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Abstract

As is well known, there exist non-locally convex spaces with trivial dual and therefore
the usual duality theory is invalid for this kind of spaces. In this article, for a
topological vector space X, we study the family of continuous demi-linear functionals
on X, which is called the demi-linear dual space of X. To be more precise, the spaces
with non-trivial demi-linear dual (for which the usual dual may be trivial) are
discussed and then many results on the usual duality theory are extended for the
demi-linear duality. Especially, a version of Alaoglu-Bourbaki theorem for the demi-
linear dual is established.
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1 Introduction
Let � ∈ {�,�} and X be a locally convex space over � with the dual X’. There is a

beautiful duality theory for the pair (X, X’) (see [[1], Chapter 8]). However, it is possi-

ble that X’ = {0} even for some Fréchet spaces such as Lp(0, 1) for 0 <p < 1. Then the

usual duality theory would be useless and hence every reasonable extension of X’ will

be interesting.

Recently, Lγ ,U(X,Y) , the family of demi-linear mappings between topological vector

spaces X and Y is firstly introduced in [2]. Lγ ,U(X,Y) is a meaningful extension of the

family of linear operators. The authors have established the equicontinuity theorem,

the uniform boundedness principle and the Banach-Steinhaus closure theorem for the

extension Lγ ,U(X,Y) . Especially, for demi-linear functionals on the spaces of test func-

tions, Ronglu Li et al have established a theory which is a natural generalization of the

usual theory of distributions in their unpublished paper “Li, R, Chung, J, Kim, D:

Demi-distributions, submitted”.

Let X,Y be topological vector spaces over the scalar field � and N (X) the family of

neighborhoods of 0 Î X. Let

C(0) =
{
γ ∈ �

� : lim
t→0

γ (t) = γ (0) = 0, | γ (t) |≥| t | if | t |≤ 1
}
.

Definition 1.1 [2, Definition 2.1] A mapping f: X ® Y is said to be demi-linear if f(0)

= 0 and there exists g Î C(0) and U ∈ N (X) such that every x Î X, u Î U and

t ∈ {t ∈ � :| t |≤ 1} yield r, s ∈ � for which |r - 1| ≤ | g (t) |, |s| ≤ | g (t)| and f(x + tu)

= rf(x) + sf(u).
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We denote by Lγ ,U(X,Y) the family of demi-linear mappings related to g Î C(0)

and U ∈ N (X) , and by Kγ ,U(X,Y) the subfamily of Lγ ,U(X,Y) satisfying the follow-

ing property: if x Î X, u Î U and |t| ≤ 1, then f(x + tu) = rf(x) + sf(u) for some s with |

s| ≤ | g (t)|. Let

X(γ ,U) =
{
f ∈ Lγ ,U(X,�) : f is continuous

}
,

which is called the demi-linear dual space of X. Obviously, X’ ⊂ X(g, U).

In this article, first we discuss the spaces with non-trivial demi-linear dual, of which

the usual dual may be trivial. Second we obtain a list of conclusions on the demi-linear

dual pair (X, X(g, U)). Especially, the Alaoglu-Bourbaki theorem for the pair (X, X(g, U))

is established. We will see that many results in the usual duality theory of (X, X’) can

be extended to (X, X(g, U)).

Before we start, some existing conclusions about Lγ ,U(X,Y) are given as follows. In

general, Lγ ,U(X,Y) is a large extension of L(X, Y). For instance, if ||·||: X ® [0, +∞) is

a norm, then ‖ · ‖ ∈ Lγ ,X(X,�) for every g Î C(0). Moreover, we have the following

Proposition 1.2 ([2, Theorem 2.1]) Let X be a non-trivial normed space, C > 1, δ > 0

and U ={u Î X : ||u|| ≤ δ}, g(t) = Ct for t ∈ � . If Y is non-trivial, i.e.,Y ≠{0}, then the

family of nonlinear mappings in Lγ ,U(X,Y) is uncountable, and every non-zero linear

operator T : X ® Y produces uncountably many of nonlinear mappings in Lγ ,U(X,Y) .

