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Abstract

The article deals with functional differential inequalities generated by the Cauchy
problem for nonlinear first-order partial functional differential equations. The
unknown function is the functional variable in equation and inequalities, and the
partial derivatives appear in a classical sense. Theorems on weak solutions to
functional differential inequalities are presented. Moreover, a comparison theorem
gives an estimate for functions of several variables by means of functions of one
variable which are solutions of ordinary differential equations or inequalities. It is
shown that there are solutions of initial problems defined on the Haar pyramid.
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1 Introduction

Two types of results on first-order partial differential or functional differential equa-
tions are taken into considerations in the literature. Theorems of the first type deal
with initial problems which are local or global with respect to spatial variables, while
the second one are concerned with initial boundary value problems. We are interested
in results of the first type. More precisely, we consider initial problems which are local
with respect to spatial variables. Then, the Haar pyramid is a natural domain on which
solutions of differential or functional differential equations or inequalities are
considered.

Hyperbolic differential inequalities corresponding to initial problems were first trea-
ted in the monographs [1]. (Chapter IX) and [2] (Chapters VII, IX). As is well known,
they found applications in the theory of first-order partial differential equations,
including questions such as estimates of solutions of initial problems, estimates of
domains of solutions, estimates of the difference between solutions of two problems,
criteria of uniqueness and continuous dependence of solution on given functions. The
theory of monotone iterative methods developed in the monographs [3,4] is based on
differential inequalities.

Two different types of results on differential inequalities are taken into consideration
in [1,2]. The first type allows one to estimate a function of several variables by means
of an another function of several variables, while the second type, the so-called com-
parison theorems give estimates for functions of several variables by means of
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functions of one variable, which are solutions of ordinary differential equations or
inequalities.

There exist many generalizations of the above classical results. We list some of them
below. Differential inequalities and the uniqueness of semi-classical solutions to the
Cauchy problem for the weakly coupled systems were developed in [5] (Chapter VIII).
Hyperbolic functional differential inequalities and suitable comparison results for initial
problems are given in [6,7] (Chapter I). Infinite systems of functional differential equa-
tions and comparison results are discussed in [8,9]. Impulsive partial differential
inequalities were investigated in [10]. A result on implicit functional differential
inequalities can be found in [11]. Differential inequalities with unbounded delay are
investigated in [12]. Functional differential inequalities with Kamke-type comparison
problems can be found in [13]. Viscosity solutions of functional differential inequalities
were studied in [14,15].

The aim of this article is to add a new element to the above sequence of generaliza-
tions of classical theorems on differential inequalities.

We now formulate our functional differential problem. For any metric spaces, U and
V, we denote by C(U, V) the class of all continuous functions from U into V. We use
vectorial inequalities with the understanding that the same inequalities hold between
their corresponding components. Suppose that M € C([0,4a],R?), a > 0, R, = [0, + o),
is nondecreasing and M(0) = Or,,; where O, = (0, ..., 0) € R". Let E be the Haar pyra-

mid:
E={(tx) e R"*":t€[0,a], —b+M(t) <x < b— M(t)}

where b € R” and b >M(a). Write E, = [-by, 0] x [-b, b] where by € R,. For (¢, x) €
E define

D[t,x] = {(z,s) e R¥*" : 7 <0,(t+7,x+5) € Eg UE}.

Then, D[t, x] = Dy[t, x]U[D,[t, x] where

Dolt,x] =[=bo —t,—t] x [-b—x,b —x],
D.t,x]={(t,s): =t <7t <0,-b—x+M(t+t) <s<b—x—M(t +1)}.

Write ro = -bg - a, r = 2b and B = [-ry, 0] x [-r, r]. Then, D[t, x] € B for (¢, x) € E.
Given z: Eg UE — R and (¢, x) € E, define z(, 4: D[t, x] > R by zy » (1, 8) = z(t + 7, %
+5), (1, s) € DIt, x]. Then z(, ) is the restriction of z to the set (Ey U E) N ([-by, t] x
R”) and this restriction is shifted to D[, x].

Put Q = E x R x C(B, R) x R” and suppose that f: QO — R is a given function of the
variables (¢, x, pw, q), x = (%1, .., X,), ¢ = (g1, --» q,,)- Let us denote by z an unknown
function of the variables (¢, x). Given y: Ey — R, we consider the functional differential

equation:
9iz(t, x) = f(t, % 2(t, X), Z(1,x), 0xz(L, X)) (1)
with the initial condition
z(t,x) = ¥ (t,x) on Ey, (2)

where 9z = (0x,2, ..., 0x,2). We will say that f satisfies condition (V'), if for each (¢, x,
P, q) € E x R x R" and for w, w € C(B, R) such that w(z,s) = w(z,s) for (7, s) € D[¢, x]
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then we have f(t,x,p,w, q) = f(t, x,p,w, q). It is clear that condition (V) means that the
value of fat the point (¢, x, p,w, q) € Q depends on (¢, x, p, q) and on the restriction
of w to the set D[z, x] only.

We assume that F satisfies condition (V). Let us write

Se=[=b+M(t),b— M(D)], Ei=(EoUE)N ([~bo,t] x R"), te[0,a],
Ilx] = {t € [0,a] : —=b+ M(t) <x < b—M(t)}, xe€[~bb].

We consider weak solutions of initial problems. A function z : E. — R where 0 <c <
a, is a weak solution of (1), (2) provided

(i) z is continuous, and 9,z exists on E N ([0, ¢] x R”) and 9,Z(t, -) € C(S;, R") for ¢
e [0, c],

(ii) for x € [-b, b], the function z(-, x) : I[x] — R is absolutely continuous,

(iii) for each x € [-b, b], the function Z satisfies equation 1 for almost all £ € I[x] N
[0, ¢] and condition (2) holds.

