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1 Introduction
Hardy inequality in R" reads, for all u € C(RN) and N > 3,

2 (N-2) u?
/IVuI dx > 4 |x|2dx (1.1)
RN RN

2
and (N-2) is the best constant in (1.1) and is never achieved. A similar inequality
4

with the same best constant holds in RV is replaced by an arbitrary domain Q c R™
and Q contains the origin. Moreover, in case () € RY is a bounded domain, Brezis and
Vézquez [1] have improved it by establishing that for u € Cj°(2),

2
2 2
/|Vu|2dx> (N=2) / u dx+22 ON N/uzdx, (1.2)
-4 |x|2 Nigl
Q Q Q

where wy and |Q| denote the volume of the unit ball and Q, respectively, and z, =
2.4048... denotes the first zero of the Bessel function Jy(z). Inequality (1.2) is optimal in
case Q is a ball centered at zero. Triggered by the work of Brezis and Vazquez (1.2),
several Hardy inequalities have been established in recent years. In particular, Adi-
murthi et al.([2]) proved that, for u € C°(2), there exists a constant C,,; such that

-2

N_22 2 k 2 j .
[rvurae= D[ ancuy [ (T ) a0
/ 4 ) ) i

i=1

where

e(k—times)
= <Sup |x|> (ee ) '
xeQ
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log(l)(.) = log(.) and log(k)(.) = log(log("'l)(.)) for k > 2. Filippas and Tertikas ([3])
proved that, for u € C§°(2), there holds

2 2 S 2
. (N=2) u 1 us o |x 5 1x]
/'V”' =0 a2 i) %\p) 14
Q Q k=1 o

where D > sup ,.q |*|,
Xi1(s) = (1 —=Ins)™Y, Xi(s) = X1 (Xi—1(1))

for k = 2 and ‘11 is the best constant in (1.4) and is never achieved. More recently,
Ghoussoub and Moradifam ([4]) give a necessary and sufficient condition on a radially
symmetric potential V(|x|) on Q that makes it an admissible candidate for an
improved Hardy inequality. It states that the following improved Hardy inequality
holds for u € C3°(B,), where B, = {x € R" :|x| <p},

N—22 [ 12 W2
/quIzdxz ( 4 ) /|x|2dx+/ lezV(le)dx (1.5)
Q Q Q

if and only if the ordinary differential equation

V(1)

. +V(r)y(r)=0

y'(r) +

has a positive solution on (0, p]. These include inequalities (1.2)-(1.4).
Motivated by the work of Ghoussoub and Moradifam ([4]), in this note, we shall
prove similar improved Hardy inequality on the Heisenberg group H". Recall that the
Heisenberg group H" is the Carnot group of step two whose group structure is given

by

n
(xt)o(,t)=x+x,t+t+2 Z (xzjx’zj,l - xzj,lx’zj)
j=1

The vector fields

0
X1 = + 2%,
2j—1 3x2j—1 2j 9
X 9 2 9
= P
T 0y T e

(j = 1,..., n) are left invariant and generate the Lie algebra of H". The horizontal
gradient on H" is the (21) -dimensional vector given by

a
v|H = (Xlr .. ~/X211) = V.’JC + 2Axat/

where V, = (621 e 83?2 ) , A is a skew symmetric and orthogonal matrix given by
. 01
A=dlag(]1/~-~/]n)/ ]1="'=]n=<_1 O)’

For more information about H", we refer to [5-8]. To this end we have:
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Theorem 1.1
Let Bp = {x e R?": |x| <R} and Qp = Br x R € H" Let V(|x|) be a radially symmetric
decreasing nonnegative function on By. If the ordinary differential equation

V(1)

@+ vy -0

has a positive solution on (0, R, then the following improved Hardy inequality holds
for u € CF(Qm)

u? u?
/lV[Hu|2dxdtz (n— 1)2/ |x|2dxdt+/ Ix|2V(|x|)dxdt (1.6)
Qu Qu

Qp

and the constant (n - 1)* in (1.6) is sharp in the sense of

Ja, |Viu|?dxdt

mn 2
ueCy(21)\{0} u

dxdt
@ |x)2

(n—1)%=

Corollary 1.2
There holds, for u € C3°(Q2p),

-2

w2o1E w2 [ @ R
Viul? > (n—1 2/ / log" 1.7
/' wil? = =1 [ e 2 | TThes® (47
Qy Qy ]=IQH i=1

and the constant 1/4 is sharp in the sense of

1 et u (L @ R\
4 p fQ,, fx2 \ 1 L1 log |

2
u
Vuul2 — (n — 1)? -
, o 1V = (1= 1) g, .
u2 r A R
 1og®
Jou |x|2( =% Iy

= inf
4 ueCy(Qu)\(0)

