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1. Introduction

The dynamic interaction between the predators and their prey has long been one of
the dominant themes in mathematical biology because of its universal existence and
importance. Evidences show that when predators have to search for food (and there-
fore have to search or compete for food), a more suitable functional response depend-
ing on the densities of both the prey and the predator should be introduced in a
realistic model. Such a functional response is called a ratio-dependent functional
response. Arditi and Ginzburg [1] introduced a Michaelis-Menten type ratio-dependent
functional response of the form

(Li;tc = ax bt - xcx:/ny'
+
1.1
dyz_gy+ fxy (1.1)
dt x+my

where x(f) and y(¢), respectively, denote population densities of prey and predator at
time ¢. Here, g > 0 is the death rate of the predator, 4, ¢, m, and f are positive con-
stants that stand for prey intrinsic growth rate, capturing rate, half capturing saturation
constant, and conversion rate, respectively.

As a matter of fact, population systems is often subject to environmental noise.
Recently, more and more interest is focused on stochastic systems. Maiti et al. [2] con-
sidered the following stochastic model with discrete time-delay:
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dx=x[a—bx+n1(t)]— o
dt X +my (1.2)
cx(t—t)y ’

d
d)t/ =rl=grm]+ x(t—t)+my(t—1)

where the perturbed terms 1,(¢) and 1,(£) are uncorrelated Gaussian white noises.
Maiti et al. [2] assumed the Stratonovich interpretation of stochastic differential equa-
tions, and discussed the properties of SDE (1.2) by using transformations.

Guo [3] studied the stochastic model on predator-prey system of two species with
ratio-dependence:

de=x|(a—bx)— ¢ ] dt + x(onx + 012y)dB(0),
f X +my (1.3)
X
dy=y|—g+ e my} dt + y(o21x + 022y)dB(t).

where a, d, ¢, f, g, and m are positive constants.
Taking into account the effect of randomly fluctuating environment, Ji et al. [4] con-
sidered the corresponding autonomous stochastic system described by the /t6 equation

dc=x|la—bxr— ¢ :|dt+aldel(t),
fx+my (1.4)
X

dy=y|— dt — o2ydBs (1).

y=v g+x+my}t o2ydB; (1)

where B(t), i = 1, 2, are independent standard Brownian motions.

Now, let us consider another type of environmental noise, namely, the color noise
(for example,[5-10]). The color noise can be illustrated as a switching between two or
more regimes of environmental. Because population may suffer sudden-environmental
changes, e.g., rain falls and changes in nutrition or food resources, etc. In general, the
switching is memory-less, and the waiting time for the next switch is exponential dis-
tributed. Here, we model the regime switching by a finite-state Markov chain. We
assume that there are N regimes, and the switching between these N regimes is gov-
erned by a Markov chain r(¢) on the state space S = {1, 2,..., N}. Therefore, when both
the white and color noises are taken into account in the system (1.1). The population
system under regime switching can be described by the stochastic model as follows:

(1) = ¥Ola(r () b))~ I o ()08 1), .
0 -y O1-sr0) + SOt a0 o). |

where B,(t), i = 1, 2, are independent standard Brownian motions.

When both the white and color noises are taken into account in our model (1.5), we
obtain the global existence of positive unique solution of the stochastic model, that is,
the solution of the system is positive and not to explode to infinity in a finite time in
Section 3. Section 3 also shows that the solution is bounded in mean. Moreover, the suf-
ficient conditions for persistence in mean, extinction are obtained in Section 4.

For convenience and simplicity in the following discussion, for any sequence c(i), i €
S, we define



Lv and Wang Journal of Inequalities and Applications 2011, 2011:14 Page 3 of 17
http://www.journalofinequalitiesandapplications.com/content/2011/1/14

¢ = min ¢(i), ¢ = maxc(i).
i€$ ieS

And throughout the article, we use K to denote a positive constant the exact value of
which may be different in different appearances.

