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Abstract

In this paper, some new nonlinear Gronwall-Bellman-type discrete inequalities are
established, which can be used as a handy tool in the research of qualitative and
quantitative properties of solutions of certain difference equations. The established
results generalize some of the recent results obtained by Cheung and Ma,
respectively.
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1 Introduction
In the past few years, the research of Gronwall-Bellman-type finite difference inequal-
ities has been payed much attention by many authors, which play an important role in
the study of qualitative as well as quantitative properties of solutions of difference
equations, such as boundedness, stability, existence, uniqueness, continuous depen-
dence and so on. Many difference inequalities have been established (see [1]-[11] and
the references therein). But in the analysis of some certain difference equations, the
bounds provided by the earlier inequalities are inadequate and it is necessary to seek
some new discrete inequalities in order to obtain a diversity of desired results. Our
aim in this paper is to establish some new nonlinear Gronwall-Bellman-type discrete
inequalities, which provide new bounds for unknown functions lying in these inequal-
ities. We will illustrate the usefulness of the established results by applying them to
study the boundedness, uniqueness, and continuous dependence on initial data of solu-
tions of certain difference equations. Our results generalize some of the results in [1,2].
Throughout this paper, R denotes the set of real numbers and R, = [0, ), while Z
denotes the set of integers. The definition domain and the image of a function f are
denoted by Dom(f) and Im(f), respectively. I := [mg, o) N Z and ] := [ng, =) N Z are
two fixed lattices of integral points in R. Let Q := [ x J C 72, and #(Q) denotes the set
of all R-valued functions on Q, while ,(Q) denotes the set of all R,-valued functions
on 0. For the sake of convenience, we extend the domain of definition of each func-
tion in (Q) and g, (Q) trivially to the ambient space Z>. So, for example, a function
in (Q) is regarded as a function defined on Z> with support in (). As usual, the
collection of all continuous functions of a topological space X into a topological space
Y will be denoted by C(X, Y). Finally, the partial difference operators A; and A, on u
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€ @(Z?) are defined as Ayu(m, n) = u(m + 1, n) - u(m, n), Au(m, n) = u(m, n + 1) - u
(m, n).

2 Main results

Theorem 1 Let Qg , = ([mo, s] x [no, t]) N Q, (s, t) € Q. Suppose u(m, n), a(m, n), k
(m, n), b(m, n) € $,(Q), and a, k are nondecreasing in every variable. 1, $ € C(R,, R
+), and N are strictly increasing, while ¢ is nondecreasing with ¢(r) > 0 for r > 0. If for
(m, n) € Q, u(m, n), satisfies the following inequality

n(u(m,n)) < a(m, n) + k(m, n) mi :ib(sf Do (u(s 1), (1)
then for (m, 1) € Q) we have

u(m,n) <n”! {G_l {G(a(mf n)) + k(m, n) mii S b(s, t)} } / )
where

c@-[ 1 dzzz=o, (3)

= ¢(n71(2)

and my, ny are chosen so that for (m,n) € Qm,,n,)

m—1n—1

G(a(m,n)) +k(m,n) > > "b(s,t) € Dom(G™"). (4)
s=mg t=ng
Proof Given (X,Y) € Q(u,n,), and let (m, n) € Qx y). Then considering a, k are both

nondecreasing, from (1), we have

m—1n-—1

n(u(m, n)) < a(X,Y) + k(X,Y) 3 Y " bls, 0)e(u(s 1), (m,n) € xy) (5)

s=mq t=ng
Let the right side of (5) be v(m, n). Then
u(m,n) < n~" (v(m,n)), (m,n) € Lxy), (6)

and

n—1
Av(m,n) =v(m+1,n) —v(m,n) =k(X,Y) Z b(m, t)p(u(m, t))

t=no

7)
n—1 n—1
< k(X,Y) " b(m, ) (07 (v(m, 1)) < (X, V) (17" (v(m, n = 1)) > b(m, ).

