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Abstract

In this paper, we investigate the compactness of the sum of weighted composition
operators on the unit ball algebra, and give the characterization of compact
differences of two weighted composition operators on the ball algebra. The
connectness of the topological space consisting of non-zero weighted composition
operators on the unit ball algebra is also studied.
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1. Introduction

Let H(By) be the class of all holomorphic functions on By and S(By ), the collection of
all holomorphic self mappings of By, where By is the unit ball in the N-dimensional
complex space CN. The closure of By will be written as By. Denote by A = A(By), the
unit ball algebra of all continuous functions on By that are holomorphic on By. Then
A is the Banach algebra with the supremum norm

I fllo = sup{lf(z)| : z € Bn}.

And let H” = H™ (By) be the set of all bounded holomorphic functions on By. We
denote by B(A) (B(H™) resp.) the unit ball of A (H™ (By) resp.).

For u, ¢ € A with ¢ € S(By), recall that the composition operator C, induced by ¢ is
defined by

(Cef)(2) = f9(2));

the multiplication operator induced by u is defined by
M,f(2) = u(2)f (2);

and the weighted composition operator uC, induced by ¢ and u is defined by
(uCof)(2) = u(2)f (¢(2))

for ze By and fe H(By). If let u = 1, then uC, = C,; if let ¢ = id, then uC, = M,
It is clear that these operators are linear and uC,, is bounded on A. For some results in
this topic see, for example, [1-6], and so on.
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Let X be a Banach space of analytic functions, we write C(X), for the space of com-
position operators on X under the operator norm topology.

Moorhouse [7] considered the compactness of finite sum of composition operators
on weighted Bergman spaces in the disk and gave a partial answer to the component
structure of C(A2). Kriete and Moorhouse [8] continued to study the finite linear com-
bination of composition operators acting on the Hardy space or weighted Bergman
spaces on the disk. Hosokawa and Ohno, [9], and [10], discussed the topological struc-
tures of the sets of composition operators and gave a characterization of compact dif-
ference on Bloch space in the unit disk. Fang and Zhou [11] then gave a
characterization of compact difference between the Bloch space and the set of all
bounded analytic functions on the unit polydisk. Fang and Zhou [12] also studied the
compact differences of composition operators on the space of bounded analytic func-
tions in polydisk. Hosokawa and co-workers [13] studied the topological components
of the topological space of weighted composition operators on the space of bounded
analytic functions on the open unit disk in the uniform operator topology. These
results were extended to the setting of H”(By) by Toews [14], and independently by
Gorkin and co-workers [15], and the setting of H™ (DN by Fang and Zhou [12], where
DN is the unit polydisk. Bonet and co-workers [16] discussed the same problem for the
composition operator on the weighted Banach spaces of holomorphic functions in the
unit disk, which was also extended to the unit polydisc by Wolf in [17]. The case of
weighted composition operators on the above spaces was treated by Lindstrom and
Wolf [18]. Ohno [19] studied the differences of weighted composition operators on the
disk algebra.

Building on these foundations, we study the compactness of the sum of certain class
of weighted composition operators on the unit ball algebra, and give the characteriza-
tion of compact differences of two weighted composition operators on the ball algebra.
The connectness of the topological space consisted of non-zero weighted composition
operators on the unit ball algebra is also studied.

2. The sum of weighted composition operators on A
In this section, we will give necessary and sufficient conditions for the sum of several
weighted composition operators to be compact on A.

Let T be a bounded linear operator on a Banach space. Recall that T is said to be
compact if T maps every bounded set into relatively compact one. And if T is a com-
pact operator, 7' must map every weakly convergent sequence into norm convergent
one, and a linear operator with that property is called to be completely continuous.
In general, a completely continuous operator may not be always compact.

If e S(By )NA, denote by I'y, = {{e 9By : |@ ()| = 1}. For z, w € By, the involution

automorphism between z and w is given by

w — Py(2) — swQu(z)

®u(2) = 1- <z w>

where Pu(2) = 207w, Qu(z) =z— 20~ w, and s, = \/1 — |w|?. The induced dis-

tance between z and w is defined as

doo (2, W) = sUpsepp) If (2) — f(w)l.
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Pseudo-hyperbolic metric is defined by
p(zw) =sup{lf(z)| :Il flloo = 1, f(w) = 0},
and a theorem of Bear [20] gives that

2 — 2\/1 — p(z,w)?