2, Stochastic differential equation under regime switching

Throughout this article, unless otherwise specified, we let (2, F {Fi}i>0,P) be a com-
plete probability space with a filtration {F;};>0 satisfying the usual conditions (i.e., it is
right continuous and Fy contains all P-null sets.). Let (), t > 0, be a right-continuous
Markov chain in the probability space tasking values in a finite state space S = {1, 2,...,
N} with generator I' = () given by

yih+o(d)  i4],

Pla(t + At) = jla(t) =i} = { 1+ 7iA +0(A)i=].

where A > 0. Here, ; > 0 is the transition rate from i to j if i = j while ¥ = ; Vi,
i
We assume that the Markov chain r(¢) is independent of the Brownian motion. And
almost every sample path of r(f) is a right-continuous step function with a finite num-
ber of simple jumps in any finite subinterval of R,.

We assume, as a standing hypothesis in the article, that the Markov chain is irreduci-
ble. The algebraic interpretation of irreducibility is rank (I') = N -1. Under this condi-
tion, the Markov chain has a unique stationary distribution 77 = (771, 7y,..., 715 ) € RVN
which can be determined by solving the following linear equation

=0

subject to

N
Ymi=1 and m;>0, VjeS.
j=1

Consider a stochastic differential equation with Markovian switching
dx(t) = f(x(t), ¢, r(t))de + g(x(t), t, r(¢))dB(t)

on t > 0 with initial value x(0) = x, € R”, where
f:R" xR, xS—R" and g:R"xR, xS — R”"

For the existence and uniqueness of the solution, we should suppose that the coeffi-
cients of the above equation satisfy the local Lipschitz condition and the linear growth
condition. That is, for each k = 1, 2,..,, there is /; > 0 such that

If(xt, i) = f(y, . D)1V I8(x, t, ) — gy, t, )| < hielx — I
forallt>0,ie Sandthosex, ye R” with|x| v |y| < k, and there is an / > 0 such that
1 (6,11 v Ig(x 6 )] < h(L+ Ix])

for all (x, ¢, i) e R" x R, xS.

Let C*Y(R" x R, x S, R,) denote the family of all non-negative functions V' (x, ¢, i) on
R" x R, x § which are continuously twice differentiable in x and once differentiable in
t.If Ve C*'(R" x R, x S, R,), define an operator LV from R” x R, x S to R by
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1
LV (x,t,i) = Vi(x, t,0) + Vi(x, £, )f (x, t, 1) + , trace [8" (x t, i) Ve, £, 1)8(x, 1, 1) ]

m
+ Z y,'jV(x, t,j).

j=1

In particular, if V' is independent of i, that is V (x, £, i) = V (x, £), then

LV(x,t,i) = Vi(x, t) + Vi(x t, )f (x, t) + ;tmce[gT(x, ) Ve (x, £)g(x, )]

3. Positive, global and bounded solutions

As x(¢), y(t) of the SDE (1.5) are sizes of the species in the system at time ¢, it is obvious that
the positive solution are of interest. The coefficients of (1.5) are locally Lipschitz continuous
and do not satisfy the linear growth condition, so the solution of (1.5) may explode at a
finite time. The following theorem shows that the solution will not explode at a finite time.

Theorem 3.1. For given initial value X, = (xo,y0) € R?, there is a unique positive
solution X(t) = (x(t), y(¢)) to (1.5) on t = 0, and the solution will remain in R*with prob-
ability one, namely X(t) € R¥or all t > 0 almost surely.

Proof The proof is similar to [10,11]. Since the coefficients of the equation are locally
Lipschitz continuous, for given initial value X, = (xo,y0) € R? there is a unique local
solution X(¢) on t € [0, 7.), where 7, is the explosion time. To show this solution is glo-
bal, we need to show that 7, = +o0 a.s. Let ky > 0 be sufficiently large for every compo-

1
nent of x(¢) and y(¢) all lying within the interval |:k ,ko]. For each integer k > ko,
0

define the stopping time

T =inf{te [0, 70) : x(t) ¢ (;k) or y(t) ¢ (;k)}

where throughout this article we set inf @ = c. Obviously, 7; is increasing as k — oo.
Let 7., = limy_,..7;, whence 7., < 7, a.s. If we can show that 7., = = a.s., then 7, = «~ a.s.
and X(t) € R? ass. for all £ > 0. So we just to prove that 7.. = = a.s. If not, there is ¢ €
(0, 1) and T > 0 such that

Plteo < T} > ¢

Hence, there is integer k; > ko such that P {r; < T} > ¢ for all k > k;. Define a func-
tion V : Rf — R, by V(x,9) = (x-1-Inx)+ (y-1-Iny). The non-negativity of this

function can be seen from

u—1—Inu>0 onu=>0.