On the other hand, according to the Mean-Value Theorem for integrals, there exists
& such that v(m, n) < £ < v(m + 1, n), and

A1G(v(m, n)) = G(v(m + 1,n)) — G(v(m, n))
~ V(7Ln) 1 e Ayo(m,n) _ Ayy(m,n) (8)
) e(171(2) " e(171(§)) T e(nt(v(m, n)))’

vimn
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Combining (7) and (8), we obtain

-1
AG(v(m,n)) < k(X,Y)" E;? (n(f((:/"(’rz n);)) Z b(m, 1) < k(X,Y) Zb(m, 0. (9)

Setting m = s, and a summary on both sides of (9) with respect to s from m to m -

1 yields
m—1n—1
Z A1G(v(s,n)) < k(X,Y) Z Zb(s, t), (10)
that is,
m—1n—1
G(v(m, n)) — G(v(mo, n)) < k(X,Y) Y > "b(s,1). (11)

Considering G is strictly increasing, and v(mg, n) = a(X, Y), it follows

m—1n—1
v(m,n) <G} |:G(a(X, Y)) +k(X,Y) > Y b(s, t):| . (m,n) € Quy)- (12)
Combining (6) and (12), we have
m—1n—1 7
u(m,n) < n! {G‘ G(a(X,Y)) + k(X,Y) Z Zb(s, 1) } (m,n) € Qexy)-(13)
Take m = X, n = Y in (13), yields
X-1Y-1 T
u(X,Y) <n! {c— G(a(X,Y)) +k(X,Y) Z Zb(s, ) } . (14)

Since (X,Y) € Q(n,n,) are selected arbitrarily, then in fact (14) holds for
v(m/ n) S Q(ml,nl), that iS

m—1n—1
u(m,n) < n! {c—l |:G(a(m, n)) +k(m,n) > "b(s, t):| } . (m,n) € Q)
S=mq t=ng
which is the desired result. 8
Remark 1 If we take a(m, n) = ¢, k(m, n) = 1, N(u) = u* in Theorem 2.1, where ¢ > 0,
o > 0 are constants, then Theorem 2.1 reduces to [1, Theorem 2.1].
Corollary 1 Under the conditions of Theorem 2.1, if for (m, n) € Q, u(m, n) satisfies
the following inequality

m—1n—1

n(u(m,n)) < a(m,n)+k(m,n) > > " b(s, )n(u(s 1)), (15)

S=mg t=ng
then for (m,n) € Q(m,,n,), we have

u(m,n) < n~(a(m, n)d™m), (16)
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where
m—1n—1
J(m,n) =k(m,n) > "> "b(s, 1). (17)

Remark 2 In Corollary 2.2, if we take 7 for different functions, then we have various
bounds for u(m, n). For example, if we take 1(u) = u, then we obtain u(m, n) < a(m,

n)e " M while L Jeme

u(m,n) < Ce ¥ ), if we take n(u) = u?, a(m, n) = C, k(m, n) = 1.
Following in a same manner as the proof of Theorem 2.1, we can obtain the follow-
ing three theorems.
Theorem 2 Let Q, ;) = ([moq, s] x [t, ) N Q, (s, t) € Q. Suppose u, a, k, b, n, ¢ are

defined the same as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the following

inequality
m—1 oo
n(u(m, n)) < a(m,n)+k(m,n) > > b(s, t)p(u(s 1)), (18)
$=mq t=n+1

then for (m,n) € Q(m,,n,), we have
m—1 oo
u(m,n) <n! {Gl |:G(a(m, n)) + k(m, n) Z Z b(s, t):| } , (19)
s=mo t=n+1
where G is defined as in Theorem 2.1, and m,, n, are chosen so that for
Gla(m, m)) +k(mm) Y 3" b(s,1) € Dom(G™),

m—1 0 1
G(a(m, n)) + k(m, n) ZS:WO thm b(s, t) € Dom(G™1).
Theorem 3 Let Q( 4 = ([s, ) x [ng, t]) N Q, (s, t) € Q. Suppose u, a, k, b, N, ¢ are
defined the same as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the following

inequality
n(u(m, n)) < a(m, n) + k(m, n) fj Z b(s, D (u(s. 1)), (20)
then for (m, 1) € Qmyny), we have
u(m,m) < n”! {cl {c(a(m, )<k 3 30 t)} } (1)

where G is defined as in Theorem 2.1, and my, ny are chosen so that for
G(a(m, n)) + k(m, n) 33%,,,1 315, b(s £) € Dom(G™),
G(a(m,n)) +k(m,n) Y5, . Sl b(s, t) € Dom(G™1).