Definition 1.3 A family Г ⊂ YX is said to be equicontinuous at x Î X if for every

W ∈ N (Y) , there exists V ∈ N (X) such that f(x + V) ⊂ f(x) + W for all f Î Г, and Г

is equicontinuous on X or, simply, equicontinuous if Г is equicontinuous at each x Î X.

As usual, Г ⊂ YX is said to be pointwise bounded on X if {f(x): f Î Г} is bounded at

each x Î X, and f : X ® Y is said to be bounded if f(B) is bounded for every bounded

B ⊂ X.

The following results are substantial improvements of the equicontinuity theorem

and the uniform boundedness principle in linear analysis.

Theorem 1.4 ([2, Theorem 3.1]) If X is of second category and � ⊂ Lγ ,U(X,Y) is a

pointwise bounded family of continuous demi-linear mappings, then Г is equicontinuous

on X.

Theorem 1.5 ([2, Theorem 3.3]) If x is of second category and � ⊂ Lγ ,U(X,Y) is a

pointwise bounded family of continuous demi-linear mappings, then Г is uniformly

bounded on each bounded subset of X, i.e.,{f(x): f Î Г, x Î B} is bounded for each

bounded B ⊂ X.

If, in addition, X is metrizable, then the continuity of f Î Г can be replaced by bound-

edness of f Î Г.

2 Spaces with non-trivial demi-linear dual

Lemma 2.1 Let f ∈ Lγ ,U(X,�) . For each x Î X, u Î U and |t| ≤ 1, we have

| f (tu) |≤| γ (t) || f (u) |; (1)

| f (x + tu) − f (x) |≤| γ (t) | (| f (x) | + | f (u) |). (2)
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Proof. Since f ∈ Lγ ,U(X,�) , for each x Î X, u Î U and |t| ≤ 1, we have f(x + tu) = rf

(x) + sf(u) where |r - 1| ≤ |g(t)| and |s| ≤ |g(t)|. Then

| f (x + tu) − f (x) |=| (r − 1)f (x) + sf (u) |≤| r − 1 || f (x) | + | s || f (u) |≤| γ (t) | (| f (x) | + | f (u) |),

which implies (2). Then (1) holds by letting x = 0 in (2).

Theorem 2.2 Let X be a topological vector space and f : X ® [0, +∞) a function

satisfying

(∗) f (0) = 0, f (−x) = f (x) and f (x + y) ≤ f (x) + f (y) whenever x, y ∈ X.

Then, for every g Î C(0) and U ∈ N (X) , the following (I), (II), and (III) are equiva-

lent:

(I) f ∈ Lγ ,U(X,�) ;

(II) f(tu) ≤ |g(t)|f(u) whenever u Î U and |t| ≤ 1;

(III) f ∈ Kγ ,U(X,�) .

Proof. (I) ⇒ (II). By Lemma 2.1.

(II) ⇒ (III). Let x Î X, u Î U and |t| ≤ 1. Then

f (x)− | γ (t) | f (u) ≤ f (x) − f (tu) ≤ f (x + tu) ≤ f (x) + f (tu) ≤ f (x)+ | γ (t) | f (u).

Define � : [-|g(t)|, |g(t)|] ® ℝ by �(a) = f(x) + af(u). Then � is continuous and

ϕ(− | γ (t) |) = f (x)− | γ (t) | f (u) ≤ f (x + tu) ≤ f (x)+ | γ (t) | f (u) = ϕ(| γ (t) |).

So there is s Î[-|g(t)|, |g(t)|] such that f(x + tu) = g(s) = f(x) + sf(u).

(III) ⇒ (I). Kγ ,U(X,�) ⊂ Lγ ,U(X,�) .

In the following Theorem 2.2, we want to know whether a paranorm on a topologi-

cal vector space X is in Kγ ,U(X,�) for some g and U. However, the following example

shows that this is invalid.

Example 2.3 Let ω be the space of all sequences with the paranorm||·||:

‖ x ‖ =
∞∑
j=1

1
2j

| xj |
1 + | xj | ,∀x = (xj) ∈ ω.

Then, for every g Î C(0) and Uε = {u = (uj): ||u|| < ε}, we have ‖ · ‖ /∈ Lγ ,U(ω,�) .