If X(t) € Rf, we obtain that

Wiy i) = a(ix—bipe — O iy O gy

x+m(i)y x+m(i)y
f(@)xy . fx  af())+a3 (i)
+x+m(i)y+g(1)_ x +m(i)y - 2 :

<K.
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Making use of the generalized I£6 formula yields
EV(x(t AT), y(te AT)) < V(x0,yo0,90) + KT.
Set Qy = 7, < T for k = k; then P () > . Note that for every w € Q, there is x(z,

o) or (1, w) equals either k or Ilz’ and hence, V (x(t;, w)) is no less than either

k—1—Ink
or
1 1 1
k—l—ln(k> = k—1+1nk.
Therefore,

V(x(te AT), y(zie AT)) > ([k— 1—Ink] A [;16 -1 —lnk]).

It follows from that
[V(x0,v0.i0) + KT] = E[1q,V(x(z AT), y(m A T))]

> e([k—1—Ink] A [Ilz — 1+Ink]).

where 1g, is the indicator function of Q. Letting m — < implies the contradiction
00 > [V(xo,y0) + KT] = oo.
So, we have that 7., = o a.s. The proof is complete.

Theorem 3.2. For given initial value X, = (xo,y0) € Rfandp > 0, the solution X(t) =
(x(2), ¥(2)) to (1.5) satisfies

limsup Ex’(t) < K, lim sup Ey(t) < K.
— 00

[—00

Proof Define the function V (¢, x) = e‘a”, by the generalized Ité formula, we obtain

HER0) = pex()| ) )30+ Lo 010)

(r(O)y(0)
_xM+mvmwm]m+m”MM&a)

Taking expectation on both sides implies
t _ t
Ee'x (1) < E/ pe’x’(t) |:a(r(s)) — b(r(s))x(s) + p ) 1<712(r(s)):| ds < K/ e'ds < Ke'.
0 0

Hence,
Ex’ (t) < K < +00.

c(i)y
fG@y’

We show that y(£) is bounded in mean as follows. Let V = x + by the general-

ized Ité formula, we have
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av = x(a(i) = b(iye — DY Yds oy (i)xdBs (1)

x +m(i)y
(i), . fli)x i) N .
* ) (—8@) + o m(i)y) dt + i (i)ydB, (1) + Zj=1 iV (% 7. 4).-

where dropping ¢ from x(¢) and y(¢). So
EV(t) — EV(0) = Efo [(a(r(0)) + 8(r(1)))x — b(r(£))x* — g(r(1))V(s)] ds.

Then,

d
© = (@) + g0 (0)Ex ~ BB — g(r{)EV

< (a(r(1)) + g(r(€)))Ex — b(r(t)) (Ex)* — g(r(1))EV.
v v\2
Obviously, the maximum value of (a(i) + g(i))Ex b(i)(Ex)? is (a+ jg) . Therefore
4b

dEV  (a+3)’
A — g(r(1))EV.

By the comparison theorem, we have

lim sup EV(¢) <

t—00

(@+g)’
aby
It is clear that
lim sup Ey(t) < K.
t— 00

So, we complete the proof.

4. Asymptotic behavior
4.1. Limit results

To demonstrate asymptotic properties of the stochastic system (1.5), we discuss the

long time behavior of In x(¢)/¢ and In y(¢)/t.

Here we impose the following assumption:

¢ o2 A 52
Ha- - '>0f-¢— 2 >0
m 2 /-2 2

On the one hand, by the comparison theorem of stochastic equations, it is obvious

that
dx <x[a(r(®) —b(r@®)x]dt+oy (r (1) xdB; (1).
Denote that X,(¢) as the solution to the following stochastic equation.
dX; = Xala(r(t)) — b(r())Xz] dt + o1 (r(t))X2dB1 (¢),
X3(0) =xo.
We have

x(t) <Xp (1), t €0, +00), a.s.