Corollary 1.3
There holds, for u € C3°(Ry) and D > R,

o0 2
2 u 1 us _, (lxl 2 (1
/|V[Hu| > (n—1) /I 2 4Z/|x|2X1<D ----- Xilp ) (1.8)
Qy H k=1g,

and the constant 1/4 is sharp in the sense of

2 2
2 2 u Ja——— us [ Ixl 51X
1 - fQH [Veul” — (n—1) fQH Ix]2 Ty Zj:l fQH |x|2X1 (D "‘Xj D

4 CF(Q\(0 u? x x
ueCy (Qu)\{0} fQ” | |2Xf <|D|> .... X; (|D|>
x

2 Proof

To prove the main result, we first need the following preliminary result.
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Lemma 2.1
Let By = {x € R* : |x| <R} and V(|x|) be a radially symmetric decreasing nonnegative
function on Byp. If the ordinary differential equation

y'(r) +

y/(r’) V() =0

has a positive solution on (0, R], then the following improved Hardy inequality holds
for f € CF(Br),

/|a,f| dx > (n— 1) /| dx + x |2V(|x|)dx, (2.1)
Br

{x, V).

where r = |x| and 9, = i is the radial derivation.
x

Proof
Observe that if fis radial, i.e, flx) = fir), then |V f] = |9, f]. By inequality (1.5), inequal-
ity (2.1) holds.

Now let f e C3°(Br). If we extend f as zero outside Bp, we may consider

f € CP(R*"). Decomposing f into spherical harmonics we get (see e.g., [9])

f= " fien(o),

k=0

where ¢;(0) are the orthonormal eigenfunctions of the Laplace-Beltrami operator

with responding eigenvalues

c=k(N+k—2), k> 0.

The functions fi(r) belong to C¥(Bg), satisfying fi(r) = O() and fi(r) = O(r"=1) as
r — 0. So

/|arf| dx = Z/|fk| dx 22)

k=0

and

2 [ f f? i
(n—1) |x|2dx+ ]2 V(|x|)dx— (n— 1) | ,dx+ | V(|x|)dx (2.3)
Br Br
Note that if f is radial, then inequality (2.1) holds. We have, since fi(r) € C3°(Br),

IR w/fdm/|VUMx

Bg

Page 4 of 8



Xiao Journal of Inequalities and Applications 2011, 2011:38 Page 5 of 8
http://www.journalofinequalitiesandapplications.com/content/2011/1/38

Therefore, by (2.2) and (2.3),

o0
[asrac=3 [ e
Br k=0 g,

> i (n— 1)2/ fi dx+f fi V(|x|)dx
- |x|2 |x|2
k=0 Bg Br

fZ / f2

=(n—1)? )

(n—1) |x|2dx+ |x|2\/(|x|)dx
Br Br

This completes the proof of lemma 2.1.

Proof of Theorem 1.1
Recall that the horizontal gradient on H" is the (2#)-dimensional vector given by

3
Vi = (X1, Xon) = Ve 4 280

where V. = ( 3‘; PR 3;?2” ), A is a skew symmetric and orthogonal matrix given by
. 01
A=dlag(]1/~-~/]n)/ ]1="'=]n=<_1 O)’

Therefore, for any ¢ € C5°(H"),

99

(x, Vi) = (x, Vi) + 2(x, Ax) (2.4)

= (x, Vx¢> .

Here we use the fact (x, Ax) = 0 since A is a skew symmetric matrix.
Since u € C(Qn), for every t € R,u(-,t) € CJ(Br). By Lemma 2.1,

) ) 2 W2
/|a,u| dx>(n—1) /|x|2dx+/ |x|2V(|x|)dx (2.5)
Br Br Br

Integrating both sides of the inequality (2.5) with respect to ¢, we have,
) [ 2
/ [0 ul“dxdt > (n — 1) / |x|2dxdt+/ lezV(|x|)dxdt (2.6)
Qp Qp Qn

By (2.4) and the pointwise Schwartz inequality, we have

, V. .V
o = @V Sl o
x| x|

Therefore, we obtain, by (2.6)
, [ u? u? )
(n—1) / |x|2dxdt+/ |x|2V(|x|)dxdt§ / | Viqu|~dxdt. 2.7)
Qu Qu Qu

To see the constant (n - 1)? is sharp, we choose u(x, t) = @(|x|)w(t) with
¢(Ix]) € C3°(Br) and w(t) € C3°(R). Since ¢ is radial, we have



Xiao Journal of Inequalities and Applications 2011, 2011:38
http://www.journalofinequalitiesandapplications.com/content/2011/1/38

IV, )17 = (w(t) Vap (1) + 26 (1x]) Axwr (1), w(t) Ve (|x]) + 26 (Ix]) Axwr (1))

Ve (Ix])1Pw? (1) + 4| Ax|?$> (W' (£))* + 4(Vagp(Ix]), Ax)p(|x])w/ (1)
Ve (1x])Pw? (£) + 4| Ax|? @2 (wr(t))* + 4¢r(|x]) < Iil , Ax> & (|x)wr(t)
= |Vep(Ix])[Pw? (1) + 4lx1>p> (Ix]) (wr(1))*.