Theorem 4 Let QO 4 = ([s, ) x [t, =) N Q, (s, t) € Q. Suppose u, a, k, b, n, ¢ are
defined the same as in Theorem 2.1. If for (m, n) € Q, u(m, n) satisfies the following
inequality

n(u(m, n)) < a(m,n)+k(m,n) Yy > b(s e(u(s 1)), (22)

s=m+1 t=n+1
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then for (m, n) € Qm, n,), we have

u(m,n) <n! {G‘l |:G(a(m, n)) + k(m, n) i i b(s, t):| } , (23)

s=m+1 t=n+1

where G is defined as in Theorem 2.1, and my, n, are chosen so that for
Ga(m, n)) +k(m,n) 32,1 32751 b(s, 1) € Dom(G™1),
Ga(m, n)) +k(m,n) 32,1 32751 b(s. 1) € Dom(G™1).

In the following theorem, we will study a class of Volterra-Fredholm type difference
inequality.

Theorem 5 Suppose u, 1, ¢ are defined as in Theorem 2.1, a € ».(Q), M, N, C are
constants, and M € [mg, ) N Z, N € [ng, ) N Z, C =2 0. If for (m, n) € Q, u(m, n)
satisfies the following inequality

m—1n—1 M—-1N-1
n(u(m,n)) <C+ Y > als, euls 1) + Y Y als )e(uls 1)), (24)

then we have

M—1N-1 m—1n-—1
u(m,n) <n! {cl {c (E;l [Z > (s, t)D Y3 (s, t)}}, (mn)e, (25
s=mq t=ng s=myq t=ng
provided that é(z) = G(2z — C) — G(z)is strictly increasing for z > C, where G is
defined as in (3).
Proof Suppose C > 0, and let the right side of (24) be v(m, n). Then

u(m,n) < n~'(w(m, n)), (mn) e, (26)

and
M—-1N-1

v(mo,n) =C+ Y " als, )e(u(s 1)). (27)

Furthermore,
n—1
Ayv(m,n) =" a(m, )p(u(m, 1))
n—1 . n—1 (28)
<Y a(m )p(n ' (v(m 1)) < p(n” ' (v(m,n—1))) Y _ a(m,1).

On the other hand, according to the Mean-Value Theorem for integrals, there exists
& such that v(m, n) < & < v(m + 1, n), and

A1G(v(m, n)) = G(v(m + 1,n)) — G(v(m, n))

v(m+1,n)

1 .- Aw(mn) _ Agy(m,n) (29)
e 1(2) e (&) ~ e (v(mn)))’

v(m,n)
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Combining (28) and (29), we obtain

(0" (v(m,n — 1)) T
A1G(v(m, n)) < ol (o(m, ) > a(m,t) <Y a(m,1). (30)

Setting m = s, and a summary on both sides of (30) with respect to s from m, to m -

1 yields
m—1 m—1n—1
> AG(s,n) < DY als 1), (31)
that is,
m—1n—1
G(v(m, n)) — G(v(mo,n)) < > a(s,1). (32)

Considering G is strictly increasing, then it follows

m—1n-—1
v(m,n) <G} |:G(v(m0, n)+ Y > als, t):| , (m,n) e Q. (33)
Take m = M, n = N in (33), we obtain
M—-1N-1
v(M,N) < G |:G(v(m0,N)) £y Y als, t)i| . (34)
So,
M—-1N-1
20(mo,n) —C=C+2Y Y a(s, )(u(s, £)) = v(M,N)
s=mg t=ng (35)
M—1N-1 M—-1N-1
<G! |:G(v(m0,N)) £y Y a(s, t):| =G |:G(v(m0, n)+ Y Y a(s t)i| ,
that is,
M—-1N-1
G(2v(mo,n) — C) — G(v(mo,n)) < D Y als, 1), (36)

which is rewritten as

M—-1N-1

G(v(mo, n)) < Z Za(s, t). (37)

S=mq t=hg
Since ¢ is strictly increasing, then furthermore we have
M-1N-1
v(mo,n) < G™1 |:Z Z a(s, t):| . (38)
S=mg t=hg

Combining (26), (33), and (38), we obtain the desired inequality.
If C = 0, we can substitute C with ¢ > 0 in the proof above and then after letting ¢ —
0, we obtain the desired result. O
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Remark 3 If we take 1(u) = u in Theorem 2.6, then Theorem 2.6 reduces to [2, The-
orem 2.1].

