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1 Introduction

In the 1980s, Hilger initiated the concept of time scales [1], which is used as a theory
capable to contain both difference and differential calculus in a consistent way. Since
then, many authors have expounded on various aspects of the theory of dynamic equa-
tions on time scales. For example [2-10], and the references therein. In these investiga-
tions, integral inequalities on time scales have been paid much attention by many
authors, and a lot of integral inequalities on time scales have been established (see
[5-10] and the references therein), which are designed to unify continuous and discrete
analysis, and play an important role in the research of boundedness, uniqueness, stabi-
lity of solutions of dynamic equations on time scales. But to our knowledge, delay inte-
gral inequalities on time scales have been paid little attention so far in the literature.
Recent results in this direction include the works of Li [11] and Ma [12].

Our aim in this paper is to establish some new nonlinear delay integral inequalities
on time scales, which are generalizations of some known continuous inequalities and
discrete inequalities in the literature. Also, we will present some applications for the
established results, in which we will use the present inequalities to derive new bounds
for unknown functions in certain delay dynamic equations on time scales.

At first, we will give some preliminaries on time scales and some universal symbols for
further use. Throughout this paper, R denotes the set of real numbers and R, = [0, «),
while Z denotes the set of integers. For two given sets G, H, we denote the set of maps
from G to H by (G, H).
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A time scale is an arbitrary nonempty closed subset of the real numbers. In this
paper, T denotes an arbitrary time scale. On T, we define the forward and backward
jump operators 0 € (T, T), and p € (T, T) such that o(¢) = inf{s € T, s >}, p(t) = sup
{se T,s< t}.

Definition 1.1: A point ¢t € T is said to be left-dense if p(f) = ¢ and ¢ # inf T, right-
dense if o(¢) = t and ¢ = sup T, left-scattered if p(f) < ¢ and right-scattered if o(t) >t.

Definition 1.2: The set T" is defined to be T if T does not have a left-scattered
maximum, otherwise it is T without the left-scattered maximum.

Definition 1.3: A function fe (T, R) is called rd-continuous if it is continuous at
right-dense points and if the left-sided limits exist at left-dense points, while fis called
regressive if 1 + u(¢)f(t) = 0, where u(t) = o(¢) - t. C,; denotes the set of rd-continuous
functions, while R denotes the set of all regressive and rd-continuous functions, and
R ={fIf e R, 1 +pn(t)f(t) >0, Vt €T}

Definition 1.4: For some ¢t € T", and a function fe (T, R), the delta derivative of f
at ¢ is denoted by f(¢) (provided it exists) with the property such that for every ¢ > 0,
there exists a neighborhood I/ of ¢ satisfying

f(o(£)) = f(s) = f2(O)(o(t) =3)| < elo(t) —s| foralls € U.

Remark 1.1: If T = R, then f(f) becomes the usual derivative £(t), while £*(¢) = fit + 1) -
A) if T = Z, which represents the forward difference.

Definition 1.5: If F*(¢) = fit), t € T", then F is called an antiderivative of f, and the
Cauchy integral of fis defined by

/bf(t)At = F(b) — F(a), wherea, b eT.

The following two theorem include some important properties for delta derivative
on time scales.
Theorem 1.1 [[13], Theorem 2.2]): If 4, b,ce T, ¢ € R, and f, ge C,,, then

O [P () + g(0)] At = [PF() A+ [P g(0) AL

(i) [P(af) ()AL =a [P f(t) At

(iii) [7f(t)At = — [*f() A

@) [Pf()at = [f()at+ [Pf(0) AL

v [tf(n)Ac=0,

(vi) if fi£) > 0 for all @ < ¢ < b, then ["f(1) At > 0.

For more details about the calculus of time scales, we advise to refer to [14].

2 Main results
In the rest of this paper, for the sake of convenience, we denote T, = [£y, ) NT, and
always assume T, € T".