This class of solutions for nonlinear equations was introduced and widely studied in
nonfunctional setting by Cinquini and Cinquini Cibrario [16,17].

The paper is organized as follows. In Sections 2 and 3 we present theorems on func-
tional differential inequalities corresponding to (1), (2). They can be used for investiga-
tions of solutions to (1), (2). We show that the set of solutions is not empty. In
Section 4 we prove that there is a weak solution to (1), (2) defined on E. where ¢ € (0,
a] is a sufficiently small constant.

2 Functional differential inequalities

Let L([z, t], R"), [z, £] € R, be the class of all integrable functions ¥: [z, {] — R”. The
maximum norm in the space C(B, R) will be denoted by ||-||z. We will need the fol-
lowing assumptions on given functions.

Assumption H. The function f: QO — R satisfies the condition (V) and

1) f(- % p,w, q) € L(I[x], R) where (x, p,w, q) € [-b, b] x R x C(B, R) x R" and f{¢, -):
S, x R x C(B, R) x R” — R is continuous for almost all ¢ € [0, a],

(2) there exist the derivatives (9q,f, ..., 9q.f) = 95f and 9,f (-, p.x, w,q) = L(I[x], R")
where (x, pw,q) € [-b, b] x R x C(B, R) x R”, and the function 9 ft, -): S, x R x C(B,
R) x R” — R” is continuous for almost all £ € [0, 4],

(3) there is L € L([0,a], R?"), L = (L, ..., L,,), such that (|34,f(P)I, ..., 94.f(P)I) < L(t)
where P = (¢, x, pw, q) € Q, and

M(t) = [y L(t)dz, te]0,al, 3)
(4) there is Lo € L([O, a], R,) such that
If (¢, x, p.w, q) — f(t.x, p,w, q)| < Lo(t)Ip — pl on L, (4)

(5) fis nondecreasing with respect to the functional variable and z, z € C(Ey, UE, R)
and

(i) the derivatives 9,z, 9,z exist on E and 9,z(t, -), 3,Z(¢, -) € C(S;, R") for ¢t € [0, al,
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(ii) for each x € [-b, b] the functions z(-,x), Z(-,x) : I[x] > R are absolutely

continuous.

We start with a theorem on strong inequalities. Write
flz](t x) = f(t, %, 2(¢, x), 2(1,x), 0x2(L, X)).

Theorem 2.1. Suppose that Assumption Hy is satisfied and

(1) for each x € [-b, b, the functional differential inequality
9:z(t, x) — flz](t, x) < 98:z(t, x) — f[Z] (¢, x) (5)

is satisfied for almost all t € I[x],
(2) z(t, x) < z(t,x) for (tx) € Eg and

z(0,x) < z(0,x) for x € [=b,b]. (6)
Under these assumptions, we have

z(t,x) < z(t,x) on E. (7)
Proof Suppose by contradiction, that assertion (7) fails to be true. Then, the set

A, ={t €]0,4a] : z(t, x) > z(t, x) for some x € S;}

is not empty. Put 7 = minA4,. From (6), we conclude that 7 > 0 and there is X € §;

such that
Z(1,x) < Z(t,x) for (1, x) € EN ([0, 1) x R") 8)
and
2(1,%) = Z(1, %). )
Write

A(t, x) = f(t, %, Z(t, %), Z(1,0), 0:2(t, X)) — f (&, %, Z(t, %), Z(1,0), 0:2(, X)),
B(t,x) = f(t, %, 2(t, x), Z(1,x), 0x2(t, %)) — f (£, %, Z(t, %), Z(1,x), 0xZ(t, X)),

where (t,x) € EN ([0, ] x R™). It follows from (5) and (8) that for x € [-b, b] and for
almost all ¢ € I[x] N [0, 7], we have

9:(z — z)(t,x) < A(t, x) + B(t, x). (10)
Set
Q(t,x, &) = (t,x,Z(t, x), Z(1,x), E0:Z(t, x) + (1 — £)3:Z(1, x)). (11)

We conclude from the Hadamard mean value theorem that

nooa
B0 = Y [ 04/ €) de 0y =)0 ).
j=1
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Let us denote by g(-, t, x) the solution of the Cauchy problem:

1
Y(r)=— / QT (x), ), (1) =x, 12)

where (t, x) € E and 0 <t < {. Suppose that [Z, ] is the interval on which the solu-
tion g(-, t, x) is defined. Then,

—L(r) < dd g(t. t,x) < L(v) for T € [to, t],
T

and consequently,
—b+M(t) <g(t,t,x) <b—M(t), Tt €ltot]
We conclude that (7, g(z, t, x)) € E for 7 € [¢, t] and, consequently, the function g,
t, x) is defined on [0, £]. It follows from (10) that
d
P (z—-2)(z,8(z, t,x)) < Lo()I(z— 2)(7,g(z,t,x))| for almost all = € [0,¢], (13)

Where (t,x) € EN ([0, 7] x R"). We conclude from (8), (13) that
[ miE-amge o el [ L i <o
This gives
(z—2)(t,x) < (z—2)(0,8(0,t,x)) exp{—/otLo(E)dé}, (t,x) e EN([0,T] x R"),

and consequently z(7, X) < z(%, X) which contradicts (9). Hence, A, is empty and the
statement (7) follows.

Now we prove that a weak initial inequality for z and z on E, and weak functional
differential inequalities on E imply weak inequality for z and z on E.