Otherwise, there exists g Î C(0) and ε > 0 such that ‖ · ‖ /∈ Lγ ,U(ω,�)and hence

‖ 1
n
u ‖≤| γ (

1
n
) |‖ u ‖, for all u ∈ Uε and n ∈ �

by Theorem 2.2. Pick N Î N with 1
2N < ε . Let un = (0, · · · , 0, (N)

n , 0, · · · ) , ∀n Î N.

Then ‖ un ‖= 1
2N

n
1+n < 1

2N < ε implies un Î Uε for each N Î N. It follows from

| γ (
1
n
) |≥ ‖ 1

nun ‖
‖ un ‖ = (

1
2N

1
1 + 1

)/(
1
2N

n

1 + n
) =

1
2
1 + n

n
>

1
2
,∀n ∈ �,

that γ ( 1n) � 0as n ® ∞, which contradicts g Î C(0).
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Note that the space ω in Example 2.3 has a Schauder basis. The following corollary

shows that the set of nonlinear demi-linear continuous functionals on a Hausdorff

topological vector space with a Schauder basis has an uncountable cardinality.

Corollary 2.4 Let X be a Hausdorff topological vector space with a Schauder basis.

Then for every g Î C(0) and U ∈ N (X) , the demi-linear dual

X(γ ,U) =
{
f ∈ Lγ ,U(X,R) : f is continuous

}
is uncountable.

Proof. Let {bk} be a Schauder basis of X. There is a family P of non-zero paranorms

on X such that the vector topology on X is just sP, i.e., xa ® x in X if and only if ||xa
- x|| ® 0 for each ||·|| Î P ([[1], p.55]).

Pick ||·|| Î P. Then ‖ ∑∞
k=1 skbk ‖�= 0 for some

∑∞
k=1 skbk ∈ X and hence

‖ sk0bk0 ‖�= 0 for some k0 Î N. For non-zero c ∈ �, define fc : X ® [0, +∞) by

fc(
∞∑
k=1

rkbk) =| crk0 |‖ sk0bk0 ‖ .

Obviously, fc is continuous and satisfies the condition (*) in Theorem 2.2. Let g Î C

(0),
∑∞

k=1 rkbk ∈ X and |t| ≤ 1. Then

fc(t
∞∑
k=1

rkbk) =| ctrk0 |‖ sk0bk0 ‖=| t || crk0 |‖ sk0bk0 ‖=| t | fc(
∞∑
k=1

rkbk) ≤| γ (t) | fc(
∞∑
k=1

rkbk)

and hence fc ∈ Kγ ,U(X,�) ⊂ Lγ ,U(X,�) for all U ∈ N (X) by Theorem 2.2. Thus,{
fc : 0 �= c ∈ �

} ⊂ X(γ ,U) for all g Î C(0) and U ∈ N (X) .

Example 2.5 As in Example 2.3, the space (ω, ||·||) is a Hausdorff topological vector

space with the Schauder base

{
en = (0, · · · , 0, (n)1 , 0, · · · ) : n ∈ �

}
. Define fc,n : ω ® ℝ

with fc,n(u) = |cun| where u = (uj) Î ω. Then we have{
fc,n : 0 �= c ∈ �,n ∈ �} ⊂ ω(γ ,U) =

{
f ∈ Lγ ,U(ω,�) : f is continuous

}
for every g Î C(0) and U ∈ N (ω)by Corollary 2.4.

Recall that a p-seminorm ||·|| (0 <p ≤ 1) on a vector space E is characterized by ||x||

≥ 0, ||tx|| = |t|p ||x|| and ||x + y|| ≤ ||x|| + ||y|| for all t ∈ � and x, y Î E. If, in addi-

tion, ||x|| = 0 implies x = 0, then, ||·|| is called a p-norm on E.

Definition 2.6 ([[3], p. 11][[4], Sec. 2]) A topological vector space X is semiconvex if

and only if there is a family {pa} of (continuous) ka-seminorms (0 <ka ≤ 1) such that

the sets {x Î X : pa(x) < 1} form a neighborhood basis at 0, that is,{{
x : pα(x) <

1
n

}
: pα ∈ P,n ∈ N

}

is a base of N (X) , where P is the family of all continuous p-seminorms with

0 <p ≤ 1.