Page 6 of 17
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On the other hand, by the comparison theorem of stochastic equations, it is obvious
that we denote X; as the solution of stochastic differential equation

X = Xy [a(r(t)) — ;((Tr((?))) — b(r(6))Xy ] dt + 01 (r(£))X1dB1 (1), .
4.2
X1 (0) = X0.
Consequently,

x(t) = X1 (1), te]0,+00), a.s.
To sum up, we have

X1 <x(@®) <Xa(t), te]|0, +00).a.s. (4.3)
So we have the explicit solutions of X;(¢) and X,(¢) as follows.

o(r(s)) ot (r(s))

|:f0 (a(r(s))—- m(r(s)) -

)ds+o1(r(s))dB, (s)j|
Xi(t) = ¢
c(r(r)) of(r(7))

{fé(a(r(r))m(r(r)) 5

)dt+o1(r(7))dB; (r)i|

xlo + [3b(r(s))e ds

and

o2(r(s
{f&(a(r(s))— ! (2( ) )dsml(r(s))dsl(s)}
X (1) = ¢
T o2(1(7))

{fé(a(r(f)) 5

)dt+01(r(7))dB: (7.’):|

xlo + [5 b(r(s))e ds

Lemma 4.1. Under Assumption (H), for any initial value xy > 0, the solution X5(t)

satisfies
InX,(t
lim 2(1) =0as
t— 00 t

Proof First, we will show that

InX,(t
lim sup n t2() <0 as.

t—00
The proof is motivated by Mao and Yuan [8]. Define the Lyapunov function V (¢, X,)
= ¢ In X,, using the generalized [t6 formula, we obtain

ot (r(1)

d(e'InX;) = €' [InX5 +a(r(t)) — b(r(t))X2 — )

| dt + etor (r(£))dB (t).

where dropping ¢ from X,. Thus

ot (r(5))

¢InX; —Inxp = foles[lan +a(r(s)) — b(r(s))Xa — )

1ds + M(t).
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where

t
M(t) = / e'o1(r(s))dB1(s),
0
tje quadratic variation of which is
(M(1), M(2)) = [ e¥of(r(s))ds.

By virtue of the exponential martingale inequality, for any positive constants T, J, 3,
we have

P{ sup [M(1) — - (M(0), M(:)] = ﬁ] e

0<t<T

) 5
Choose T = ky, o= nee *0 and B = 0 Ink

,where ke Z',0<¢<1,0>1and y>0
en
above.

Hence,

—ks ks
p{ sup [M(t) — ”“2 M(0), M()] > ° lnk} <k

0=<t<T en

Obviously, we know Y 72, k=% < co. Applying the Borel-Cantalli lemma, we obtain

that there exists some Q; € Q with P (Q;) = 1 such that for any w € Q,, an integer k;
= ki) such that for any k >k; we get

e—k(S

172)
Mo = " o My + ¢,

for all 0 < t < ky. Then,

elnX, —lnxy < /tes[lnxz +a(r(s)) — b(r(s))Xa — 012(;(5))
0

“k

ek 6e Ink
U ) L T
Note that t € [0, ky], s € [0, t] we have
20+ es—ké
InX, +a(i) — b(i)Xs — “12(’) + o) =K.
For all £ € [0, kY] with k >ky(w), we derive
() 1 ) 1
e'InX, —Inxy < fOIKeSds+ 0" Ink =K(e' — 1)+ oe nk'
£
Thus, for (k -1) vy < ¢ < ky, then
0¥ Ink

0 Ink
InX; <e'lnxg+K(1 —e ")+ eme

_ ,t _
eoll=1)y =e¢ 'Inxo+K(1—e")+

Page 8 of 17
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Therefore,
In X, (¢) - Inxg K(1—¢7) 6’ Ink
+ + :
Int T etlnt Int eln((k—1)y)
Letting k — oo, that is, £ — o we can imply

InX,(t) 6
lim sup n X3(1) < ¢
t—00 In &

By makingy | 0,¢ 1 1,and 6 | 1, we get
In X, (t) <1

lim sup
t—00 l

Consequently,

InX;(t In X,(t Int Int
lim sup n t2() = lim sup n zt()lim sup nt < lim sup nt =0.

t—00 t—00 In t—00 t—00
as desired.

lnth(t) > 0 as. It is clear that the

Thus, it remains to show that lim lim inf,_, «

quadratic variation of the stochastic integral [ o (r(s))dB1(s) is [, o2(r(s)) ds < Kt.

Hence, the strong law of large numbers of local martingales yields that
1
. Joo1(r(s))dB1(s) = 0 as. t — oo.