Assumption H[o]. The function 6 : [0, a] x R, — R, satisfies the conditions:

(1) o (¢, -): R, = R, is continuous for almost all ¢t € [0, al,

(2) o (-, p): [0, a] > R, is measurable for every p € — R, and there is
me = L(]0,a], R,) such

that o (¢, p) < m, (¢) for p € R, and for almost all £ € [0, a],

(3) the function @(t) = 0 for ¢ € [0, a] is the maximal solution of the Cauchy pro-
blem:

' (t) = Lo()w(t) + o (t, w(t)), ®(0)=0.

Theorem 2.2. Suppose that Assumptions Hy and H[o] are satisfied and

(1) the estimate

ftxpow, q) = f(tx pow, q) < ot || —wl|p) (14)

holds on Q for w < W,
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(2) z(t, x) < z(t, x)for (t, x) € Ey, and for each x € [-b, b] the functional differential
inequality

3:2(t x) — fI2](t x) < 82(t, x) — flZ](t, x) (15)

is satisfied for almost all t € I[x].

Under these assumptions, we have
z(t, x) < z(t,x) on E. (16)

Proof Let us denote by w(., €), ¢ > 0, the right-hand maximal solution of the Cauchy
problem

@' (t) = Lo(t)w(t) + o (t, (1)) +&, »(0) =¢.

There is &, > 0 such that, for every 0 <¢ <g, the solution w(;, ¢) is defined on [0, a]

and

]irl(l) o(t, &) =0 uniformly on [0, 4].
E—>

Let Z, : Eg UE — R be defined by
Ze(t,x) =Z(t,x) + & on Eg and Zz.(t,x) =z(t,x) + w(t,¢) on E.

Then, we have z(t, x) < Z(t, x) on E,. We prove that for each x € [-b, b] the func-
tional differential inequality

0,z2(t, x) — flz](t, x) < 8.z (t, x) — f]z:](¢t, x) (17)
is satisfied for almost all ¢ € I[x]. It follows from (4), (14), that

9,z2(t, x) — f]z](t, x) < 8,Z:(t, x) — f]Z:](t, x) — &' (8, €)
+f (%, Z: (1, %), (26 ) (t,0), 0x2(t, X)) — f(, %, Z(t, X), Z(1,x), 0xZ(t, X))
< 0:Ze (t, x) — f]ze](t, x) — &'(t, €) + Lo(D)w(t, &) + o (£, o(t, €))
= 0,2 (t, x) — flz¢](t, x) — &,

which completes the proof of (17). It follows from Theorem 2.1 that
z(t, x) <z(t, x) + (t, ) on E. From this inequality, we obtain in the limit, letting ¢
tend to zero, inequality (16). This completes the proof.

The results presented in Theorems 2.1 and 2.2 have the following properties. In both
the theorems, we have assumed that z(t, x) < z(t,x) on E,. It follows from Theorem
2.1 that the strong inequality (6) and the strong functional differential inequality (5)
for almost all ¢ € I[x] imply the strong inequality (7). Theorem 2.2 shows that the
weak initial inequality z(t, x) < Z(t, x) on E and the weak functional differential inequal-
ity (15) for almost all ¢ € I[x] imply the weak inequality (16).

In the next two lemmas, we assume that z(t, x) < z(t,x) on E, and we prove that the
strong initial inequality (6) and the weak functional inequality (15) imply the strong
inequality (7).

Page 6 of 20



Kamont Journal of Inequalities and Applications 2011, 2011:15
http://www.journalofinequalitiesandapplications.com/content/2011/1/15

We prove also that the weak initial inequality z(t, x) < z(t,x) on Ey and the strong
functional differential inequality (5) imply the inequality z(t, x) < zZ(t, x) for (¢, x) € E, 0
<t < a.

Lemma 2.3. Suppose that Assumptions Hy and H[o) are satisfied and

(1) the estimate (14) holds on Q for w < w,
(2) z(t,x) < z(t, x)for (¢, x) € Ey and for each x € [-b, b] the functional differential
inequality (5) is satisfied for almost all t € I[x].

Under these assumption, we have zZ(t, x) < z(t,x) for (¢, x) € E, 0 <t < a.

Proof It follows from Theorem 2.2 that z(t,x) < Z(t,x) for (¢, x) € E. Suppose that
there is (£, %) € E, 0 < < a, such that z(7, X) = Z(f, ). By repeating the argument used
in the proof of Theorem 2.1, we obtain

(E-2)(E5) < E—2)(0,3(0,.7) exp[— / Lo(£) de],

where g(, ¢, x) is the solution to (12). Then, z(t, ) < z(%, X), which completes the
proof of the lemma.
Lemma 2.4. Suppose that Assumption Hy and H[o] are satisfied and

(1) the estimate (14) holds on Q for w < w,

(2) z(t, x) < z(t,x)for (¢, x) € Ey and z(0,x) < z(0, x) for x € [-b, b],

(3) for each x € [-b, b] the functional differential inequality (15) is satisfied for
almost all t € I[x].

