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Abstract

In this paper, we extend some old and give some new refinements of the Jensen-
Steffensen inequality. Further, we investigate the log-convexity and the exponential
convexity of functionals defined via these inequalities and prove monotonicity
property of the generalized Cauchy means obtained via these functionals. Finally, we
give several examples of the families of functions for which the results can be
applied.
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1. Introduction
One of the most important inequalities in mathematics and statistics is the Jensen
inequality (see [[1], p.43]).

Theorem 1.1. Let I be an interval in R and f: I — R be a convex function. Let n > 2,
X = (X1, oy x,) € I" and p = (py, ..., p) be a positive n-tuple, that is, such that p; >0 for
i=1,.,n Then

JC(P1 me) < Pl Y pif(x), 1)
"=l "=l

Where

k
Po=>p,k=1,...,n 2)
i=1
If f is strictly convex, then inequality (1) is strict unless x; = ... = X,,.

The condition “p is a positive n-tuple” can be replaced by “p is a non-negative n-
tuple and P, >0”. Note that the Jensen inequality (1) can be used as an alternative defi-
nition of convexity.

It is reasonable to ask whether the condition “p is a non-negative n-tuple” can be
relaxed at the expense of restricting x more severely. An answer to this question was
given by Steffensen [2] (see also [[1], p.57]).

Theorem 1.2. Let I be an interval in R and f: I — R be a convex function. If x = (xy,

s X,) € I" is a monotonic n-tuple and p = (py, ..., p,) a real n-tuple such that
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0<P, <P, k=1,...,n—1,P, >0, (3)

is satisfied, where Py are as in (2), then (1) holds. If f is strictly convex, then inequality
(1) is strict unless x, = ... = x,,.

Inequality (1) under conditions from Theorem 1.2 is called the Jensen-Steffensen
inequality. A refinement of the Jensen-Steffensen inequality was given in [3] (see also
[[1], p89).

Theorem 1.3. Let x and p be two real n-tuples such that a < x1 < ... < x,, < b and (3)
hold. Then for every convex function f: [a, b] - R

Fo(x1,...,%0) = Fnoa(X1, .. %p—1) = -+ = Fa(x1,%2) = F1(x1) =0 (4)
holds, where

Fk(xlr ce rxk) = Gk(xlt coe 1 Xy Pl: ‘e kafll f)k)l (5)

1 ¢ 1 o
Gr(x1, -+ X0 P1/ - PR) = P, Zpif(xi)_f(l)k Zpixi), (6)
-1

i=1

Py are as in (2) and
_ n
Pe=Ypik=1,...,n @)
ik

Note that the function G, defined in (6) is in fact the difference of the right-hand
and the left-hand side of the Jensen inequality (1).

In this paper, we present a new refinement of the Jensen-Steffensen inequality,
related to Theorem 1.3. Further, we investigate the log-convexity and the exponential
convexity of functionals defined as differences of the left-hand and the right-hand sides
of these inequalities. We also prove monotonicity property of the generalized Cauchy
means obtained via these functionals. Finally, we give several examples of the families
of functions for which the obtained results can be applied.

In what follows, I is an interval in R, P are as in (2) and P, are as in (7). Note that if
(3) is valid, since P, = P,, — Py, it follows that p, satisfy (3) as well.

2. New refinement of the Jensen-Steffensen inequality

The aim of this section is to give a new refinement of the Jensen-Steffensen inequality.

In the proof of this refinement, the following result is needed (see [[1], p.2]).
Proposition 2.1. If f is a convex function on an interval I and if %1 < y1, %5 < Y2, %1 =

X2, Y1 # Y2, then the following inequality is valid

f(x2) = f(x1) <f()’2)—f()’1).

X2 — X1 T Yy2—n

@)

If the function f is concave, the inequality reverses.

The main result states.