Lemma 2.1 [15]: Assume thata >0, p > ¢ > 0, and p # 0, then for any K > 0
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Lemma 2.2: Suppose u, a € C,;, m € R,, m 2 0, and a is nondecreasing. Then,
t
u(t) < a(t) +/ m(s)u(s)As, t e Ty
to
implies
u(t) < a(t)em(t, to), te Ty,
where e,,(¢, %) is the unique solution of the following equation
y2(1) = m(e)y(1), y(to) = 1.

Proof: From [[16], Theorem 5.6], we have u(t) < a(t) + ftf) en(t, o(s))a(s)m(s)As, te
T,. Since a(?) is nondecreasing on Ty, then u() = a( « [ eu(t, o(s)ale)m(s)4s < a1+ f; enlt, o(s))m(s)As].
On the other hand, from [[14], Theorem 2.39 and 2.36 (i)], we have
ft[t) en(t, o(s))m(s)As = en(t, to) —em(t, t) = em(t, to) — 1. Combining the above infor-
mation, we can obtain the desired inequality.

Theorem 2.1: Suppose u, a, b, fe C,;(To, R,), and a, b are nondecreasing. ® € C(R,, R,)
is nondecreasing. € (To, T), 7 (f) < t, -00 <o = inf{z(t), t € To} < Ly, P Co[er, to] NT, R,).
p > 0 is a constant. If u(t) satisfies, the following integral inequality

w(t) < a(t) + b(t)/[f(s)w(u(f(s)))ﬂsf t€To 1)

with the initial condition

u(t) =¢(t), tela, t]NT, @
1 2
o(z(t)) <ar(t), Vte Ty, t(t) <to,
then
¢ 1
u(t) < {G'[G(a(t)) + b(t)/ f(s)As]y?, teTo, (3)
to
where G is an increasing bijective function, and
Vol
G(v) = , dr, v> 0with G(o0) = oo. (4)
b w(rr)
Proof: Let T € T, be fixed, and
t
v(t) = a(T) +b(T)/ f)o(u(z(s)))As. (5)
to
Then considering a, b are nondecreasing, we have
1
u(t) <vP (1), teto, TINT. Q

Furthermore, for ¢t € [to, T'] NT, if 7(¢) = ¢, considering 7 () < ¢, then 7,(t) € [to, T']
NT, and from (6) we obtain

u(z(®)) = vP (5(0) < v? (0). )
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If 7(¢) < ty, from (2) we obtain

u(r (1) = $(e(0) < ab (1) < a? (T) < o(0). ®
So from (7) and (8), we always have

u(z (1)) <v(t), telto, TINT. )
Moreover,

vA(1) = b(T)f (Do (u(z(1))) < b(T)f (t)w(vfl’ Q)
that s,
vA(t)
w(v‘l’ (1)

On the other hand, for t € [t,, T ] NT, if o(t) >t, then

< b(T)f(2). (10)

G(v(a (1)) — G(v(1)) 1 wel) 1
o = e ot
_ve@)—v 1 vA()

o(t)—t

w@r (1)  wv? (1)

If o(t) = ¢, then

L G0) = Gs) _ 1 /v(f) Lo

—t t—s s>t t—S§ (S) 1
o(r?)

[G()]* =1

lim vy —v(s) 1 vA(Y)

’

s—>t t—S

1 1
w(EP) W@’ (1)

vA(1)
where & lies between v(s) and v(¢). So we always have [Gu(t)]* < 1 .
w(v? (1))
Using the statements above, we deduce that
vA(t
com = "9 <vmy.
w(vP (1))

Replacing t with s in the inequality above, and an integration with respect to s from
to to ¢ yields

G(D) — G(u(ty)) < / b(T)f (s) s = b(T) / £(5)4s, (1)

where G is defined in (4).
Considering G is increasing, and v(f,) = a(T ), it follows that

(1) < G Y[G(a(T)) + b(T) /0 t f(s)4s], telt,TINT. (12)
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Combining (6) and (12), we get
u(t) < {G7'[G(a(T)) + b(T) ftf(s)As]};, te[to, T]NT.
Taking ¢t = T in (12), yields
T 1
(1) = (GG +b(T) [ fE)as)7. (13)

Since T € T, is selected arbitrarily, then substituting 7 with ¢ in (13) yields the
desired inequality (3).