)= )

Since the pseudo-hyperbolic metric p(z, w) < 1 we have that

1—p(zw)? < \/1 — p(z,w)?
=1- \/1 — p(zw)? < p(zw)?
= doo(z, W) < 2p(z, w).

Toews [14] proved the following lemma:
Lemma 2.1. For any z € By, we have

(@): p(z; w) = |D(2)| for any w € By, and
(b): {z: p (z, w) < A} = @, (ABy).

For (€ 9By and a > 1, we define a Koranyi approach region by
o
A ={zeByil-@ol < (1- 1P

Since UA({, o) = A (UG, o) for any unitary transformation U in CN, we can concen-
trate on understanding A (e;, o), where e; = (1,0,...,0) € CN. Next lemma is crucial.
Lemma 2.2. For a real number 1 <ot < 2 and e; = (1, 0, ..., 0) in 0By, if {w,,} is an

arbitrary sequence in the Koranyi approach region A(ey, &), then

|wn]* — (e1, wy)
- <e1/ Wn>

2
—1>0.

On the other hand, for every o > 2, we can find a sequence {w,} € Aley, ) and w,, — e,

as n — oo satisfying

|wnl? — (e1, wy)
1-— <ell wn>

limn—>oo ‘

Proof. First, let 1 < < 2. We have that

‘ [wal® — (e1, wy) 2 ||wn|2 - (elrwn>|

1 — (e1, wy) a1 —|wyl?
2 11— [wal?| = 11 = (e1, wy)]
T o 1_|Wn|2
o
2 2(1 - |wn|2)
> 1-—
1-— |wn|2

2
—1>0.
o
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Suppose o > 2. Let wy = (1, w,), where r, is real with r, > 1" as n > ~ and

|w,| = /1 — 1. It is clear that for sufficient large n
o 2
1= (erwn)l =1 =1 < (m—13)
o o
-, (1-r—1+1,) = 5 (1= lwal?).

This means that {w,} € A(e;, ) for o > 2. Now we compute

2
LT+l =1, —

=lim "

n— 00 — T

lim |wn|2 — {e1, wy)

Tn .
n— 00 1 — (e1,wy) B nlggo(l N Tn) =0.

o

For @1, @3, ..., ¢, € S(By) N A, we simplify the notations I'y; and Cyby T'; and C;
respectively. It is obvious that each weighted composition operator is a bounded opera-
tor on the ball algebra.

For any ¢ € U;;l ', denote by I({) = tke {1, 2, .., p}: (e T} If k, j € I(), define k
~ j whenever p(¢i(z,), ¢i(z,)) — 0 holds for every sequence {z,,} © By converging to (.
It is clear that the relation ~ is an equivalent relation on I({). Denote by I({) /~ as the
quotient set, and ({)’s, which is called index sets of {, as the elements of I({)/~. The
lower index s € {1, .., p} is given by the smallest number in Is({).

Next, we are going to study the compactness of ZL 4;C; acting on the ball algebra.
In fact, it is difficult to characterize the compactness of the sum of several arbitrary
u;Cy’s. Here, we just consider the sum whose symbols are in a certain class of self map-
pings of By.

Our admissible symbols of self mappings of By are constrained by the following con-
dition: Let ¢ € S(By) N A and I, as defined above. For every {'e I';, and any arbitrary
small ¢ > 0, if there exists a Koranyi region A(¢ ({), &) with 1 <& < 2 such that

(*): N(@(0), &) NA (¢ (), @) N @ (By) = D

where N(¢(0), ¢) is the neighborhood of ¢(¢{) with radii . We collect all self mappings
of By satisfied (*) and denote it by A*

Remark 2.3. If ¢ € S(By) N A and the closure of ¢(By) has no boundary contact with
the unit sphere, we say that ¢ satisfies condition (¥) trivially, that is to say ¢ € A*

The following theorem is our main theorem.