Theorem 2.2. Let x = (xy, ..., x,) € I" be a monotonic n-tuple and p = (p1, ..., p,) @
real n-tuple such that (3) holds. Then for a convex function f: I — R we have

Fn(xll . -,xn) > anl(le ce /xn) == _2(xn71/xn) > Pl(xn) =0, 9)
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where

Pk(xn—k+1rxn—k+2/~~~rxn) (10)
= Ck(xn7k+lrxn7k+2/ o Xy Prger 1 Prks2s - - ,Pn),

Gk(xn7k+17 R pnfk+1/ ey pn)

1 . 1 .
"B Z pif (xi) — f P, Z pixi

i=n—k+1 —h+1 i=n—hk+1

(11)

For a concave function f, the inequality signs in (9) reverse.
Proof. The claim is that for a convex function f,

Fr(%n—tee1s - %n) = Fpm1 (Xn—pes2, -+, Xn)
holds for every k = 2, ..., n. This inequality is equivalent to

Py g1

p (f(xn—k+2) - f(xn—k+1 ) < f(J_Cn—k+2) _f(icn—kﬂ)/ (12)

where

_ 1 “
Xn—h+l = P Py pi1Xn—ke1 + Z pixi
n i=n—k+2

If x is increasing then x,_p,1 < Xy—rs1, While if x is decreasing then x,_py1 > Xn—is1
for every k. Furthermore, without loss of generality, we can assume that x is strictly
monotonic and that 0 < Py < P, for k = 1, ..., n - 1. Now, applying (8) for a convex
function f when x is strictly increasing yields inequality

f(xn—k+2) _f(xn—k+1) < f(-’_cn—k+2) _f(g_cn—kﬂ)
Xn—k+2 — Xn—k+1 = Pugn
Py

’

(Xn—k+2 — Xn—ks+1)

while if x is strictly decreasing we get inequality

fGnrs2) = f(Fn-rn)  _ f(¥n—re2) = f(%n-te1)
Pn7k+1
Py

— ’
Xn— — Xp—
(Xn—k+2 — Xn—k+1) n—he2 nkel

both of which are equivalent to (12). If f is concave, the inequalities reverse. Thus,
the proof is complete. O

Remark 2.3. A slight extension of the proof of Theorem 1.3 in [3]shows that Theorem
1.3 remains valid if the n-tuple X is assumed to be monotonic instead of increasing. The

proof is in fact analogous to the proof of Theorem 2.2.
Let us observe inequalities (4) and (9). Motivated by them, we define two functionals

O1(x,p f) = Fe(x1,..., %) = Fj(x1,...,%), 1<j<k<n, (13)

CDZ(X/p/f) =Pk(xn—k+1/~~~/xn) _Pi(xn—j+1/~~~/xn)r 1 S] < kf n. (14)

where functions F; and F, are as in (5) and (10), respectively, x = (xy, ..., x,,) € I" is a
monotonic z-tuple and p = (py, ..., p,,) is a real n-tuple such that (3) holds. If function
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fis convex on I, then Theorems 1.3 and 2.2, joint with Remark 2.3, imply that ®,(x, p,
H20i=1,2

Now, we give mean value theorems for the functionals ®;, i = 1, 2.

Theorem 2.4. Let x = (xy, ..., x,) € [a, b]" be a monotonic n-tuple and p = (py, ..., Pn)
a real n-tuple such that (3) holds. Let fe C?[a, b] and ®, and ®, be linear functionals
defined as in (13) and (14). Then there exists £ € [a, b] such that

f(8)

) ®;(x,p.fo) i=1,2, (15)

®i(x,p,f) =

where fo(x) = X2

Proof. Analogous to the proof of Theorem 2.3 in [4]. O

Theorem 2.5. Let x = (x4, ..., x,) € [a, b]" be a monotonic n-tuple and p = (p1, ..., Pn)
a real n-tuple such that (3) holds. Let f, g € C?[a, b] be such that g“(x) = 0 for every x
€ la, b] and let ®, and ©, be linear functionals defined as in (13) and (14). If ®, and
@, are positive, then there exists & € [a, b] such that

®i(x,p.f) [ .
- Ji=1,2. 16
®i(x,pg) ¢ & (16)

Proof. Analogous to the proof of Theorem 2.4 in [4]. D
Remark 2.6. If the inverse of the function f*/g* exists, then (16) gives

f”)l (<I>i(xr pff)> ,

S=(,, si=1,2. (17)
8 ®i(x, p.g)

3. Log-convexity and exponential convexity of the Jensen-Steffensen
differences

We begin this section by recollecting definitions of properties which are going to be
explored here and also some useful characterizations of these properties (see [[5],
p.373]). Again, [ is an open interval in R.