Under these assumption, we have

z(t, x) < z(t,x) on E. (18)
Proof Let

0 < po < min{z(0,x) —z(0,x) : x € [-b,b]}.
For ¢ > 0, we denote by w(;, J) the solution of the Cauchy problem

o'(t) = —Lo(H)w(t) — 8, @(0) = po. (19)
There is dy > 0 such that for 0 <6 < Jy, we have

w(t,8) > 0 for t e |0,al. (20)

Let us denote by @&:Ey— R a continuous function such that
z(t,x) < @(t,x) <z(t,x) on Eg and &(0,x) =z(0,x) + po for x € [-b, b]. Suppose that
z*: Ey U E — R is defined by

Z°(t,x) = @(t,x) on Ep, z*(t,x) =z(t x) +w(t,8) on E,
where 0 <0 < dy. We prove that

z*(t,x) < z(t,x) on E. (21)

Page 7 of 20
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Note that z*(t,x) < z(t, x) on Ey and z*(0,x) < (0, x) for x € [-b, b]. We prove that
for each x € [-b, b], the functional differential inequality

9,2 (t, x) — f[z*] (¢, x) < d:z(t, x) — f]Z] (¢, x) (22)
is satisfied for almost all £ € I[x]. By Assumption Hj and (19), we have

9.2* (t, x) — flz"](t, x) = 3,z(¢t, x) — f]z] (¢, x) + &'(1, )
+f (t, %, 2(t, %), Z(1,0), 0:2(8, x)) — f(t, %, 27 (8, x), (27) (1,0), 0xZ(t, X))
< 8.z(t, x) — f[Z](t, x) + Lo()o(t, §) + &' (1, 8)
= 9,2(t, x) — f[z](t, x) — &,

which completes the proof of (22). We get from Theorem 2.1 that (21 holds.
Inequalities (20), (21), imply (18), which completes the proof of the lemma.

Remark 2.5. The results presented in Section 2 can be extended on functional differ-
ential inequalities corresponding to the system:

0:zi(t, x) = fi(t, x, 2(t, x), 2(1x), 0xzi(t, %)), i=1,...,k,

where z = (z1, .., zx) and f = (fi, ... fi): E x Rf x C(B, RM x R” > R" is a given func-
tion of the variables (t, x, p,w, q), p = (P1) - Pr)» W = (W1, ..., Wi), Some quasi-monotone
assumptions on the function f with respect to p are needed in this case.

3 Comparison theorem
For ze C(Ey U E, R), we put

llzll(,Rr) = max{|z(z,s)| : (r,s) € E}, O0<t<a

Assumption H,. The functions A: E x C(B, R) —> R”, A = (A, ..., A,), and @: [0, a] x
R, — R, satisfy the conditions:

(1) A satisfies condition (V) and A(-, x, w) € L(I[x], R") where (x, w) € [-b, b] x C(B,
R) and A(t, +): S, x C(B, R) — R” is continuous for almost all ¢ € [0, a],

(2) there is L € L([0,4a], R?), L = (Ly, ..., L)), such that

(1A1 (6 x, w)l, ..., [An(t, x, w)]) < L(t) on E x C(B,R)
and M : [0,a] — R is given by (3),
(3) o(+, p): [0, a] —> R, is measurable for p € R, and p(¢, -): R, — R, is continuous
and nondecreasing for almost all ¢ € [0, ], and there is m, € L([0, a], R;) such that

(t, p) < mp(t) for p € R, and for almost all £ e [0, a],
(4) z*: Ey U E — R is continuous and

(i) the derivatives (9x,2*, ..., 3x,2*) = 0x2* exist on E and 0,z"(¢, -) € C(S;, R”) for t €

[0, a],

(ii) for each x € [-b, b] the function z*(,, x): I[x] — R is absolutely continuous.
Theorem 3.1. Suppose that Assumption H, is satisfied and

(1) for each x € [-b, b] the functional differential inequality

n
|02 (1 %) + Y Aty %, () () 32" (6:9)] < 01, 112" 1) (23)
i=1
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is satisfied for almost all t € I[x],
(2) the number € R, is defined by the relation: |z*(t, x)| < n for (¢, x) € E,.

Under these assumptions we have

12" lr) < w(t,n), tel0,al (24)
where w(-, 1) is the maximal solution of the Cauchy problem

o'(1) = o(tw(1)), @(0) =n. (25)
Proof Let us denote by g[z*](-, ¢, x) the solution of the Cauchy problem

V(1) = A y(@) ()epen), v =x,

where (¢, x) € E. It follows from condition 1) of Assumption H, that g[z*](;, ¢, x) is
defined on [0, t]. We conclude from (23) that for each x € [-b, b], the differential
inequality

d
Idtz*(r,g[z*](r,t,x))| <ot l1Z'lz,R))

is satisfied for almost all 7 € [0, ¢]. This gives the integral inequality

t

12"l Ry =< n+/ ot 1lZllzwr))dr, te[0al.
0

The function (-, ) satisfies the integral equation corresponding to the above
inequality. From condition 3) of Assumption H, we obtain (24), which completes the
proof.

We give an estimate of the difference between two solutions of equation 1.

Theorem 3.2. Suppose that the function f: Q — R satisfies condition (V) and

(1) conditions (1)-(3) of Assumption H, hold,
(2) there is 0 : [0, a] x R, — R, such that condition (3) of Assumption H, is satis-
fied and

f(t.x.p,w,q) —f(t,x,p, W, q)| < ot, max{|p—p, |w—w||p) on K, (26)

(3) the functions z, Z: Ey — R.are weak solutions to (1) and 1 € R, is defined by
the relation: |Z(t, x) — Z(t, x)| < nfor (¢, x) € E,.

Under these assumptions, we have
[z = Zll(r) < w(t,n) for te[0,4], (27)

where (-, ) is the maximal solution to (25).
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Proof Let us write
A(t,x) = f(t, % z(t, %), Z(1,x), 0x2(t, %)) — f (L, %, Z(1, %), Z(1,0), 0xZ(L, X)),
B(t,x) = F(t, x, Z(t, x), Z(1,x), xZ(t, X)) — F(t, %, Z(t, X), (1), #:Z(L, x)).
Then, for each x € [-b, b] and for almost all £ € I[x], we have
3z —z)(t,x) = A(t, x) + B(t, x).