Corollary 2 Under the conditions of Theorem 2.6, if C > 0, and for (m, n) € Q, u(m,
n) satisfies the following inequality

m—1n-1 M—-1N-1
n(u(mm) <C+ 33 als, Onluls ) + Y Y als On(us 1)), (39)

then we have

u(m,n) <n- e’(”"”)}, (m,n) € , (40)

1 C
2 — JMN)

provided that &N < 2, where J(m,n) = "1 S La(s, 1),

§=mq t=ng

Proof From Theorem 2.6, considering 11 = ¢, we have

G(z) = /-z idz = Inz — Inzg (41)
and
G(z) = G(2z— C) — G(z) = In(2 — S). (42)

Combining (25), (41) and (42), we can deduce the desired result. O
Remark 4 In Corollary 2.7, if we take 7 for different functions, then we have various
bounds foe u(m, n). For example, if we take 7m(u) = u, then we obtain

u(m,n)fke,C(M,N)e](m'”). If we take n(u) = u”, then we obtain

1
u(m, n) < {,_ fun @M}
Theorem 6 Suppose u, 1, ¢, a, C, G are defined as in Theorem 2.6. Define

J(z) = G(2z — C) — G(z) — ﬁ\:r;; Z;OI a(s, t). Furthermore, assume Tis increasing, and

3& > C such that T(g) = 0. If for (m, n) € Q, u(m, n) satisfies (24), then

m—1n—1
u(m,n) <n! {c—l |:G(.§) Y Y a(s t):| } (m,n) € Q. (43)

s=mg t=ng
Proof Let the right side of (24) be v(m, n). Then
u(m,n) < n~'(v(m,n)), (mn)eQ. (44)

Similar to the process of (26)-(32), we deduce

v(m,n) <G! |:G(v(m0, n)) + "i nia(s, t)j| , (mn) e, (45)
and
M—1N-1
G(2v(mp, n) — C) — G(v(mo, n)) < Z Z a(s, 1), (46)

that is, T(U(mo,n)) < 0. Considering T(g) =0, then T(I/(mo,n)) 57(5). Since 7 is

increasing, then
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v(m01 n) = s (47)

Combining (45) and (47), we obtain

m—1n—1

v(m,n) <G~ [G(S) +Y Y als, t)} , (m,n) e Q. (48)
s=mq t=ng
Then by (44) and (48), we obtain the desired inequality. O
Remark 5 If we take 1n(u) = u in Theorem 2.8, then Theorem 2.8 reduces to [2, The-
orem 2.1’].

3 Applications
In this section, we will present some applications for the established results above, and
show that they are useful in the study of boundedness, uniqueness, and continuous
dependence of solutions of certain difference equations.

Example 1 Consider the following difference equation

A2 = F(m, n, u(m, n)) (49)
with the initial condition

u(m, no) = In [ef('") " 1] ,u(mo, n) = In [eg(") " 1] ,f(mo) = g(no) = 0, (50)

whereue ., (Q), F: QO xR, >R f:1>R g:J>R

Theorem 7 Suppose u(m, n) is a solution of (49) and (50), and |F(m, n, u)| < b(m, n)
u?, &+ 8" < C, where p, C are constants, and p > 1, C > 0, b e ,(Q), then for
(m,n) € L, n,) we have

m—1n—1
u(m,n) <In {c—l |:G(C) Y s, t):| } , (51)

s=mg t=ng

where

z

1
dz,z > zo > 0, (52)

€@ = | (ney

Qnyny) = ([mo, mi] x [no,m1])(\ 2, and wm,, ny are chosen so that for
G(C)+ Y0 S b b(s, 1) € Dom(G™1), G(C) + Y0 S L b(s, £) € Dom(G™).