Hence, for any ¢ > 0, there exists some positive T’ < o such that

IS al(r(s))dBl(s)‘ <egtas. foranyt>T.

and for any ¢ >s = T, we have

I8 al(r(s))dBl(s)‘ <e(s+1)as.
Then, for any ¢ >T

a?(r(s
1 1 {fﬁ—(a(r(s))— 1(2( )

)ds—o1(r(s))dB: (s):|
= e
Xa(t)  Xa(T)
o(r(z
{f;—(a(f(f))— 1(2( )))df—ffl(f(f))dBl(f):|

+ /I b(r(s))e ds
T

o2(r(s
[ J—(a(r()- (2( ) )d5+£(t+T):|

< frac1X;(T)e

o(r(z
{/j —(a(r(z)— ! (2( ) )dm(m)}

+ /I b(r(s))e ds.

Page 9 of 17
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Therefore,

ol (r(s
1 1 {f;(a(r(s» 1)),
—2¢(t+T) < e 2

Xa(1) — Xa(T)

dss(l+T):|
e

ot (r(r))

[L —(a(r(z))— 5

t )dra(ts)ZaT:|
+ / b(r(s))e
T

<K < o0.

That is

< Ke2¢(#T) g 5.
Xa(t)
Then,
1

an(t) - 1[
t Tt

1
InK + 2e(t + T)] a.s.

Thus,

lilm inf InX: (1)

> —2¢ a.s.

Since ¢ is arbitrary, we conclude that

lim inf In X5 (1) >0
t—00 t

a.s.

as required.
Lemma 4.2. Under Assumption (H), for any initial value xy > 0, the solution X:(t)

satisfies
InX,(t
lim 2(1) > 0a.s.
t— 00 t
.. ¢ 6t
Proof Under the conditiona — ~ — 5 7 0, by the same way of Lemma 4.1, we can

imply the desired assertion.
Theorem 4.3. Assume the conditions (H) hold. Then for any initial value x, > 0, the
solution x(t) to (1.5) satisfies

1
lim X(1) =

t—00 t

0 a.s. (4.4)

Proof By (4.3), Lemmas 4.1 and 4.2, we can conclude the assertion.
Now, let us continue to consider the asymptotic behavior of the species y(t). By the

comparison theorem of stochastic equations, we have

fr(®)

0 = (s0OWO + e

X5 (8))dt + a2 (r(€))y(¢)dBa(1).
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Denote Y,(t) as the solution to the stochastic equation as follows.

dY, = [—g(r(0)Ya + ’]; ((rr((tt))))Xz(t)]dt + 02YadB, (1),
Yz(O) =Yo-
We have

y@® <Yy (1), tel0,+00), as.

On the other hand, applying the comparison theorem again, denote Y7 as the solu-
tion of stochastic equation

f(r(@)m(r(6))y(t)
Xy

Yy = Y1[-g(r(t)) + f(r(t)) — |dt + 02 Y1dBa (1),

Y1(0) = yo.
Consequently,
y@® <Y (@), t€[0, +00), as.
To sum up, we have
Yi() <y@® <Yy(t), tel0, +00).as. (4.5)

Moreover, Y;(t) and Y5(¢) have the have the following explicit solutions, respectively:

o2(r(s
[j,’,(_g(r(s))+f(r(s))_ 2 (2( )))ds+(72(7(5))d32(5)j|
e
- t o2(1(1))
L I frsYm(r(s)) S80I )= 77 e (r(0)dBa(x) N
Yo T Xi1(s)

and

o3 (r(5))
2

[IT' —(8(r(s))+ )ds—03(r(s))dB; (S)}

Yy_(t) = YQ(T)E
o3 (r(r))

[ e 2
T m(r(s))

Lemma 4.4. Under Assumption (H), for any initial value y, > 0, the solutions Y;(t)
and Y,(t) satisfy

n Yz(t)
t

{f;(g(f(f)ﬁ )dfaz(f(f))de(f)}

Xa(s)e ds.

) |
lim sup

t—00

<O0a.s.

and

lim inf
t—00

In Y, (¢t
n tl()an.s.