Theorem 2.4. Let uje A and @;e A* forj=1, .., p. Then Zf:l u;Cjis compact on A
if and only if and only if 3 ey, ) We($) = Ofor every ¢ € U?=1 [jand every index set 1,(C)
of &

Proof. To prove the necessity, let {be an arbitrary point in U]P=1 [}, 1(¢) and I({)’s are
defined as above. We can find out a sequence {w,} € By satisfying the following proper-

ties: as 1 —> oo,

1): wy, > G
(2): (W) = @i(Q) with ke I({) and k = s;
3): @(w,,) > @i(¢) with I & L(0);
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(4): (q)ws(wn)(%(;))r%(wn» — A #0.

The item (4) holds since every ¢; € A* and Lemma 2.2 guarantees the limit is non
zero. From the item (3), we can choose the subsequences (also denoted by {w,})

satistying
(5): (¢ws(wn)(¢l(wn))/ Ps (wn)> — o35 7 0.

For such a sequence {w,}, define the functions
fn(@) =({ Py, () (), @5 (wn)) — 1) (P, (w,) (2), s(wn)) — 1)
T (@) (2), @s(wn)) — o1c).
1¢1,(¢)

Then f, € A and ||f,||. < 2°*'. We claim that f,(z) — 0 for all z € By as n —> oo.
Indeed, if z = @4({), the item (4) guarantees f,(¢,({)) — 0; and if z = ¢,({), we have

nlLHOIJqD%(wn) (), @s(wy))

(s (wn), os(wn)) — ((psafs)szwn» (s (wn), s (wn))

m
n—00 1-— (Zr (ps(wn))
2
- lim los(wi)|* — (2, ps(wn))
n—oo 1 — (g, ¢s(wn))
=1.

So f,, converges weakly to 0 in A, thus || Zle ujijnHoo — 0as n — oo,

On the other hand,

p p
Z ujijn > Z Uj (wn)fn (§0j (wn))
j=1

00 j=1

= D w(wa)| M [T ow= D tawn)llfa(er(wn))
kely(Z) I¢1(z) I¢1(z)
= D lw(w)lfa(es(wn)) = fulgr(wn))]
kel (£)\{s}
= Z U (wn) | A 1_[ Ofs — Z |wi(wn)[1fn(@1(wn))]
keli(¢) I¢1(¢) 1¢1(z)
=2 Y Moo | fulloop(95(wn), @1 (wn))-
kel (2)\{s}

We have that p(@s(w,,), oi(w,)) = 0 for every k € I({) \ {s}. And from the item (5),
we know that |f,,(@,(w,,))| — O for every [ ¢ I({). Hence we have

> w(¢)=0.
kel(¢)

To verify the sufficiency, we cannot use the “weak convergence theorem” (Proposi-
tion 3.11 of [21]), because the unit ball algebra is not closed in the compact open
topology. Here, we use the definition of compact operator to illustrate that the sum of
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weighted composition operators is compact. Let f, € A and ||f,||~ = 1. By the normal
family argument, there exists a subsequence {f,,}of {f,,} and a function g analytic on By
such that f, converges to g uniformly on compact subsets of By. Here, we have

sup,cp, 18(=)l < 1.

Now define a function G on By by setting

2 igiz) WICI8(2) z € Uf=1 L5

Z]P:l u;Cig(z) otherwise.

G(z) =

Next, we just need to show that G is continuous on By, and Zle 4;Cifn, converges

uniformly to G on By. In the following proof, we simplify the subsequence f,, by f,.
We first prove that G is continuous on By. Indeed, it is obvious that G is continuous

on BN\ Uf:] F]‘.
For¢ € U]P:l T'j, let I,(C)’s be its index sets and I(¢) = |J, I;(¢). Suppose that {z,} be a
sequence in By converging to { such that ¢yz,) = @) j = 1, ..., p. So for each ().

» p(Q(z,), @s(z,)) = 0 where k e I((), and
* P (9z,), @s(z,)) » O where [ & I(().