Definition 1. A function h : [ — R is exponentially convex on I if it is continuous and
n
Zaiozjh(xi + xj) >0
ij=1

holds for every n e N, o; € R and x; such that x; + x;€ L i,j =1, .., n.
Proposition 3.1. Function h : I — R is exponentially convex if and only if h is contin-
uous and

n
Xi + Xj

ZO[,‘O[jh( i ]) >0

y 2

1,j=1
holds for everyne N, ;€ Rand x;€ L i=1, .., n

Xi + X\ 1"

Corollary 3.2. If h is exponentially convex, then the matrix [h( l ])] s a posi-

2 ij=1
tive semi-definite matrix. Particularly,

Xi + X\ 1"
det[h<12]>] >0 foreveryneN, x€l, i=1,...,n
ij=1
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Corollary 3.3. If h : I — (0, =) is an exponentially convex function, then h is a log-

convex function, that is, for every x, y € I and every A € [0, 1] we have
h(ix+ (1 = A)y) < K*(x)h' ().

Lemma 3.4. A function h : I — (0, ) is log-convex in the J-sense on I, that is, for

every x,y € 1,
X+y
h2< 2 ) <h@h(y)
holds if and only if the relation
o?h(x) + 2aph (77 ) + Bh(y) = 0

holds for every o, Be R and x,y e L
Definition 2. The second order divided difference of a function f: [a, b] > R at
mutually different points yo, y1, y2 € [a, b] is defined recursively by

[vif]=f (), i=0,1,2,

[yivieri f] = f(y;1) _i(m, i=0,1,
i+1 — Vi
[YO,}/l,Vz;f] _ [YII}Q;f] - [YO/ }’1}f]. (18)
V2 = Yo

Remark 3.5. The value [y, y1, y2; f] is independent of the order of the points y,, y1
and y,. This definition may be extended to include the case in which some or all the
points coincide (see [[1], p.16]). Namely, taking the limit y; — yo in (18), we get

ylirr; o visyaif1 = [Yor oo yai f] = f(r2) = f(o) —f/()’;))(yz - }’0)1
1—>Yo (Vz - )’0)

Y2 # Yo,
provided that [ exists, and furthermore, taking the limits y; — yo, i = 1, 2, in (18), we
get
"
lim 1im [yo, y1, y2; f] = [yo. Yo, yoi f] = f (2)/0)

Y2=>Yo Y1~ Yo

provided that f' exists.

Next, we study the log-convexity and the exponential convexity of functionals ®; (i =
1, 2) defined in (13) and (14).

Theorem 3.6. Let Y = {f, : s € I} be a family of functions defined on |a, b] such that
the function s = [y, y1, Y25 fs] is log-convex in J-sense on I for every three mutually dif-
ferent points yo, y1, ¥2 € la, b]. Let ®; (i = 1, 2) be linear functionals defined as in (13)
and (14). Further, assume ®x, p, f;) > 0 (i = 1, 2) for f; € Y. Then the following state-
ments hold.

(i) The function s » ®/(x, p, f;) is log-convex in J-sense on 1.
(ii) If the function s » ®(x, p, f;) is continuous on I, then it is log-convex on I.
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(iii) If the function s » ®,(x, p, f;) is differentiable on I, then for every s, q, u, ve I
such that s < u and q < v, we have

Psq(X @i, ) < pup(x, @3, Y)  (i=1,2) (19)

where

(i)

4®i(x,p.fi)
i(x, p, fs)

Ms,q(xr q)ir E) = (20)

’

and Z is the family functions f; belong to.
Proof. (i) For o, f € R and s, ¢ € I, we define a function

8(r) = ?f(y) + 206/3fs;q ) + B f(v)-

Applying Lemma 3.4 for the function s ~ [y, y1, ¥2; f;] which is log-convex in J-sense
on I by assumption, yields that

[Yo, ¥1.v2: 8] = & [yo, 1, v2i fs] + 208[yo, yhyz:fs;a] + B [Yo, 1, v2: fq] = 0

which in turn implies that g is a convex function on [ and therefore we have ®,(x, p,
g) 20 (i =1, 2). Hence,

a2d>i(x, P fi) + 2a8Di(X, p, fs+q ) + ,82C1>i(x, p.fq) = 0.
2

Now using Lemma 3.4 again, we conclude that the function s » ®;(x, p, f;) is log-
convex in J-sense on 1.

(ii) If the function s » @,(x, p, f;) is in addition continuous, from (i) it follows that it
is then log-convex on L

(iii) Since by (ii) the function s » @ (x, p, f;) is log-convex on I, that is, the function s
~ log ®,(x, p, f;) is convex on I, applying (8) we get

log ®i(x, p. fs) — log ®i(x, p.f) _ log ®i(x, p.fu) — log ®i(x p, /)
s—q N u—v

(21)

fors<u,qg<v,s=#gq,u=v, and therefore conclude that

ﬂs,q(xr ®;, T) = ,U«u/v(xz d;, T), i=1,2.