Proof It is clear that the quadratic variation of the stochastic integral

t
/ 02 (r(s))dBa(s) is [y o3 (r(s))ds < Kt. hence, the strong law of large numbers of local
0

Page 11 of 17
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martingales yields that
1
. Jo o2(r(5))dBa(s) — 0 a.s. t — oo.

Hence, for any ¢ > 0, there exists some positive 7' < o such that

s o2(7(5))dB> (s)‘ <egtas. foranyt>T.
and for any ¢ >s > T, we have

<e(s+t)as.

[ o2tz

It follows from Lemma 4.1 that for any ¢ > 0, there exists 7' > 0 such that

In X, (¢
—& < 2()<ea.s.f0rt>T.

that is
et <X () <e as.
Thus, for t > T

o2 (r(s
—(U()+ 2(2( )

|:] Yds—o, (T(S))de(S):|
Yz(t) = Yz(T)e

2
FEEX() {f*‘"(g‘“’”*% (rzm)’”““”‘””Bz“)}
e

L om(s)
[f; —(g(r(s)+

ds

0.2
2 (;(S)) )ds+s(t+T):|
< YQ(T)E
2
[ ) eesg[f%(g(r(r))fz (rz(f)))dm(m)}ds
r m(r(s)) '

So

o2 (r(s
[fi(g(r(s))+ 2 (1 )))ds}
2 —2¢(t+T)

e 3Ny, (1) < Yo (T)e xe
o (r(t
Cf(r(s)) | s 2(2( )))dr}
+ e x e 3¢T x g726(=9) s
T m(r(s))
<K.

Therefore,
Y, () < Ke¥ g,

Hence,

InY,(t) - InK . 3e(t+ 1) s

t t t
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Letting £ — oo, we have

In Y (t
lim sup nY2()
t—00 t

<3¢ a.s.

Since ¢ is arbitrary, we obtain

lim sup
t—00

In Y, (¢t
n tz()§0a.s.

Next, we will show that

lim inf In 3 (t) >0
t—00 t

a.s.

Obviously, it follows from Lemma 4.2 that for arbitrary ¢ > 0, there exists 7' > 0 such

that
et < Xq(t) < e as. fort > T.
Hence,
o2(r(s
. . {f;(g(r(smf(r(sm ? (2( ) )d5+02(T(5))d32(3):|
= e
Yi(t) Yi(T)
2
. o5 (r(7)) }
t = S (=8(r(2))+f (r(s))~ Ydz+0,(r(z))dB (1)
L [ feEmoe, { 2 .
T Xi(s)
o2(r(s
1 {f;(g(r(S))Jrf(r(s)) 2 (2( )))ds+e(t+T)}
< e
~ (7
o (r(t
t |:f7t(g(r(r))+f(r(s)) 2(2( )))dt+e(t+s):|
v [ feE@mueee &
T
Then,
o2 (r(s
1 [f;(g(r(s))+f(r(sn 2 (1 )))ds:|
e3¢y (1) < e 2 o =26 T)
~Yi(7)
o (r(z
t {fr’(g(r(rmf(rh)) 2(2( )))m}
e [ smee
x e73sT x e72e(tfs)ds
<K < 0.
we obtain
< K3 1) g 6.
Y1 (1)
Hence,

“InYi() _InK 3e(t+T)

t t t



Lv and Wang Journal of Inequalities and Applications 2011, 2011:14
http://www.journalofinequalitiesandapplications.com/content/2011/1/14

Letting £ — oo, we have

lim inf —3¢ a.s.
t— 00

In () _
Lz

Since ¢ is arbitrary, we obtain

InY;(t
lim inf (1) >0 a.s.
t—00 t

as required.

Theorem 4.5. Under Assumption (H), for any initial value yo > 0, the solution y(t) to
(1.5) has the property

In y(t

lim ™70

t—00 t

=0a.s. (4.6)

Proof It follows from (4.5) and Lemma 4.4 that

Y 1
0 < lim inf nYi(o) < lim inf n)t/(t)

t—00 t t—o00

2(1)

In y(t
< lim sup n};()flim <0a.s.

t—00 t*)OO

Consequently,

|
lim n )t/(t)

t—00

=0a.s
The proof is complete.

4.2. Persistent in mean
As we know, the property of persistence is more desirable since it represents the long-
term survival to a population dynamics. Now, we present the definition of persistence
in mean proposed in Ji et al. [4] and [12].