Then, we compute

P
> uiCglz) — > wCig(¢)
j=1 I¢el(s)

<Y gl | D0 wel@)[+2 Y tiklloo Il glloor(@5(2n), @r(zn))

kel (¢) kel (&) \ (s}

+1 ) (wCiglz) — wiCig(¢))| -
1¢1(¢)
So, we have lim;_,, Z;;l 4;Cig(zn) = G(¢), and this holds for every ¢ € U;;l I'j. Thus
G is continuous on By.
Next, we shall show that Zle u;Cify converges uniformly to G on By. Suppose not,
and we may assume that, for ¢ > 0, || Zf:l uiCify — Glloo > & > 0. Then there exists a

sequence {z,} € By such that
p
| Zujijn(zn) — G(zy)| > ¢ for every n. (2.1)
j=1

This implies that max;{|¢;(z,)|} = 1 as n — . Here we may assume that z, - (e
0By, and define 1({), L,({) as before. Similarly as the analysis above, we have that

* p((Pk(Zn)’ (ps(zn)) — 0 where k € Is(o’
* P (9dzn); @s(2,)) » O where [ & I(0).
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Hence

p
| Z(ujcj)fn(zn) — G(zn)]

j=1

SZ ”fn”oo Z uk(zn) +2 Z

kel (¢) kel (£)\(s)

Il ttrelloo |l fn||oop(§05(zn)/ (/’k(zn))

X w@lf (@) - goz))]|.
I¢1(¢)

When [ ¢ I(), note that the limit of |@)(z,)| is strictly less than 1, and f, converges to
g on compact subsets of By, thus f,(@/(z,)) - g(@/(z,)) — 0. By the preliminary condi-
tions we know that | Zkels(;) ur($)l = 0 for each index sets I,({). Together with the

above two items, we have Z;Ll 4iCifn(zn) — G(zn) — 0. This fact contradicts (2.1).
Thus, we have proved the sufficient condition. O

As a corollary of the sum theorem, we state the characterization of the compact dif-
ferences of two weighted composition operators on A.

Theorem 2.5 Let u, ve A and ¢, w € A*. Then uC, - vC,, is compact on A if and
only if the following three conditions hold:

(@): If (e Ty and lim,_,- p(¢(2), w(2)) = 0, then u(() = 0;
(b): If (e T, and lim,_,- p(@(2), w(z)) = 0, then v({) = 0;
(c):Ifle TynT,, then u(l) = v({).

Corollary 2.6 Let u € A and ¢ € A*, the associated weighted composition operator
uCy act compactly on A if and only if u(() = 0 for every (e Iy,

Proof. Just set v(z) = -u(z) and w(z) = @(z) in the proof of Theorem 2.4. O

Corollary 2.7 Let ¢, y € A*. Then the following conditions are equivalent:

(i): Cyp - C,, is compact on A;
(ii): Cy, - C,, is completely continuous on A
(iii): [ = .

Now, we illustrate Theorem 2.4 with the following example.
Example. If @,(j = 1, .., 5) are analytic self maps of By with following formulas:

Zl+1 Z2 N
(pl(zlr~-~lzN):( 2 121~-~r 2)1

z2y zZ1+1 ZN
¢2(Z1/'~'IZN)=(2I 2 reeey 2)/

21+3 29 ZN
¢3(le"'IZN)=( 4 141"'1 4>I

2

g04(z1,...,zN)=<z12+1,0,...,0),

’

21 Xy ZN)
2/21~'~ 2 7

0s5(z1,...,2N) = (

Page 7 of 10
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and

ul(zl,...,zN)=2z1, uz(Zl,...,Zz)=Zz+"'+ZN,

uz(z1,...,28) = =321, us(z1,...,2n8) = (21 +1)/2, us=1.

Then, Z]-Szl 4;C; is a compact operator on A.

Proof. First, note that I'; = {(1, 0, ..., 0)} = {e1}, Iy = {e1}, I's = {e1}, ['q = {xey}, I, = .
And @q(e1) = @sler) = e1, Paer) = (0, 1, 0, ..., 0) = (e2), Pa(+eq) = ;. Then, ¢; € A* for
each j = 1, .., 5. Take ¢, for example, the sequence {(1 - 1/n, 0, ..., 0)} converges to @
(eq) radially, and they have pre-images {(1 - 2/n, 0, .., 0)} of ¢; in By. Hence, ¢@; satis-
fies (*). Then, we have I;(e;) = {1, 3, 4}, I,(e;) = {2} and I(-e;) = I4(-e;) = {4}. Compute
that

Li(e1): ur(e1) + usler) + ualer) =2-3+1=0,
L(ey): us(eq) = 0,
I(-e1): uy(-e;) = 0.