Remark 2.1: Since T is an arbitrary time scale, then if we take T for some peculiar
cases in Theorem 2.1, then we can obtain some corollaries immediately. Especially, if
T = R, ty = 0, then Theorem 2.1 reduces to [[17], Theorem 2.2], which is the continu-
ous result. However, if we take T = Z, we obtain the discrete result, which is given in
the following corollary.

Corollary 2.1: Suppose T = Z, nge Z, and Zy = [ng, ) N Z. u, a, b, fe (Zy, R,),
and a, b are decreasing on Zy. 1€ (Zy, Z), 7 (n) < n, -0 < ¢ = inf{t(n), n € Zy} < ny,
¢ e Cullo, ng) NZ, R,). w is defined the same as in Theorem 2.1. If for n € Z,, u(n)
satisfies

n—1
W (n) < a(n) +b(n) Y f(s)o(u(z(s))), n € Z,

s=ng
with the initial condition

u(n) = ¢(n), n € la, no]NZ,
o(t(n)) < all’ (n), Yn € Zy, t(n) < ny,

then

n—1 1
u(n) < {G7'[G(a(n)) +b(n) D_f(S)}?, neZo.
s=ng

In Theorem 2.1, if we change the conditions for a, b, wp; then, we can obtain
another bound for the function u(z).

Theorem 2.2: Suppose u, a, b, fe C,4,(To, R;), ® € C(R,, R,) is nondecreasing, sub-
additive, and submultiplicative, that is, for Voo > 0, B > 0 we always have w(o + ) <
o() + o (B) and w(of) < o(@)w(B). 7, &, @ are the same as in Theorem 2.1. If u(¢)
satisfies the inequality (1) with the initial condition (2), then for VK > 0, we have

- - t 1 1-r 1
u(t) < {a(t) + b(G [G(A®)) + / Fo K » b(s)As)?, 1< T, (14)
to
where  is an increasing bijective function, and

G(v) = /Iu a)gr) dr, v > 0 with G(o0) = o0, -

All) = t}f(s)a)(;l(lp a(s)+ " ) Ykr)as.
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Proof: Let

)= [ oo et (16)
Then,

u(t) < (a(t) + b(OW() P, teT. (17)

Similar to the process of (7)-(9), we have

Wz () < (a(t) + BOW(D) P, 1 €To. (18)

Considering o is nondecreasing, subadditive, and submultiplicative, Combining (16),
(18), and Lemma 2.1, we obtain

o1) < f F(s)o((as) + bls)v(s) P) s

p—1
p

< /lf(s)w(;Kl?’a(s)+ P; 1K11>)As+/tf(s)w(;KII_’pb(s))a)(v(s))As (19)

< /‘f(s)w(;Klgp (a(s) + b(s)v(s)) + K11>)A5

< /t f(s)w(;xlz?pa(s)+p;11<11>)As+ /I FE( K 7 b)) As

S A(t) + ft t f(S)w(;,KIFp b(s))w(v(s))As, VK > 0, t € To,

where A(f) is defined in (15).
Let T be fixed in Ty, and ¢t € [ty T] N T. Denote

t 1-p
z(t) = A(T) +/ f(S)o(,K P b(s))a(v(s))As, (20)
to
Considering A(%) is nondecreasing, then we have
v(t) <z(t), te[t, TINT. (21)
Furthermore,

B0 = f(00CK 7 b0)ev() = (oK P bO)o(Z(1).
Similar to Theorem 2.1, we have

() _

w(z(t))