Here we use the fact |[Ax| = |x| since A is a orthogonal matrix. Therefore,

Joo, 19sulPdrdt_ fo 1V (xl) P (1) s Ix[26p2 (Ja]) (w/ (1))

w ¢ (Ix1)*w()? ¢ (1)) w(0)*
Jou e &9 o, T Jou ™
_ o Ve (DA S0 (0de fy, P (x)de- 23 ()
- 2 2
5. ‘Z’ELTL) dx- [ w(t)dt s ¢(|9'c’|"2) dx- [T w?(r)de

i, Ve (Ix])*dx o g o PO (D [T (1)

o(Ix1)* o(Ix)) J2% w?(t)de
o T & e O

Since

Jelw (OPde
wOeCRRNO) [y Jw(1)]2de

we obtain
|Vigu|2dxdt |V (|x])|>dx
c 1(?2 N }fQH 2 = gec ifllsf)\{ }/BR :5(|( |)2) - (=1
ue 80 H 0 u € 80 R 0 X
/QH |x|2dth fBR |x|2

The proof of Theorem 1.1 is completed.

Proof of Corollary 1.2

By Theorem 1.1 and following [4], it is enough to show the constant 1/4 is sharp.
Choose u(x, t) = @(|x|)w() with ¢(|x]) € C¥(Br) and w(t) € CF(R). By the proof of
Theorem 1.1,

IViu(x, £)17 = [V (Ix]) [Pw? (1) + 4[x* ¢ (Ix]) (w' (1))

Therefore,

w1y u? (1 R\
_ k= log)
4 Z]:l fQ,, |x|2( i=1 108 Ix]

-2

2 2
Jo Vet = (=1 fg,

u? y R
fﬂ“ 12 (HL 108(1) \x|)

[ax]

2,2 209 ) . -2
Jo 1920 = = 12 o, ) Dt O (e )

|x|2 x|

2,2 SR\ 2
o (HL log®? |x\)
A CICIO)
d*uw?(t 3 ) R\
B Ot )

x|
. I B ¢? ) R\ 7?2
S 1V = (1= 1% fy o = TS o (Ter 1087
- s N
fBR ‘i"z (HL 108(‘) )

I
S, 12202 (1) A0
2 R -2 02 di .
.[BR |f|2 (l_lﬁil log[x) ) fioc v

x|
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Since

Jrlw'()1*dt -
wOeCE(RNO) [ [w(t))Pde

we have
k-1 y R -
- f Vel — (n—1)? fg,, k2 Z;l fn,, Ix]2 (I—[l 1 Og Ix|
weCH (@ \0) I @k o R -
au o (1T 1087
2 1 2 R -2
v 2_(p_1)2 ¢ J o ()
3 - Jo, Ve (XD I1* = (n = 1)° [, e ]BR lez 8" i
T #(I)eCE(Br)\(0} @? R
log()
i \xR( o8 ||>
-,

Here we use the fact that the sharp constant in inequality (1.3) is 1/4 (see [4]). This
completes the proof of Corollary 1.2.

Proof of Corollary 1.3
The proof is similar to that of Corollary 1.2 and it is enough to show the constant 1/4
is sharp. Choose u(x, £) = (|x|)w(f) with ¢(|x]) € CF(Br) and w(t) € C3°(R). Then

IVeu(x, 0)|* = Ve (Ix)Pw? () + 4[x* ¢ (Ix]) (w/ ().

Therefore,

- [x] |x|
fQ,, [Viul? — (n— 1) fsz,, \x|z Zl; 1 fQ,, |x|2 (;;) 'ij (g)
u? || ||
Jo i (D) """ X <D>
2.2 1
o SO~ 0, 9 Ia;flz(:) g o Iazlz(z) 1 (‘j;')---sz (g)

g2 (1), (W Jxd
LN <D)”‘XJ'2<D>
fg,, Il (1x1) (w' (1))

" () ()

2 1
I Ve ()] — (n - 1)2ng lflz - T e (‘;‘) X (‘,’;')
x| [x|
b 2 (D)"'X"Z<D)
/g,e 1262 (1)) % w )

+

o 2 (lgl) X (g) R

Thus
2 2
2 2, U 1 |x] 5 (1l
inf fﬂu [Viul 7(717 1) an |x|2 - 1 fﬂu |x‘2X (D XJ D
1n
UeCg (Qu)\(0) P u? \xl « (™
Qu |x|2 p) T\ p
2
2 2, @ 1 Jax] AL
< Jo 1O (D1 = (= 1) oy o = ' I, |x|2( b

= etan | x|
¢ (1x)eCF(Br)\{0} X 5 X!
/BRW( ) X (D)
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since

Je W ()Pt
w(t)eCF RN} i, [w(t)*dt

This completes the proof of Corollary 1.3.
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