Definition 4.6. System (1.5) is said to be persistent in mean, if

t
d
lim inf fo Xs)ds > im in L y(s)

t—00 t t—>00 t Ox(s)

Theorem 4.7. Assume the condition (H) hold. Then system (1.5) is persistent in mean.
Proof Define the function V = In x, by the generalized /t6 formula, we get

<ff(r(5))]
2

Inx(t) —Inx = /Ot la(r(s)) — ds — /tb(r(s))x(s)ds

L))
_/QMM+mumwu) ./“““9M&@)

Thus,

2(T(S))

/ b(r(s))x(s)ds = —Inx(t) + Inxo +/ [a(r(s)) — | ds

[ e
0 3(s) + m(r()y(s)

Dividing both sides by ¢, letting t — <o and by the strong law of large numbers and

/ o1(r(s))dB1(s).

Theorem 4.3, we obtain
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i BT i 1 gy - RO gy !

t—00 t t—>00 [

I c(r(s))y(s)
% x(s) +m(r(s))y(s)

Since the Markov chain r(-) is irreducible, then

fo b(T(S))x(S)dS N 2( i)

c(r(s))r(s)
Zlml () -

I- t;>n;> t Jo x(s) + m(r(s))y(S)d

[%OO

Therefore,

N . . t N
0= S lay 0 O g B 5y 20,
i=1

m(i) 2 T =
That is
t d N
im sup " < S a0 s
t—00 t b iz
and
t .
ds N 2
lim inf Jo x(5) > ! > mila(i) C(l,) _ (l)] 0as
t— 00 t E -1 m(l) 2

Moreover, define the function V = In y, using the generalized Iz formula, we have

t 0_2

Iny(t) —Inyp = —/0 [g(r(s)) + 2 (;(5)) 1 ds

- R IGONQ)
0

@iy , )

So, we have

[ b f(r(9)x(s)
0

o3 (1(s))
x(s) +m(r(s))y(s) 2

ds=Iny(t) —Iny +/0 [g(r(s)) + | ds

— [0 02(r(s))dB2 (s).

Dividing both sides by ¢, letting t — < and by the strong law of large numbers and

Theorem 4.5, we have

F(r(s))x(s)

.1
B 5 ) ey A ¢ 80+

300, 4
2

Note that the Markov chain r(-) is irreducible, then

fre) o30)
RS NCE 2’”[’5(” |

t%oo t
Obviously
SOEIMOENE) ;K1 FEEmENE)

=00 ¢ 70 x(s) +m(r(s))y(s) = t =00 ¢ 70 x(s) +m(r(s))y(s)
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Then,
U FOmEENE) o30)
B 0 e mirio) @5V O 780 =

And we can imply

lim inf(f,ﬁ)i/tzdp lim /f(r(S))m(r(S))Vd _me) —g(i)— 2()]
t—00 0

t—o0 t x+m(r(s))y =

where dropping s from x(s) and y(s). Hence

o (S)
lltrgéonf ; x(s)

LS ) — () )

fvll

So, the system is persistent in mean.

| >

4.3. Extinction

In Section 4.2, under the condition (H), we show that the system is persistent in mean.
To a large extent, (H) as the condition that stands for small environmental noises.
That is, small stochastic perturbation does not change the persistence of the system.

Here, we will consider that large noises may make the system extinct.
) 52
Theorem 4.7. Assume the condition 7 — 021 <0 f = 22 < 0 hold. Then system

(1.5) will become extinct exponentially with probability one.
Proof Define the function V = In x, by the generalized [t6 formula, we get

Inx(t) — Inx = /0 la(r(s) — "12(;(5))](15 - / b(r(s))x(0)ds

_ / Ce(r(9)y(s)

mnmmmg+/mwmmg

Thus,

ot (r(5))
2

Inx(t) — Inxo < [y [a(r(s)) — 1ds + [ 01(r(s))dB1(s).

By the strong law of large numbers of martingales, we have
1
lim fyo1(r(s))dB1(s) = 0 as.

Therefore,

t—>o00

N .
lim inf1 X 5 m/ la(r(s)) — af(;(s))]ds = gm[a(i) — 6122(1)] <0as.