A topological vector space X is locally bounded if and only if its topology is given by

a p-norm (0 <p ≤ 1) ([[5], §15, Sec. 10]).

Clearly, locally bounded spaces and locally convex spaces are both semiconvex.
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Corollary 2.7 Let X be a semiconvex Hausdorff topological vector space and p0 a con-

tinuous k0-seminorm (0 <k0 ≤ 1) on X. Then for U0 = {x ∈ X : p0(x) ≤ 1} ∈ N (X) and

γ (·) = e | · | k0 ∈ �
�, the demi-linear dual

X(γ ,U0) =
{
f ∈ Lγ ,U0 (X,�) : f is continuous

}
is uncountable. Especially,

{
p0(·), sin(p0(·)), ep0(·) − 1

} ⊂ X(γ ,U0) .

Proof. Let P be the family of all continuous ka-seminorms with 0 <ka ≤ 1. Obviously,

the functionals in P satisfy the condition (*) in Theorem 2.2. Moreover, for each pa Î
P with ka ≥ k0, we have

cpα(tx) = c | t|kαpα(x) ≤ c | t|k0pα(x) ≤ | γ (t) | cpα(x), for all x ∈ X, | t |≤ 1 and c ∈ �,

and hence {cpα : c ∈ �, kα ≥ k0} ⊂ X(γ ,U0) by Theorem 2.2.

Define f : X ® ℝ by f(x) = sin(p0(x)), ∀x Î X. For each x Î X, u Î U0 and |t| ≤ 1,

there exists s ∈ [− | t|k0 , | t|k0 ] and θ Î [0,1] such that

sin(p0(x + tu)) = sin(p0(x) + sp0(u)) = sin(p0(x)) + cos(p0(x) + θ sp0(u))sp0(u),

i.e.,

f (x + tu) = f (x) + cos(p0(x) + θ sp0(u))
p0(u)

sin(p0(u))
sf (u),

where

| cos(p0(x) + θ sp0(u))
p0(u)

sin(p0(u))
s |≤ π

2
| t|k0 ≤ e | t|k0 = | γ (t) |,

which implies that f (·) = sin(p0(·)) ∈ X(γ ,U0).

Define g : X ® ℝ by g(x) = ep0(x) − 1 , ∀x ÎX. For each x Î X, u Î U0 and |t| ≤ 1,

there exists s ∈ [− | t|k0 , | t|k0 ] such that

ep0(x+tu) − 1 = ep0(x)+sp0(u) − 1 = esp0(u)(ep0(x) − 1) +
esp0(u) − 1
ep0(x) − 1

(ep0(x) − 1),

i.e.,

g(x + tu) = esp0(u)g(x) +
esp0(u) − 1
ep0(x) − 1

g(u).

Then, there exists θ,h Î [0,1] for which

| esp0(u) − 1 |=| eθ sp0(u)sp0(u) |≤ e | s |≤ e| t |k0 =| γ (t) |

and

| e
sp0(u) − 1
ep0(x) − 1

|=| e
θ sp0(u)sp0(u)
eηp0(u)p0(u)

|≤ eθ sp0(u) | s |≤ e | s |≤ e| t |k0 =| γ (t) | .

Thus, g(·) = ep0(·) − 1 ∈ X(γ ,U0) .
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Example 2.8 For 0 <p < 1, let Lp(0,1) be the space of equivalence classes of measur-

able functions on [0,1], with

‖ f ‖=
∫ 1

0
| f (t) |pdt < ∞.

Then (Lp(0,1), ||·||)’ = {0} ([[1], p.25]). However, Lp(0,1) is locally bounded and hence

semiconvex. By Corollary 2.7, if U0 = {f : ||f|| ≤ 1} and g(·) = e|·|p Î C(0), then the

demi-linear dual (Lp(0, 1), ‖ · ‖)(γ ,U0) contains various non-zero functionals.

A conjecture is that each topological vector space has a nontrivial demi-linear dual

space. However, this is invalid, even for separable Fréchet space.