s=Mg s=Mg

Proof The equivalent form of (49) and (50) can be denoted by

m—1n—1
) = (M) 1 o800 NN (s, 1 u(s, 1), (53)
s=mq t=ng
So,
m—1n—1 m—1n—1
) < o 4 8 NN F(s, Lu(s 1) < C+ Y Y b(s (s, 1) (54)
S=mq t=ng S=mq t=ng

Then, a suitable application of Theorem 2.1 (with 1(x) = €%, ¢(u) = u”) to (54) yields
the desired result. O
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Lemma 1 For any u,, u, € R*, we have
lup —up| < le" —e™|. (55)

Proof Without loss of generality, we assume u; > u,, and let u, be fixed. Define
f(z) = (¢ — e*2) — (z — uy). Then we have f(z) = e, - 1 = o for z = u, > 0, which shows
flz) is nondecreasing on [u,, «). So flu1) = flu,) = 0O, that is, e"* — " > uy — u,, which
shows |u; —uy| < |e" —e'2). O

Theorem 8 Assume uy, u, are two solutions of (49) and (50), and |F(m, n, u,) - F(m,
n, us)| < b(m, n)|uy - uy|, Y(im, n) € Q, where b € ¢,(Q), then u; = u,, that is, (49)
and (50) has at most one solution.

Proof Since uj, u, are two solutions of (49) and (50), then from (49), (50), and (53),

we have

m—1n—1

g1 (mm) — of(m)  p8(n) Z Z F(s, t,u1(s, t)) (56)
s=mg t=ng

and

m—1n—1

2 mm) — of (m) y g8(n) 4 Z Z F(s, t,ua(s, t)). (57)
s=mg t=ngp

By (56) and (57) and Lemma 3.2, we deduce

ghi(mn) _ iz (m,n)

m—1n—1

SN [FGs (s 1) = F(s a5, )]

s=mg t=ng

m—1n—1

< DD IE(s tua (s 1)) — F(s, tua(s 1)) (58)

s=mg t=ng

m—1n-—1

<D0 (s, )i (s, 1) — ua(s, 1)

m—1n-—1

=< Z Z b(s, t)|eu1(s,t) _ eu2(s,t)|.

s=mg t=ng

A suitable application of Corollary 2.2 to (58) yields |gu1(mn) — gu2(mn)| < o, which
implies #1 = u,, and the proof is complete.

The following theorem deals with the continuous dependence of the solution of (49)
and (50) on the function F and the initial value f{m), g(n). O

Theorem 9 Assume u(m, n) is the solution of (49) and (50), |F(m, n, u,) - F(m, n,
u)| < blm, n)uy - uy|, Yim, n) € Q, where b e 9,(Q),
|ef(m) — m) 4 gsm) — e8| < g where ¢ > 0 is a constant. Furthermore, assume

U € .(R), u € 9.(R)is the solution of the following difference equation

Ar2e"™M = E(m, n, ii(m, n)) (59)

Page 9 of 12
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with the initial condition
ii(m, no) = In[e™ + 1], @i(mo, n) = In[é¥™ + 1], F(mo) = &(no) = O, (60)

where F: Q xR, > R, f:1— R, &:] = R, then

lu(m, n) — i(m,n)| < 2ee ™M, (61)
where
m—1n—1
J(m,n) =" b(s, 1). (62)

Proof From (59) and (60), we deduce

m—1n—1

1) = ) 800 NN E(s, 1 s, ). (63)

S=mg t=hgp
Then by a combination of (53) and (63), we deduce

eu(m,n) _ eﬂ(m,n)

m—1n—1
< ‘ef('") — 0 4 80— EO| NS R( s, £) — F(s (s, £)]
S=mg t=ng
m—1n—1
<e+ Yy Y |F(s,tuls 1) — F(s, 1 ii(s, 1)) + F(s, t,1(s, 1) — F(s, 1, (s, 1))
s=mg t=ny
m—1n—1
<e+ > Y NIF(s tu(s 1)) — F(s, (s, )] + |F(s, (s, £)) — F(s, 1, (s, )] (64)
s=mg t=ng
m—1n—1
<2e+ ) Y IF(s,tou(s 1)) — (s t,ii(s, 1))]
s=mg t=ng
m—1n—1
<26+ ) Y (s 0)luls, £) — (s, 1)
Ss=mg t=ngp
m—1n—1
<2+ Z Z b(s, 1) [t — el
s=mq t=ng