Substituting ¢ with s in (22), and an integration with respect to s from , to ¢ yields

- 1-p

[G(=())]* < fo(,K P b(1)). (22)
- - t 1-p

G(2(t)) — G(z(t0)) = /t fS)o(,K P b(s))As,

which is followed by

o t 1-p
() = &[0 + [ Fe(iK 7 bE)ad
. (23)

o t 1-p
=G_1[G(A(T))+/t fS)o(,K 7 b(S))As].
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Combining (17), (21), and (23), we obtain
o ¢ 1-p 1
u(t) < {a(t)+b(f)GfllG(A(T))+/ f)o (K ? b(s))As}?, teto, T] (T (24)
Taking ¢ = T in (24), yields
- - T 1-p 1
(1) = (a(1) + (DG GAM) + [ f9)o (K 7 bs)as)7. 25)

Since T is selected from T, arbitrarily, then substituting 7 with ¢ in (25), we can
obtain the desired inequality (14).

Remark 2.2: Theorem 2.2 unifies some known results in the literature. If we take
T =R, t) =0, z(t) = t, K = 1, then Theorem 2.2 reduces to [[18], Theorem 2(b3)],
which is one case of continuous inequality. If we take T = Z, t, = 0, z(t) = t, K = 1,
then Theorem 2.2 reduces to [[18], Theorem 4(d3)], which is the discrete analysis of
[[18], Theorem 2(b3)].

Now we present a more general result than Theorem 2.1. We study the following
delay integral inequality on time scales.

ﬂ(u(t))iﬂ(t)+b(t)/t [f(S)e(u(z1(5))) +8(5) /lsh(é)w(u(fz(é)))Aél A4s, teTo, (26)

where u, a, b, f, g, h € Crd(Ty, R,), ® € C(R,, R,), and a, b, ® are nondecreasing,
n e C(R,, R,) is increasing, 7; € (To, T) with 7(f) < ¢, i = 1, 2, and - <o = inf{min{z;
(t), i= ]., 2}, te To} < to.

Theorem 2.3: Define a bijective function G e (R,,R) such that
~ 1
Gv) = [}

h w(n=1(r))

(¢) satisfies the inequality (26) with the initial condition

dr, v > 0, with a(oo) = oco. If G is increasing, and for t € Ty, u

n(u(t)) =¢(t), tela o] NT,
o(zi(t)) <a(t), VteTy, w(t) <ty i=1,2,

where p € C ([, tp] N T, R,), then
u(t) < =G (Cla(r)) + b(1) / 1/ (s) + 5() f BE)AE] AS)), teTo.  (28)
f f

Proof: Let the right side of (26) be v(z), then
n(u(t)) <v(r), teT,p. (29)

For t € Ty, if 7,(¢) = ty, considering 7,(¢) < ¢, then 7,(t) € Ty, and from (29), we have

n(u(zi(t))) < v(wi(t)) < v(o). (30)
If 7,(¢) < to, from (27), we obtain
n(u(zi(1))) = ¢(i(1)) < a(t) =< v(1). (31)

So from (30) and (31), we always have
n(u(zi(t))) <v(t), i=1,2 VteT,. (32)
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Furthermore, considering 7 is increasing, we get that

() = ) +10) | 00 (16)) + 86) [ ()l (16))) 48] 45, teTo. (33)
Fixa T e Ty and let £ € [fo, T] N T. Define

c(t) = (1) + b(T) / ol 0 +56) [ ol (1) 48] 45, ()

Since a, b are nondecreasing on T\, it follows that
v(t) <c(t), telt,T] NT. (35)
On the other hand,

A (1) = b F O (r (1)) +5(0) / hE)o(n (18))) A¢]
< BT F(Dln ™ (c(0))) + 8(0) / hE)o(n (c())) A%
< B(T)[F(0) + (1) / h(E) At lw(1~ (c(1))-