Set z* = z — z. It follows from the Hadamard mean value theorem that
Bex) = 3 [ 9u(Qx £) ds0,2(0)
i=1 v0

where D(¢, x£) is given by (11). We conclude from (26 that
IA(tL 0] < ot 12%lwry,  (6%) € E.

Thus, we see that for each x € [-b, b] the functional differential inequality
nooel
19 (6,0) = / 04 (Q(t %, £)) dE 3,2 (1, 0)] < (1, 112l )
i=1 V0

is satisfied for almost all € I[x]. From Theorem 3.1 we obtain (27), which completes
the proof.

The next lemma on the uniqueness of weak solutions is a consequence of Theorem
3.2.

Lemma 3.3. Suppose that the function f: Q — R satisfies condition (V') and

(1) assumptions (1), (2) of Theorem 3.2 hold,
(2) the function o(t)for t € [0, al is the maximal solution to (25) with n = 0.

Then, problem (1), (2) admits one weak solution at the most.
Proof From (27) we deduce that for 1 = 0 we have z = z on E and the lemma follows.

4 Existence of solutions of initial problems
Put E = E x C(B, R) x R" and suppose that F: E — R is a given function of the vari-
ables (¢t x, w, q). Given y : Ey — R, we consider the functional differential equation:

atZ(t, x) = F(tr xl Z(t,x)r axz(t/ x)) (28)
with the initial condition
z(t,x) = ¥(t,x) on Eo. (29)

We assume that F satisfies condition (V) and we consider weak solutions to (28),
(29).

Let us denote by M,, . , the class of all n x n matrices with real elements. For x €
R", We M, « ,, where x = (%1, ..., x,), W = [wyl;; _ 1, we put

n n
el =Y il [[Wllnxn = max{ ) |wy| : 1 <i <n).
i=1

j=1
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If We M, . ,, then W 7 denotes the transpose matrix. Suppose that v/ C(E, U R,
R™, Ue C(EyUR M,  ,). The following seminorms will be needed in our considera-
tions:

V]l &y = max{l|lv(z, s)I| : (r, ) € Ec},
HU (e My) = Max{[|U(T, $)llnxn = (T, ) € Ed},

where ¢/ [0, a]. The scalar product in R” will be denoted by “°”. We will use the
symbol CL(B, R) to denote the class of all linear and continuous operators defined on
C(B, R) and taking values in R. The norm in the space CL(B, R) generated by the max-
imum norm in C(B, R) will be denoted by ||:||.. The maximum norms in C(E,, R) and
C(Eo, R™) will be denoted by || - |l(g,r) and || - (g, &), respectively.

Assumption Hy[F ]. The function F : E — R satisfies the condition (V') and

(1) F(-, x,w, q) € L(I[x], R) where (x, w, gq) € [-b, b] x C(B, R) x R" and F(¢, -): S; x C
(B, R) x R” — R is continuous for almost all ¢t € [0, al,

(2) there is « € L([0, a], R,) such that

[F(t,x,6,0m)| <a(t) on E,
where § € C(B, R) is given by € (, s) = 0 on B,
(3) for P = (t, x, w, q) € E there exist the derivatives
9xF(P) = (0x,F(P), ..., 0, F(P)), 8,F(P),
0E(P) = (3, E(P), ..., 3, F(P))

and oF(-, x,w,q), &F(-, x,w,q) € L(I[x], R") and 8,F(-, x, w, q)w € L(I[x], R) where
(v, w, q) € [-b, b] x C(B, R) x R”, w € C(B,R),
(4) the functions

8xF(t, ), 9;F(t,-) : St x C(B,R) x R" — nR",
9yF(t,-) : S; x C(B,R) x R" — CL(B,R)

are continuous for almost all ¢ € [0, a] and there are
Lel([0,a],RP)L € L([0,a],R}), L = (Ly, ..., L,), such that

0xF(t, x, w, q)II, 110wF(t, x, w, q)Il. < B(t),
and
(104, F(t, x,w, @)1, ..., 194, F(t, x, w, q)) < L(t),

where (t, x, w, q) € E, and M : [0,a] — R” is given by (3).
Now we define some function spaces. Given ¢ = (co, 1, ¢2) € R3, we denote by X the
set of all y € C(Ey, R) such that

(i) the derivatives (0y, V¥, ..., 9x, %) = x¥ exist on Ey and d, iy € C(Ey, R"),
(ii) the estimates

[V (6 x)] < co 1100 (6x)I] < 1, 110x¥ (L %) — 0 (, X)]] < callx — X[

are satisfied on E,.
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Let ¢ € X be given and 0 <c < a. We denote by C,, . the class of all ze C(E,, R) such
that z(£, x) = w (¢, x) on E,. For the above y and ¢ we denote by Cj,, . the class of all v
€ C(Ec, R") such that v(¢, x) = 9, w(t, x) on E,,.

