
N
= an(Tn - Tnfl)
o (3.4)

8(pla+1)=q)/(a(p—1))~1
) RGN

<5 s, S al -1 pals
( q(p )Xl: (Z * t

k=1

-”(“ﬁw—n)1+uw—n+anwww—nn—J

N /n (p(a+1)=a)/(a(p—1))—1
. ( PGl AZ/&) A r O3 0/311/(p=1)-36(a+)~a) (alp-1).
n=1 \k

where for the first inequality in (3.4), we have used the bound

T, — T, <8(1+ p > - - 1)/8Aq/5
- ap-1))\&= "

by the mean value theorem and for the second inequality in (3.4), we have used the
bound

8(p(4+1)~)/(alp—1)~1
) RRCRNONTS

Page 6 of 10
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1 1-1/(p—1)~8(p(q+1)~)/(a(p—1))
Sy <1+ Ay ,
< 1/(P—1)+5(1+P/(q(P—1)))—1)

by Lemma 2.2.

Now, we set

’

_ s(p(g+1) —q) Q- s(p(g+1) —q)
S(p(a+1)—q)—alp—1)’ alp—1)

so that P, Q > 1, and 1/P + 1/Q = 1. We then have, by Holder’s inequality,

S (S a e ar #0184 11/ (1) =5+ )= (a(p~1))

n=1

N ( n )5(P(4+1)—q)/(4(l?—1))—1

k=1

N n QP
_ Z (Z a;‘f(l’l)/BAZ/‘S) a_}l/PA;(l/(PflﬁQ)/P . ai/Q*(f’*1)/3AZ/5+1*(1/(17*1)+Q)/Q
k=1

3.5
N n 8(pla+1)—a)/(a(p—1)) yp (3.5)
Z 4, AV E=D=30( D=0 (a(p-1) (Z a}?(p—n/a Az/a)

n=1 k=1
N 1/Q
. (Z (azAz)“”q) .
n=1

It follows from inequalities (3.4) and (3.5) that

n=1

IA

N " 8(p(a+1)—a)/(a(p—1))
~1/(p—1 —1)/8 ,q/8
ZanAn [ )(ZA a}(zp )/ AZ/)
n=1 k=1 "
p 1 e
<|(&|1+ 1+
qip—1) p—1)+8(1+p/(q(p—1))) -1
N
S @Al
n=1

One sees easily that the above inequality also holds when J§ = g(p - 1)/(p(g + 1) - g).
Combining the above inequality with (3.3), we see this establishes (3.2) with

Ki(p, q) = min (c(p, g 5)1/(1—9))’

where C(p, g, ) is defined as in (1.6) and the minimum is taken over the J ’s satisfy-
ing (1.7) and this completes the proof of Lemma 3.1. O

Lemma 3.2. Let p = 1, q >0, r = 1 be fixed. Under the same notions of Theorem 1.1,
we have

"IK(+(r—1)/q qg+r—1,1), r>2;
K(1, q.7) = {r(K(l c(r=1))g g+r—1,1)" 1<r<2.

Proof. We may assume a,, = 0 whenever n >N. In this case, on setting

N n
1+1
by = (lnAZ, Cn = Zak /q/ B, = Z br.,
k=n k=1
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the left-hand side expression of (1.2) becomes

N

;
Z bucy,.
n=1

Note that as r > 1, we have the following bounds:

1+ —1 1+1
By <Ay, & —c < apt,

We then apply partial summation together with the bounds above to obtain (with By

=cne1 = 0)
N N N N
141/4 4144 51—

> buc, =Y (Bu—Buoi)eh = > Bulch — ) <7 Y_an AT (3.6)
n=1 n=1 n=1 n=1

When r > 2, we apply inequality (2.2) to see that

1 r—2

N N N r—1 N r—1
Z arll+1/qArll+qC;,1 < ZayllJr(r—l)/quwfl Za;l;l/q . Z an; ‘
n=1 n=1 k=n n=1

Combining this with inequality (3.6), we see that this implies that
N N N
Z buc, <11 Zarll+(r—1)/qu+r—l Z“;H/q'
n=1 n=1 k=n

The assertion of the lemma for r > 2 now follows on applying inequality (1.2) to the
right-hand side expression above.
When 1 < r < 2, we apply inequality (2.3) in (3.6) to see that

K(, g r) <K +1/q, 1+q, 1—1) <r(K(1+(r—1)/q, g+7—1,1))".
The assertion of the lemma for 1 < r < 2 now follows and this completes the proof.
O

Now, to establish Theorem 1.3, it suffices to apply Lemma 2.3 with the observation
that when g + r—g/p = 2, Lemma 3.2 implies that

pl@g+r—1)—q
K<Lq,p(q+r)—q>S(p(qw)—q) p K(p(“r—l),q”_l,l)
p p p q
while when 1 < g + r - g¢/p < 2, Lemma 3.2 implies that
plg+r—1)—q

)Y e o)

The bound for K(p, ¢, 1) follows from Lemma 3.1 and this completes the proof of
Theorem 1.3.

Further discussions
We now look at inequality (1.2) in a different way. For this, we define for any non-
negative sequence (a,) and any integers N 2 n > 1,
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N 0
AN = Zak/ Apoo = Zak-
k=n k=n

We then note that in order to establish inequality (1.2), it suffices to show that for
any integer N > 1, we have

N N T N orf
+ +T,
E aﬁAZ(E a,i p/q) <K(p, q, 1) E (aﬁAZ) 1

n=1 k=n n=1

Upon a change of variables: 4, o ay - ,.1 and recasting, we see that the above
inequality is equivalent to

N n r N

1 1+7/q
2 :“ZAZ,N<§ :“kwm) =K(p. g, 1) E (aﬁAZ,N> :
n=1 k=1 n=1

On letting N — ~ oo, we see that inequality (1.2) is equivalent to the following

inequality:
00 n r 00 Lo/
1+ +7/q
> :azA;’,oo(E 4, "”) <K(p, 4, 1)) (adhAf) . (4.1)
n=1 k=1 n=1

Here K(p, g, r) is also the best possible constant such that inequality (4.1) holds for
any non-negative sequence (a,,).

We point out that one can give another proof of Theorem 1.3 by studying (4.1)
directly. As the general case r > 1 can be reduced to the case r = 1 in a similar way as
was done in the proof of Theorem 1.3 in Sect. 3, one only needs to establish the upper
bound for K(p, ¢, 1) given in (1.5). For this, one can use an approach similar to that
taken in Sect. 3, in replacing Lemmas 2.1 and 2.2 by the following lemmas. Due to the
similarity, we shall leave the details to the reader.

Lemma 4.1. Let d > ¢ > 1 and (A,) be a positive sequence with Y o, A, < 0o. Let
A% =302 M. Then for all non-negative sequences (x,,),

[e 9] [e9] d d d oo
Y dal(An) (Z )»kxk> =< <c— 1) D (M)
n=1 k=n n=1

The constant is best possible.
The above lemma is Corollary 6 to Theorem 2 of [2] and only the special case d = ¢
is needed for the proof of Theorem 1.3.

Lemma 4.2. Let p < 0. Let integers M > N > 1 be fixed. For any positive sequence
M
(an)nLwith Apm = 3 ar, we have
k=n

al 1
> aAl,, < (1 —~ )A{QM.
k=1 I p I
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