Similar to Theorem 2.1, we have
(1)

G = iy = O +s0) [ hi)ag) (36)

Replacing ¢ with s, and an integration for (36) with respect to s from £ to ¢ yields

Gl St = 001) [ 19 +50) [ ne)ae) a5 )
Since c(to) = a(T), and G is increasing, it follows that

(1) < G (Gla(T)) + b(T) [ 1)+ 56) / "h(e) ag] as) (39)
Combining (29), (35), (38), we have

u(t) < 0~ (@ (@a(T)) + b(T) / 1)+ 569 / “h(e)ag] as), te o T NT. (39)
Taking ¢ = T in (39), yields

u(T) = ™ (@ (@a(T)) + b(T) / 1) ) / "h(e)ag] as)) (40)

Since T € T, is selected arbitrarily, then substituting T with ¢ in (40) yields the
desired inequality (28).

Remark 2.3: If we take n(u) = u”, g(t) = 0, then Theorem 2.3 reduces to Theorem 2.1.

Next, we consider the delay integral inequality of the following form.

u’(t) Sa(t)+/t [WL(S)+f(5)u”(ﬁ(5))+g($)w(u(fz(5)))+[ h(§)w(u(r2(£))) 48] 4s, (41)

where u, f, g, h, a, t;, i = 1, 2 are the same as in Theorem 2.3, me C(R,, R,),p >0
is a constant, ® € C(R,, R,) is nondecreasing, and w is submultitative, that is, w(cf8) <

w(a)w(B) holds for Yo > 0, B > 0.
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Theorem 2.4: Suppose G € (R,, R) is an increasing bijective function defined as in
Theorem 2.1. If u(z) satisfies, the inequality (41) with the initial condition

{u(t) =¢(t), tela o] NT,
(42)

1
o(zi(t)) <aP(r), VeeTy w(t)<t,i=1,2,

then

t t s 1
u(t) < (G YGla(t) +[ m(s)As] +/z [8(s) +/z h(§)Aé] w (efP (s, to))As}
ef(t, to)};’, teTy.

Proof: Let the right side of (41) be v(¢). Then,

u(t) < vll’ (1), teTy, (44)

and similar to the process of (30)-(32) we have
1
u(zi(t)) <vr(r), i=1,2 teT,. (45)

Furthermore,
t 1 s 1 t
o(1) < a(t) + / m(s) +g(S)o(vh (5)) + / h(E)o(v? (£))AE] As + [ F(s)u(s)As. (46)

A suitable application of Lemma 2.2 to (46) yields

1

t 1 s
v(t) < {a(t) +/t [m(s) + g(s)w(v? (s)) +‘/I h(f)w(vp (£))AE] As)es(t, to). (47)

Fix a Te Ty, and let t € [£y, T] n T. Define

c(t) =a(T) + /

to

T t 1 ; 1
m(S)AH/t [8(5)w(V”(5))+/h(§)w(vp(§))A€] As. (48)

Then,
V(t) =< C(t)ef(t, to), te [t(), T] NT, (49)

and
A1) = g((v? (1)) + / h(E)(v? (£))AE < [3(0) + / h(E) A Jo(v? (1))
<180+ [ BE)AElo(er (0] (1 1)) = [5(0) + [ WEVAEI(e? O)ole] (1 )

Similar to Theorem 2.1, we have
()
1

w(c? (1))

[G(c(t)]* < = [8() +/l h(§)Aslw(ef (4, to)). (50)

Page 9 of 14
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An integration for (50) from ¢, to t yields
t s 1
Glelt)) = Glelto)) = [ 186+ [ hie)ae] o(e] (5 w)as

Considering G is increasing and c(to) = a(T) + ft(,T m(s)As, it follows

o(0) < G {Gla(T) + / m(s) As] + fl 15(s) + /E "h(E) Ag] wlef (5, 10))As), o)

to

te[t, TINT.