Suppose that Assumption Hy[F] is satisfied and ¥ € X, ze C,, u € C;, . where 0 <c
< a. We consider the Cauchy problem

V(1) = =0gF(7, y(7), 2y u(T,¥(7)) ), ¥(8) =, (30)

where (¢, x) € E and 0 < ¢ < ¢. Let us denote by gz, u](;, t, x) the solution of (30).
The function g[z, u](-, t, x) is the bicharacteristic of (28) corresponding to (z, u).
Forue Cy,0 u = (U, ..., uy),and P e E, (¢, x) € En ([0, ¢] x R”), we write

0wF(P) * u(x) = (0wF(P)(11) (tx)r - - -+ OwF(P) (1n) (t,0))-
Set
Plz,ul(z, t,x) = (v, 8[z u](7, t, %), 2z glzul(z.0)), (T, 8Lz ul (7, 1, X)))-
Let [z, u] be defined by
Flz, u](t,x) = ¥ (t,x) on Ey (31)

and

Flz u](t, x) = ¥(0O, g[z u](0, t, x)) + /OIF(P[Z, u](z, t, x))dt

(32)
t
- / 04F(Plz, u](t, t,x)) o u(z, glz, ul(z,t,x))dr on EN([O,c] x R").
0
Set G[z,u] = (G1[z, u], ... Gz u]) where
Olz, u](t, x) = d:y(t,x) on Eg (33)
and
t
Oz, u](t, x) = 0,¥ (0, g[z u](0O, t, x)) +/ ocF(Plz u](z, t, x))dt
t ° (34)
+/ dwF(Plz, u](z, t, X)) * U(z glzul(r,0x)) AT on EN ([0, c] x R").
0
We consider the system of integral functional equations
z="Flz,u], u=0[zul (35)

System (35) is obtained in the following way. We first introduce an additional
unknown function u# = 9,z in (28). Then, we consider the linearization of (28) with
respect to the last variable, and we obtain the equation

0ez(t, x) = F(t, %, z(1,x), u(t, X)) + 94F (L, %, z(1,x), u(t, x)) o (9x2(t, x) — u(t, x)). (36)
By virtue of (28) we get the following differential equation for the unknown function
u
oeu(t, x) = 0xF(t, X, 2(1,x), u(t, X)) + 0wF(t, X, 2(1,2), U(t, X)) * (3x2) (1,2)

+04F(t, X, 2(1,2), u(t, x)) [Oxu(t, x)|". (37)
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Finally, we put # = 9,z in (37). If we consider (36) and (37) along the bicharacteristic
glz, ul(, t, x), then we obtain

(Z_z(r,g[z, u)(z, t,x)) = F(Pz, u](z, t, x)) — 3F(Plz, u](z, t,x)) o u(z, gz u](z,tx)) (38)
and
ddr u(z, gz, ul(z, t,x)) = 0F(P[z, u](z, t,x)) + dF(Plz, u](z, t, X)) * U(r gz u](z 1)) (39)

By integrating of (38) and (39) on [0, £] with respect to 7, we get (35).

We prove that there is a solution (z, #) to (35) defined on E, where ¢ € (0, 4] is suffi-
ciently a small constant, and 9,z = 4 and z are weak solutions to (28), (29). We first
give estimates of solutions to (35).

Lemma 4.1. Suppose that Assumption Ho[F] is satisfied and

(1) ¥ € Xand 0 <c < a.
(2) the functions zZ : E. — R, &t : E. — R"are continuous and they satisfy (35).

Then
Elr) <@, il gy <2 for teocl,

where

t-aee | [ sl [7e eXp{/;ﬂ(f)dr} i,

7(6) = (&) + 26 1B(E) + LI
10 = (e e | [ peracf -1
Proof. Write
c(0) =zl ey, x(1) = lallrny, ¢ €[0,c].

It follows from Assumption Ho[F] and from (31) - (34) that (¢, ) satisfy the integral

inequalities
{0 <o+ [ atr)drs [ AOIEE +2@Ndr s [ L),
x() <c +/0 ﬁ(f)df+/0 B(t)x(z)dx,

where ¢ € [0, ¢]. The functions (¢, ) satisfy integral equations corresponding to the
above inequalities. This proves the lemma.
Suppose that {, y : [0, ¢c] - R, are continuous and they satisfy the integral inequal-

ities
()= o+ [ atr)des [ AL+ x@ldr s [ LI,
X(t)261+/0 ,B(T)dl'+/0 B(7) x(z)dr,
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where ¢ € [0, ¢]. It is clear that (¢, j) satisfy the above conditions.
Givend, he R,,d 2 ci, h 2 ¢, and 0 <c < a. Suppose that ¥y € X. We denote by C,,.
[(, d] the class of all ze C, . such that

llzll(,®) < ¢(t) for t€[0,c],
|z(t, x) — z(t, )| < d|lx —%|| on EN(]0,c] x R™).

For the above y , we denote by Cy,.[%, /] the class of all v € Cyy,  satisfying the con-
ditions
[l rey < x(¢) for te[0,c],
[lv(t, x) — v(t, X)|| < h|lx—X|| on EN([O,c] x R").

Write A = {{a), C = y(a) and E[A, C| = E x K¢ r)[A] x Kgre[C] where
Kear)lA]l = {w e C(B,R) : [lwllp <A}, Kr:[C]={geR":|lql| <C}.

Assumption H[F]. The function F : E — R satisfies Assumption Hy[F], and there is
y € L([0,a], R,) such that the terms

[10:F(t, x,w, q) — 0:F(t, %, w, q)|l, 10wF(t, x, w, q) — 8,F(t, X, W, 4)||x
[184F(t, x, w, q) — 94F (¢, X, w, q)||

are bounded from above on Z[A,C] by y (¢)[||x — X|| + ||lw — w||g + || — ql]].

Remark 4.2. It is important that we have assumed the Lipschitz condition for 0,F,
0, F, o,F for w, wsatisfying the condition: ||w||g, |[Ww||p < A.