By Theorem 2.4, st=1 4;C; is compact on A. O

3. Connectness of weighted composition operators on A

Shapiro and Sundberg [22] first discovered the relationship between compact differ-
ences and topological structure of the collection of composition operators on Hardy
space. In this section, we will investigate the connectness of the topological space con-
sisted of all weighted composition operators act on the unit ball algebra, and we use
the notion C(A) to represent that topological space. It is trivial that

C(A) is a connected topological space.

Because we can connect any #C, and 0 (the weighted composition operator uC,
when # = 0) by the continuous path T; : [0, 1] — C(A) defined by ¢ ~ tuC,,. Indeed,
for many function spaces, we denote by S generally, the weighted composition opera-
tors topological space C(S) is connected by the same path constructed above. So, we
are interested in the connectness of the non-zero weighted composition operators
topological space, and here we denote by Cy,(S). In this setting, the connectness of
C(S) depends on the function space S.

Theorem 3.1 C,,(A)is also a connected topological space.

Proof. Let distinct uC, vCy € Cy(A). We construct a path

T(t) : [0, 1] = Cw(A) by t = u,C,,

where uy(z) = tu(z) + (1 - £)v(z) and QLz) = to(z) + (1 - )y(z). To avoid u, = 0 and @,
= 0 for some t e [0, 1], we first assume that

(1): v # Bu for every 6 < 0;
(2): w 2 ko for every Kk < 0 with k@ € S(By), where v = (w1, ..., yn) and @ = (¢4, ...,
ON)-

We are going to prove that T(¢) is a continuous path which connects uC, and vC,,
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and here we simply denote by C; = C,. For any s, t € [0, 1],
IuCe — v Cs 1=l ue(Co = C) I+ Il (e — us)Cs ] -
The second term:
I (ue —u)Co < [t =] [l u+vlloo | G = [t = |- || 1+ Voo

So, it converges to 0 as s — &.
The first term:

I w(Ce —GC) |l

<l uelloo | G = G |l

| telloo sup sup [(C; — Ci)f (=)l
feB(A) zeBy

I uelloo sup sup |f(¢(z)) — f(gs(2))I (3.1)
feB(H>) zeBy

= | ullo sup sup |f(¢i(2)) — f(gs(2))l
z€BN feB(H™)

< 2 || urlloo sup p(¢r(2), ¢s(2))-

ZEBN

IA

So, it converges to 0 as s — t, since ¢, ¢; € A (See Lemma 6 in [14]). Here, we
obtain that {T(#)} is a continuous path which connects any different #C, and vC,, in
Cuw(A).

Next, for any given uC, € Cy(A), we need to find out continuous pathes from uC,, to
either 6uC, or uC,,, where 6 < 0 and x < 0 with kg € S(By) N A.

It is obvious that -uC, and 6uC, can be connected. Then, we construct

R(t) = e™u-C, : [0,1] — Cyu(A)
to connect #C,, and -uC,, continuously: for s, £ € [0, 1],
le™uC, — e™uC, || < €™ — ™| | ullool|Cyll < It —s| | ulloo || Cy I 0

as |t - s| = 0. Thus, OuC,, with any 0 < 0, can be connected continuously with uC,,

Similarly as the analysis above, we note that -¢ cannot be equal to x¢ multiplied by
any negative real numbers. Thus, #C., and uC,, can be connected. To connect uC_,
and uC,, we put g = i¢p € S(By), and

Y1 (t) = uct(p_‘_(l_[)u . [0, 1] d CW(A),
Y, (t) = uCt(,¢)+(1,t)ﬂ 1[0, 1] = Cw(A)

By the same method of computation as in (3.1), Y;(£) and Y,(£) can be shown to be
two continuous pathes in Cy(A) from uC, and uC., to uC,.

Thus, the space C,,(A) is a connected topological space. O

Corollary 3.2 The topological space consisting of composition operators acting on the
unit ball algebra is connected.

From the last result, we know that two weighted composition operators can be in the
same component in Cy(A) without compact differences.
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