After a suitable application of Corollary 2.2 to (64), we obtain
|et(mn) _ gli(mn)| - < 2 gpl(mm), So from Lemma 3.2, it follows
lu(m, n) — a(m,n)| < [e(mm) — gilmm)| < 2gemn), which is the desired result. 0

Example 2 Consider the following Volterra-Fredholm sum-difference equation

m—1n—1 M—-1N-1
w(m,n) = fP(m)+g°(n) + > > F(s,tu(s, 1))+ Y Y F(s,t,u(s, 1)) (65)

with the initial condition
u(m, no) = f(m), u(mo, n) = g(n), f(mo) = g(no) =0, (66)

where ue P(Q), F:OxR—->R f:1>R,g:/—> R, p=1isan odd number.
Theorem 10 Suppose u(m, n) is a solution of (65) and (66), and |F(m, n, u)| < a(m,
n) |ul?, |[F(m) + &n)| < C, where C > 0 is a constant, and a € {,(Q), then we have
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C p
um )l = {2 — JMN) el(m'n)} (67)

provided &N < 2, where

m—1n—1

J(mn) =" a(s ). (68)

s=mg t=ng

Proof From (65) and (66), we have

m—1n—1 M—1N—1
lu(m,n)l” < |fP(m) +g" ()| + Y D IF(s,t,u(s, 0) + Y Y |F(s,tu(s, 1))l
T e (69)
m—1n—1 M—1N-1
=C+ Z Z“(Sf t)u(s, £)° + Z Z a(s, t)u(s, )

Then a suitable application of Corollary 2.7 to (69) yields the desired result. ©

Theorem 11 Assume |F(m,n,u;) — F(m, n,uy)| < a(m,n)juf — b, V(m, n) € Q,
where a € .(Q), and ™ N < 2, where J(m, n) = ani;ml) :';ml) a(s, t), then (65) and
(66) has at most one solution.

Proof Suppose u;, u, are two solutions of (65) and (66), then from (65) and (66), we

have

‘u’i(m, n) — ug(m,n)‘

m—1n-—1 M-1N-1

=D 2D IR(s tu(s 1) = Fa(s uls )] + > Y [Fa(s,tu(s 1) — Fa(s ¢, u(s, 1))

S . (70)
<Y MR Luls ) —Fa(s tu(s )+ > Y IFi(s tu(s 1) — Fa(s tu(s )]

et
< Z Za(s, O (s, £) — 1 (s, )| + Z Za(s, O (s, ) — b (s, 1)).

A suitable application of Corollary 2.7 to (70) yields |} (m, n) — u,(m,n)| < 0, that
is, 1} (m, n) = uf)(m,n), ¥(m, n) € Q. Since p is an odd number, then u;(m, n) = uy(m,
n), which implies (65) and (66) has at most one solution.

Similar to Theorem 3.4, we have the following result showing the continuous depen-

dence of the solution of (65) and (66) on the function F and the initial data f{imm), g(n).
O

Theorem 12 Assume u(m, n) is the solution of (65) and (66),
|F(m, n,uy) — F(m,n,up)| < a(m,n)[uf —uf), V(m, n) € Q, where a € p.(Q),
IfP(m) — fP(m) + g (n) — 8" (n)| <& where ¢ > 0 is a constant. Furthermore, assume

il € 9.(R), u € ,(RQ)is the solution of the following difference equation

m—1n—1 M—-1N-1
i’ (m,n) = fP(m)+ 3 (n) + Y Y F(s,tals )+ Y Y Fs,t,i(s 1)) (71)

with the initial condition

i(m, no) = f(m), i(mo, n) = §(n), f (mo) = &(no) = 0, (72)
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where F: QxR — R f:1— R 8:]— R, then

2¢e

5 _ JOMA) JUM . (m,n) e Q, (73)

[P (m, n) — uf(m,n)| <

provided that ¢“ N < 2, where J(m,n) = 3" 1S L g(s, ).

s=Mg t=ng

The proof for Theorem 3.7 is similar to Theorem 3.4, and we omit it here.
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