There are differential integral equations and differential equations with deviated vari-
ables such that Assumption H[F] is satisfied and the functions 0.F, 0,,F, and 0,F do not
satisfy the Lipschitz condition with respect to the functional variable on E.

It is clear that there are functional differential equations which satisfy Assumptions H
[F] and they do not satisfy the assumptions of the existence theorem presented in [18].

Lemma 4.3. Suppose that Assumption H[F], H[¢] are satisfied and

U, eX ze Cycle d]l, zeCy [¢,d], ueCyyclx,h]l, ueCyy [x h]

where 0 <c < a.

Then the bicharacteristics glz, ul(-, t, x) and g[z, u](-, t, x)exist on intervals [0, J|z, u](t,
x)] and [0, 8[z, u](¢, x) |such that for © = dlz, ul(t, x), T = 8[z, u](t, x), we have (z, glz, ul(z,
t, x)) € OE,, (T,glz u](T,t x)) € OE,, where OE, is the boundary of E..

The solution of (30) is unique, and we have the estimates

lIglz, ul(z, £, x) — glz ul(z, &, X)II < |lx — XI| eXP{C/ v(§)dé} (40)

and
l1glz, u](r, &, x) — gz, u](z, t, x)I]

t _ ot 41
§|/ )/(é)df[HZ—EH(g,R)+||u—ﬁ||(g,R")]dE|€XP{Cf y(€) de), )

where C=1+d+h, (t,x), (t.X) € EN([0,¢c] x R"), 7€ [0, c].
Proof The existence and uniqueness of the solution to (30) follows from classical the-
orems on Carathéodory solutions of ordinary differential equations. We conclude from
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Assumption H[F] that the integral inequalities
lIglz, ul(z, t,x) — glz ul(z, &, X)Il
t
[ v@ista ulte, 10 —gls ul(e 0

<llx=%I+C

and

|glz ul(z, t.x) — [z, ul(z, t, x) | < / y(@)llz — Zller) + ||u—11||(§,n%n)]d§|

€| [ 7@ gtz ul(e, 00 —g[z,al(s,z,x)nds(,

are satisfied. Then, we obtain (40) and (41) from the Gronwall inequality.
Write

A(t) = exp {A[y(r)dr} [cl +(1 +d)‘/0t;3(r)dr +CC'/OI}/(r)dr +2h[)[||L(r)||dr],
r'(t) =exp{/0[y(r)dr} |:cz+C(l+C)A[y(r)dr+h/()tﬂ(r)dt].

Assumption H[c]. The constants c € (0, al, d, h > 0 satisfy the relations: A(c) < d,
I'(c) < h.
Remark 4.4. If we assume that

exp{/oay(t)dr}cl <d and exp{/oay(t)dr}cz <h,

then there is ¢ € (0, a] such that A(c) < d and T'(c) < h.

Theorem 4.5. Suppose that Assumptions H[F), H[c] are satisfied and ¢ € X. Then
there is a solution z : E. — Rof (28), (29).

If §y € ¥and z : E; — Ris a solution to (28) with the initial condition

z(t,x) = ¥(t,x) on Eo,
then there is C, € R, such that for t € [0, c], we have.
2 — ZllR) + 10:2 — 8:Zl(1rr) < CulllY = Plleor) + 1109 — 0P [(Bormy]. (42)

Proof The proof will be divided into four steps
I. We define the sequences {z"}, {1}, where

Z™E - R, u™:E — R, u™ = (u(lm), . ..uﬁ,’")),
In the following way. We put first

20(t,x) = ¥(t,x) on Eo, 29(t,x) = ¥(0,x) on EN([0,c] x RM),
u®(t,x) = 9,¥(t,x) on Eo, u®(t,x) = 9, (0,x) on EN([0,c] x R™).
xl[f 0 xv/
If 2: E. — R, u"™ : E, — R" are already defined then u “"*" is a solution of the
equation

v =06y (43)
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where
G [v](t, x) = 8% (t,x) on Eg (44)

and

GMw](t, x) = 8, (0, g[z™, v](0, t, x)) + / t 3. F(P[z"™, v](, t,x)) dr
0

t (45)
+/0 3F(P[z1, v](z, 1, x)) * <u(m)>(r,g[z("‘),v](r,t,x)) T
The function z"*" is given by
2D (g, x) = F[z™, ut™](t,x) on E. (46)

We prove that
(Z,,,) the sequences z"} and {#'"} are defined on E, and for m > 0, we have

2™ e Cy[¢,d] and u'™ € Cay[x, h].
(I1,,,) there exist the sequences {0,2"} and for m > 0 we have
az™(t,x) = u™(t,x) on E..

We prove (I,,,), (II,,,) by induction. It is easily seen that conditions (), (II,) are satis-
fied. Suppose that (I,,) and (/1,,) hold for a given m > 0. We first prove that there is u
ne) . B R”, and u*Y e Coyp.cly, hl. We claim that

G : Cayclx, h] = Cayclx. hl. (47)

Indeed, it follows from Assumption H[F] and from (44), (45) that for v € C;, . we
have

t t
1Bl <as [ e [ B x@)dr, (6x) eEN (0, xR,
0 0
and consequently
G l(rn) < x (1) for t € [0,c].
It follows easily that
G [v](t, x) — G [v](t, %)|| < T(c)llx —X|| on EN([0,c] x R").