Combining (44), (49), and (51), we have

u(t) < {G"YGla(T) + f

to

T ¢ o 1
m(s)As] + | [g(s) + [ h(E)AE]w(e] (s, t0))As)
/t" t(,/ e (52)

1
ef(t, t())}p, t e [to, T] NT.

Taking ¢ = T in (52), yields

T T s 1
u(T) < {G"HGla(T) +/ m(s)As] +/t [8(s) +/t h(&)Ag] a)(fp (s, to))As}

to
1
Ef(T, to)}p .

Since T € T, is selected arbitrarily, after substituting 7 with ¢ in (53), we obtain the
desired inequality (43).

Remark 2.4: If we take w(u) = u, 71(t) = ¢, h(t) = 0, then Theorem 2.4 reduces to
[[11], Theorem 3]. If we take m(t) = fit) = h(t) = 0, then Theorem 2.4 reduces to Theo-
rem 2.1 with slight difference.

Finally, we consider the following integral inequality on time scales.

w() <C+ /[ [F()u(T1(5)) + g(s)u? (r2(s))w(u(z2(5)))] 4s, t €Ty, (54)

where u, f, g, o, 11, 7, are the same as in Theorem 2.3, p, g, C are constants, and p >q
>0,C>0.
Theorem 2.5: If u(¢) satisfies (54) with the initial condition (42), then

t t 1
u(t) = (67 HHEO) + [ F949+ [ g@asn?, e, (55)
to to
where G, H are two increasing bijective functions, and
L | z 1
G(v) = / qdr, v>0, H(z) = , dr, 2> 0 with H(o0) = 0. (56)
1 1 —1
r? o((G (1))

Proof: Let the right side of (54) be v(z). Then,

1

u(t) <vr(t), teTy, (57)

and similar to the process of (30)-(32) we have

u(zi(t)) <v(), i=1,2 teT,. (58)
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Furthermore,

q

q 1
vA(1) = F(Ou(n1 (1)) + g()u (z2(1) o (u(2(1))) < F()P (1) + 8(s)v” (Do (v? (1)).
Similar to Theorem 2.1, we have
vA(1)
q

vP (1)

1
[Gu(t)]* < < f(1) + g()o(v? (7). (59)

An integration for (59) from ¢, to t yields

GO0 - 600D = [ 1))l ()] ¢ (60)
Considering G is increasing, and v(t,) = C, then (60) implies

0 = 6160 [ 10+ 509007 () 41 61
Given a fixed number T in Ty, and £ € [£, T]. Let

) -6()+ Cf(5)as [ st )as (62)
Then,

u(t) < G (z(D), tefto, T]NT, (63)

and furthermore,

1

1
(1) = (Do (P (1)) < g(N((C =(1)),
that is,

A
1 0) R ) o

o((G™ =0)")

Integrating (64) from £, to t yields

H(=(0) - H(w)) = [ g(s)2s. (65)
Since H is increasing, and z(ty) = G(C) + fton(s)As, then (65) implies

T t

z(t) < H'[H(G(C) +/ f(s)As) +/ g(s)Aas], te[t, TINT. (66)

Combining (57), (63), and (66), we obtain
. T t 1
u(t) < {G {H'[H(G(C) +/ f(s)As) +/ g(s) Asl}}?P, teto, TINT. (67)

Taking ¢ = T in (67), and since T is an arbitrary number in Ty, then the desired
inequality can be obtained after substituting 7" with .
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Remark 2.5: If we take T = R, 7;(¢) = 7,(¢), then we can obtain a new bound of for
the unknown continuous function u(t), which is different from the result using the
method in [[19], Theorem 2.1].

Remark 2.6: If we take T = R in Theorem 2.3-2.4, or take T = Z in Theorem 2.3-
2.5, then immediately we obtain a number of corollaries on continuous and discrete

analysis, which are omitted here.