If s = g, we consider the limit when ¢ — s in (21) and conclude that
,LLS,S(XI d)il T) =< Mu,]/(xl q)i/ T)/ i= 1/ 2.

The case u# = v can be treated similarly. D

Theorem 3.7. Let Q = {f; : s € I} be a family of functions defined on [a, b] such that
the function s = (Yo, ¥1, ¥2; f5] is exponentially convex on I for every three mutually dif-
ferent points yo, y1, ¥2 € la, b]. Let ©{i = 1, 2) be linear functionals defined as in (13)
and (14). Then the following statements hold.
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(i) If ne N and sy, ..., s, € I are arbitrary, then the matrix

n

q)i X, prfS] + Sk
2 jk=1

is a positive semi-definite matrix for i = 1, 2. Particularly,

n

det | @; | x,p, fsj + s, > 0. (22)
2 jik=1

(ii) If the function s » ®(x, p, f;) is continuous on I, then it is also exponentially
convex function on I.

(iil) If the function s » (X, p, f;) is positive and differentiable on I, then for every s,
q, u, ve Isuch that s < u and q < v, we have

g (%, i, Q) < puy(x, &1, Q) (i = 1,2) (23)

where ps, ,(x, D;, Q) is defined in (20).
Proof. (i) Let ;€ R (j = 1, ..., n) and consider the function
n
8() = D ajeufy(y)

jk=1

+ 5

S
for n e N, where sj, = / )85 € I,lsj,kSnandfsjkGQ.Then

n
[vo, v1,v2:8] = Y eyere [yo, v1, v2i ]
jle=1

and since [yo, Y1, V2 fs,k] is exponentially convex by assumption it follows that

n
[vo.y1,72:8] = D ejene [yo, v, v2ifyu ] = 0
ik=1
and so we conclude that g is a convex function. Now we have

®; (x,p,g) > 0,

which is equivalent to

n
> aj®i(x,p,fy) =0,i=1,2,
jik=1
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which in turn shows that the matrix [CDi (X, p,fs]-k)];lkzl is positive semi-definite, so

(22) is immediate.

(ii) If the function s » @,(x, p, f;) is continuous on I, then from (i) and Proposition
3.1 it follows that it is exponentially convex on 1.

(iii) If the function s » @,(x, p, f;) is differentiable on I, then from (ii) it follows that
it is exponentially convex on /. If this function is in addition positive, then Corollary
3.3 implies that it is log-convex, so the statement follows from Theorem 3.6 (iii). O

Remark 3.8. Note that the results from Theorem 3.6 still hold when two of the points
Yo Y1, Y2 € la, b] coincide, say y, = yo, for a family of differentiable functions f; such
that the function s ~ (Yo, y1, Y2 f;] is log-convex in J-sense on I, and furthermore, they
still hold when all three points coincide for a family of twice differentiable functions
with the same property. The proofs are obtained by recalling Remark 3.5 and taking the
appropriate limits. The same is valid for the results from Theorem 3.7.

Remark 3.9. Related results for the original Jensen-Steffensen inequality regarding
exponential convexity, which are a special case of Theorem 3.7, were given in [6].

4. Examples
In this section, we present several families of functions which fulfil the conditions of
Theorem 3.7 (and Remark 3.8) and so the results of this theorem can be applied for
them.

Example 4.1. Consider a family of functions

Q ={g:R—[0,00):5€R}

defined by
1
,€%, 570,
g(x) = S1
x%, s=0.
2

We have f;gs(x) = ¢ > Owhich shows that g, is convex on R for every s| R and
s> ﬂ;i;zgs(x)is exponentially convex by Example 1 given in Jakseti¢ and Pecari¢ (sub-
mitted). From JaksSeti¢ and Pecari¢ (submitted), we then also have that s ~ [yo, y1, Y23

gl is exponentially convex.
For this family of functions, us 4x, @, E) (i = 1, 2) from (20) become

1
<I>1~(X,p,g5) sfq
(fbx-(xrp,gq)) ! s74,
a0 @ 21) = 1 exp (5P - 2) 5= q 70,
<I>1‘ . ,‘d~
exp 3;’;(5,;;0;) . s=q=0.