From the above estimates and from (44), we deduce (47).
There is K € L([0, ¢], R, ) such that for v, U € Cyy c(x, h), we have

t
G [w](t, x) — C[3](t, x)| < / K()|v- ﬁu(r Rn) dr on EN([O,c] x R").
A .
For the above v,  we put

t
[lv — 9] = max{||v — ¥|| (k) exp[—?_/0 K(tr)dr]:te0,c]}.
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Then, we have

16" vl (1, x)— G [7](t, x) || < ;[IU—T/I] €XP[2'/0[K(f)df]/ (t.x) € EN([0, ] xR™),
and consequently

16 4] - 6] < [ =],

If follows from the Banach fixed point theorem that there is um) ¢ Coyp.cly, h] and
it is unique.
Then u"*Y is defined E,. It follows from Assumption H[F] and from (I,,) that

112" D g) < £(¢) for te0,c],
and

12 (1, x) — 2™V (1, %) < Ac)|lx — X|| on EN ([0, c] x R).

(m+1)

We conclude from the above estimates that z € Cyy.c[G d] which completes the

proof of (II,,,,1).
Put

utm (g, x, %) = 2" (1, ) — 2™ (1, x) — u™D (1, x) o (& — x).
It follows easily that there is C* € R, such that

|a™ (e, x,%)| < Cllx — %12, (t.x), (t,%) € EN ([0, ¢] x R"). (48)
We conclude from (48) that there exist the derivatives 9,2"*" and

3z (1, x) = u™(t,x) on EN([0,c] x R™.

This proves (II,,,,1).
II. We prove that the sequences "} and {u"} are uniformly convergent on E..
It follows from (43)-(46) that there are Ko, K; € L(]0,c], R,)

112D — 20| gy

[ (m) _ (m-1) (me1) _ (m) (49)
S/Ko(f)[HZ T G B COTT R P S
0

and

™D — 3| g

¢ (50)
< / Ki(2)[112" = 2D gy + 1™ = ul™ Doy + [[ul™D — ulM)) gy dr,
0

where t € [0, c]. From (50) and from the Gronwall inequality, we deduce that there
is Kz € L([O, c], R,) such that

™D — 4] gy

[ (m) _ (m-1) (m) _ (m-1) (51)
5/ K ()12 — 27Dl gy + 100 — a7Vl o] d
0
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Write
V(1) = (120 — 20D gy + ™ — uC D gey, te[0,¢], m=> 1.

It follows from (49), (51) that there is K e ([0, ¢, R,) such that
t
v () < / K(t) VM (t)de, teo,c]. (52)
0
Set
t
[IVI™]] = max {V("M(1) exp[—z/ K(rdr]:te[0,c]}.
0
We conclude from (52) that
t - 1 t -
Ve < [ve] exp[2/ K(z)de] =, (V] exp[zf K(z)de], tefo,cl,
0 0
and consequently
1
(Ve < Ivel] m=1.
There is C; € R, such that [|V<1)|] < C;. Then,
lim [[V(™M|] =0
m—0o0
and there are
z€ C(E, R), ue C(E,R"), u=(i1,..., uy)
such that
zZ(t,x) = ”}iilgoz("‘)(t, x), u(t,x) = nlgrgo u™(t,x) uniformly on EN ([0, c] x R™).
It follows from (I1,,) that there exist the derivatives 9z = (9x,Z, . .., 9x,2), and
3.2(t,x) = lim u™(t,x) uniformly on EN ([0, c] x R").
m— o0

III. We prove that z is a solution to (28), (29). We conclude from (46) that the func-
tions z, 9,z satisfy the relations

Z(t,x) = (0, [z, 9:z](0, t, x)) + /tF(P[Z, 9:z](t, t, x))dr

. ° (53)

—f 3F(Plz, 8,z] (7, t, x)) o dz(t, 8|z, :z] (7, t, x)) dr on EN([0,c] x R").
0

For a given (¢, x) € EN([0, ¢] x R") set y=g[z z](0,tx). Then
glz, xz](t, t, x) = g[z, 9xz](7, 0,y) for T € [0, §[z, 3xz](t, x) ] Then relations (53) imply

2(t, 817 8,21(,0,7)) = ¥(0,y) + / F(P[z 8:2](x, 0, )) dr
(54)

_ / 0PIz 0:2)(1, 0,7)) o 0.2z, gl 0421 (7, 0,)) d.
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The relations y = g[z, 9x2](0, t, x)) and x = g[z, 9xz](7, 0,y)) are equivalent. By differen-
tiating (54) with respect to 7 and by putting again x = g[z, 9:z|(7, 0,)), we find that z is
a weak solution to (28). Since z € Cy ([¢, d], it follows that initial condition (29) is
satisfied.

IV. Now we prove (42). It follows from (31) - (35) and from Assumption H[F] that
there are @, 8 € (|0, ¢|, R,) such that

t
lz(t, x) — Z(t, x)| < |l — ¥l(E,R) +/ a(&)[llz — zll(g,ry + 110x2 — 052l (e, Rm)] dE
0
and

t
Joa(t.2) o200 < oy — o] v / BEIZ = 2l e ry #1102 — 2l e )]
0r 0

Hence, there is y € L([0, ¢|, R,) such that the integral inequality

I~ 2l + 102~ ol < |y =7 |, + oy — 2

t
+[ﬂmwdmmww—mmmmatem4
a

(Eo.R™)

is satisfied, We conclude from the Gronwall inequality that estimate (42) is satisfied
with

Q=A§@Ma

This completes the proof of the theorem.

Remark 4.6. It is easy to see that differential integral equations and equations with
deviated variables are particular cases of (28).

Suppose that f: QO — R is a given function. Let F: = — R be defined by

F(t, x,w, q) = f(t, x,w(0, Opny), w, q).

Then, equation 1 is equivalent to (28). It follows that existence results for (1), (2) can
be obtained from Theorem 4.5.
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