3 Applications
In this section, we will present some applications for the established results above.
Some new bounds for solutions of certain dynamic equations on time scales will be
derived in the following examples.

Example 1: Consider the delay dynamic integral equation on time scales

wW(t)=C+ /IF(S, u(z(s)))As, teT,, (68)

with the initial condition

u(t) =¢(t), te o, to]NT,
1 (69)
lp(z ()] < IC|P, VteTy, t(t) <t

where u € C,4(Ty, R), C = tf(ty), p is a positive number with p > 1, 7, @ are defined
as in Theorem 2.1, ¢ € C4([o, tp] N T, R).

Theorem 3.1 Suppose, u(t) is a solution of (68) and assumes |F(¢, u)| < f(t)|u|, where
fe Cu(To, R,), then we have

t 1
()] < (G[G(CI) + / f(s)Asl)?, teTo, (70)
where
Lo |
G(v) = dr, 0
(v) /1.”1, r,ov> (71)

Proof: From (68), we obtain

uoP 101+ [ R u(e(s))Ids < [+ [ ()1 2s. 72)
Let w e C(R,, R,), and o(v) = v. Then, (72) can be rewritten as

wor < i+ [ Sl As 73)

A suitable application of Theorem 2.1 to (73) yields the desired inequality.
Remark 3.1: In the proof for Theorem 3.1, if we apply Theorem 2.2 instead of Theo-
rem 2.1 to (73), then we obtain another bound for u(£) as follows.

1-p

lu(t)| < {|C|+E¥_1[E}(A(t))+/tf(s);l< o Ase, LeTs, (74)

Page 12 of 14



Feng et al. Journal of Inequalities and Applications 2011, 2011:29 Page 13 of 14
http://www.journalofinequalitiesandapplications.com/content/2011/1/29

where K > 0 ia an arbitrary constant, and

a(v)=/u1dr, v>0,
1

t . 1;17 p—l 11] (75)
A(t):/t;f(s)(pK IC| + " K?)As.

Example 2: Consider the following delay dynamic differential equation on time
scales

W (1) = F(t, u(n (1)), /t M(§, u(za(§)))A8), teTo,

with the initial condition
[Mﬂ=¢0)tew,m0T,

1 (76)
lp(wi()) < ICI?, VteTo, tw(t)<ty i=1,2,

where u € C,4(Ty, R), C = tf(ty), p is a positive number with p > 1, &, 7;, i = 1, 2 are
defined as in Theorem 2.3, p € C, ([, to] N T, R).

Theorem 3.2: Suppose u(z) is a solution of (76), and assume |F(t, u, v)| < fit)|u| + |v|,
|M(t, u)| < h(t)|u|, where f, h e C,4(Ty, R,), then have

t s 1
() < (G-HG(C) + f (s) + / h(E)AE|AS)?, 1 e To, 77)

where G is defined as in Theorem 3.1.
Proof: The equivalent integral form of (75)-(76) can be denoted by

W@ =Cr [ R um), [ "M u(ra(8)))A8) As. 79)
Then,
o < 16+ [ 1RG um ), [ TM(E, u(ra(£))) A8) As

IA

Cl+ / )]+ / M(E, u(n2(6))48]] As

IA

Cl + / ) () + f M, u(m(€)))]a] s (79)

IA

as [ () + [ H©utnenias as
_1Cl+ / FS)o(lu(m () + / hE)o(u(r(E)) 48] As

where w € C (R, R,), and w(x) = u.
A suitable application of Theorem 2.3 to (79) yields the desired inequality.

4 Conclusions
In this paper, some new integral inequalities on time scales have been established. As
one can see through the present examples, the established results are useful in dealing

with the boundedness of solutions of certain delay dynamic equations on time scales.
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Finally, we note that the process of Theorem 2.1-2.5 can be applied to establish delay
integral inequalities with two independent variables on time scales.
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