Example 4.2. Consider a family of functions
Q; ={f;: (0,00) > R:seR}
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defined by

x
s(s—1)7 S 7!0’ 1,
fs(x) = { —logx, s =0,
xlogx, s=1.

Here, LZ;fs(x) =x"2 = eb-2Inx 5 0 which shows that f, is convex for x > 0 and
s> j;fs(x)is exponentially convex by Example 1 given in Jakseti¢ and Pecari¢ (sub-
mitted). From Jakseti¢ and Pecari¢ (submitted), we have that s — [yo, ¥1, ¥2; fs] is expo-

nentially convex.
In this case, ps, /X, ©;, Z) (i = 1, 2) defined in (20) for x; > 0 (j = 1, ..., n) are

1
®i(x,p.fs) \s—q
(@(x,p,fq)) / s74,
1-2 @i(x,p.fifo) _
exp (s(s—f) = oep s ) $=470.1,

i(xp.f7) ==
exp (1 - 2<I>f(errfu)) ! $=q=0

&i(xpfofh) o
exp (_1 - z¢i(§p?ff)>' s=q=1

:u“S,q(Xl d)il S22) =

If ®; is positive, then Theorem 2.5 applied for f = f; € Qy and g = f € Q, yields that

: € [ min x;, max x;
there exists § [15i5n i 102X il such that

_ ®ix,p.f)

s—q _ '
= o fy)

Since the function & — &1 is invertible for s = q, we then have

< max x; = max{xy, X,}, (24)
1<i<n

(onr)”

min{x;, x,} = min x; <
1<i<

which together with the fact that y,, ,(x, ©;, Q) is continuous, symmetric and mono-
tonous (by (23)), shows that s, ,(x, ®;, Q) is a mean.
Now, by substitutions x; — xi, s = 1,4 — ’Z(t #0,s & q)from (24) we get

IA

(@wmﬁmy%

min{x}, x}} = min «f <
" FT @i P fae)

t t 4t
‘ max x; = max{xy, x,},
1<i<n 1<i<n

where X' = (x%,...,xt).
We define a new mean (for i = 1, 2) as follows:
1/t

t, @, Q ,t+0,
Mgt (X, @i, Q2) = (/‘;,‘Z (x', @5, 2,) + 05
wsq(logx, i, Q1), t=0.

These new means are also monotonous. More precisely, for s, g, u, v.e R such that s <

u, q<v,s=u q=v, we have

Ms,q;t(xz D, QZ) < Mu,v;t(xr d;, Q?_) (l =1, 2) (26)
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We know that

¢
q)i(xlr P/fs/z) d)i(xl, P/fu/z)) u—v
®i(x", p, fqrr) i(x, p, fure) ’

for's, q, u, v e Isuch that s/t < u/t, q/t < v/t and t = 0, since p,, 4(x, D;, Q) are
monotonous in both parameters, so the claim follows. For t = 0, we obtain the required
result by taking the limit t — 0.

Example 4.3. Consider a family of functions

t
s—q
ws q(x', ®i, Q) = ( ) <puv(x,d;, Q)= (
t't t't

Q3 = {hs : (0,00) = (0,00) : 5 € (0,00)}

defined by
s
he(x) = | s s#1,
5,s=1

Exponential convexity of s dd; hs(x) = s™on (0,00) is given by Example 2 in Jakseti¢
and Pecari¢ (submitted).
s, o(x @y, B) (i = 1, 2) defined in (20) in this case for x; >0 (j = 1, ..., n) are
1
(i) ™ s
1sg(% @i Q3) = | exp (_ Pi(xpidh) 2 >,S —q+41,

sP;(x,p,hs) slns

_2®(x,pid-h ))
’7

exp( 301 (xp/hn) s=q=1.

Example 4.4. Consider a family of functions
Q= {ks: (0,00) = (0,00) :s € (0,00)}
defined by

—x\/s
k(x) = ¢

Exponential convexity of s — sz L ks(x) = eSon (0, =) is given by Example 3 in Jakse-
ti¢ and Pecarié¢ (submitted).
In this case, ps, 4%, ©;, ) (i = 1, 2) defined in (20) for x; >0 (j = 1, ..., n) are

1

cbi(xrprks) s—q
,U,S,q(X, b;, 94) = (@i(x,p,kq)> ! $74.

i pidk) 1 _
€xp <_ 2/s0i(xpk) 5) $=4.
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