On the other hand, by the generalized It6 formula, we derive

2(())

mﬂo—mm=iémmm Jds

o[ S

oﬂﬂ+mﬁmwuf“+ﬁ°ﬂ“ﬂﬂmay
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So

03 (r(s))

, lds+ o 32(7(5))dBa (s).

Iny(t) —Inyo < [5 [f(r(s)) — 8(r(s)) +
Applying the strong law of large numbers of martingales again, then

im ™1 <im0 - 09 + 20D
0

t
ot (i)

=Y mlf) - gty - 7L

| <0as.

The proof is complete.

5. Conclusions

Both the white and color noises are taken into account in our model in this article. It
tells us that when the intensities of environmental noises are not too big, some nice
properties such as non-explosion, boundedness, and permanence are desired. However,
Theorem 4.7 reveals that a large white noise will force the population to become
extinct while the population may be persistent under a relatively small noises.

Acknowledgements
This research is supported by the National Natural Science Foundation of P.R. China (No. 10701020)

Author details
'Department of Mathematics, Harbin Institute of Technology (Weihai), Weihai 264209, People’s Republic of China
?School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, People’s Republic of China

Authors’ contributions
JL and KW carried out the theoretical proof and drafted the manuscript. All authors read and approved the final
manuscript.

Competing interests
The authors declare that they have no competing interests.

Received: 21 October 2010 Accepted: 22 June 2011 Published: 22 June 2011

References

1. Arditi, R, Ginzburg, LR: Coupling in predator-prey dynamics: ratio-dependence. J Theor Biol. 139, 311-326 (1989).
doi:10.1016/50022-5193(89)80211-5

2. Maiti, A, Jana, MM, Samanta, GP: Deterministic and stochastic analysis of a ratio-dependent predator-prey system with
delay. Nonlinear Anal Model Control. 12, 383-398 (2007)

3. Guo, Z A stochastic models on predator-prey system of two species with ratio-dependence. Acta Sci Nat Univ
Sunyatseni. 49, 48-53 (2010)

4. Ji, G Jiang, D, Li, X: Qualitative analysis of a stochastic ratio-dependent predator-prey system. J Comput Appl Math. 235,
1326-1341 (2011). doi:10.1016/j.cam.2010.08.021

5. Luo, Q, Mao, X: Stochastic population dynamics under regime switching. J Math Anal Appl. 334, 69-84 (2007).
doi:10.1016/jjmaa.2006.12.032

6. Luo, Q Mao, X: Stochastic population dynamics under regime switching II. J Math Anal Appl. 355, 577-593 (2009).
doi:10.1016/jjmaa.2009.02.010

7. Mao, X, Yuan, C: Stochastic Differential Equations with Markovian Switching. Imperial College Press, London (2006)

8. Zhu, G Yin, G: On competitive Lotka-Volterra model in random environments. J Math Anal Appl. 357, 154-170 (2009).
doi:10.1016/}jmaa.2009.03.066

9. Zhu, G, Yin, G: On hybrid competitive Lotka-Volterra ecosystems. Nonlinear Anal. 71, e1370-e1379 (2009). doi:10.1016/j.
na.2009.01.166

10. Li, X, Jiang, D, Mao, X: Population dynamical behavior of Lotka-Volterra system under regime switching. J Comput Appl
Math. 232, 427-448 (2009). doi:10.1016/j.cam.2009.06.021

11, Mao, X, Marion, G, Renshaw, E: Environmental Brownian noise suppresses explosions in population dynamics. Stoch
Process Appl. 97, 95-110 (2002). doi:10.1016/50304-4149(01)00126-0

12. i, C, Jiang, D, Shi, N: Analysis of a predator-prey model with modified Leslie-Gower and Holling-type Il schemes with
stochastic perturbation. J Math Anal Appl. 359, 482-498 (2009). doi:10.1016/jjmaa.2009.05.039

doi:10.1186/1029-242X-2011-14
Cite this article as: Lv and Wang: A stochastic ratio-dependent predator-prey model under regime switching.
Journal of Inequalities and Applications 2011 2011:14.




	Abstract
	1. Introduction
	2. Stochastic differential equation under regime switching
	3. Positive, global and bounded solutions
	4. Asymptotic behavior
	4.1. Limit results
	4.2. Persistent in mean
	4.3. Extinction

	5. Conclusions
	Acknowledgements
	Author details
	Authors' contributions
	Competing interests
	References