Example 2.9 Let M(0, 1) be the space of equivalence classes of measurable functions

on [0,1], with

‖ f ‖ =
∫ 1

0

| f (t) |
1+ | f (t) | dt.

Then M(0, 1) is a separable Fréchet space with trivial dual. In fact, the demi-linear

dual space of M(0, 1) is also trivial, that is,

(M(0, 1), ‖ · ‖)(γ ,U) = {0} for each γ ∈ C(0) and U ∈ N (M(0, 1)).

Let u ∈ (M(0, 1), ‖ · ‖)(γ ,U) . Let N Î N be such that
∥∥fk∥∥ ≤ 1

N
implies f Î U and |u

(f)| < 1. Given f ∈ M(0, 1) , write f =
∑N

k=1 fkwhere fk = 0 off [ k−1
N , k

N ] . Then

u(f ) = u(
N∑
k=1

fk) = u(
N−1∑
k=1

fk + fN)

= rNu(
N−1∑
k=1

fk) + sNu(fN)

= rNrN−1u(
N−2∑
k=1

fk) + rNsN−1u(fN−1) + sNu(fN)

= · · ·
= rN · · · r3r2u(f1) + rN · · · r3s2u(f2) + · · ·

+rNsN−1u(fN−1) + sNu(fN),

so

u(f ) = u(
N∑
k=1

fk) = u(
N−1∑
k=1

fk + fN)

= rNu(
N−1∑
k=1

fk) + sNu(fN)

= rNrN−1u(
N−2∑
k=1

fk) + rNsN−1u(fN−1) + sNu(fN)

= · · ·
= rN · · · r3r2u(f1) + rN · · · r3s2u(f2) + · · ·

+rNsN−1u(fN−1) + sNu(fN),

(3)

Li et al. Journal of Inequalities and Applications 2011, 2011:128
http://www.journalofinequalitiesandapplications.com/content/2011/1/128

Page 6 of 15



where |ri - 1| ≤ |g(1)| and |si| ≤ |g(1)| for 2 ≤ I ≤ N. Then

| u(f ) | ≤ (1+ | γ (1) |)N−1 | u(f1) | +(1+ | γ (1) |)N−2 | γ (1) | | u(f2) | + · ··
+(1+ | γ (1) |) | γ (1) | | u(fN−1) | + | γ (1) | | u(fN) | (4)

≤ (1 + | γ (1) |)N−1 + (1+ | γ (1) |)N−2 | γ (1) | + · ··
+(1 + | γ (1) |) | γ (1) | + | γ (1) | (5)

= 2(1+ | γ (1) | )N−1 − 1. (6)

So supf∈M(0,1) | u(f ) | < +∞ . Since ‖ nfk ‖ ≤ 1
N for each n Î N and 1 ≤ k ≤ N, we

have {nfk : n Î N, k Î N} ⊂ U. Then by Lemma 2.1,

| u(fk) | =| u(1
n
(nfk)) |≤| γ (

1
n
) || u(nfk) |≤| γ (

1
n
) | sup

f∈M(0,1)
| u(f ) | (7)

holds for all n Î N and 1 ≤ k ≤ N. Letting n ® ∞, (7) implies u(fk) = 0 for 1 ≤ k ≤ N.

Hence, |u(f)| = 0 by (4). Thus, u = 0.

3 Conclusions on the demi-linear dual pair (X, X(g,U))
Henceforth, X and Y are topological vector spaces over � , N (X) is the family of

neighborhoods of 0 Î X, and X(g,U) is the family of continuous demi-linear functionals

in Lγ ,U(X,�) . Recall that for usual dual pair (X, X’) and A ⊂ X, the polar of A, written

as A°, is given by

A◦ = {f ∈ X′ : | f (x) | ≤ 1,∀x ∈ A}.

In this article, for the demi-linear dual pair (X, X(g,U)) and A ⊂ X, we denote the

polar of A by A•, which is given by

A• =
{
f ∈ X(γ ,U) : | f (x) | ≤ 1,∀x ∈ A

}
.

Similarly, for S ⊂ X(g,U),

S• = {x ∈ X : | f (x) | ≤ 1,∀f ∈ S}.

Lemma 3.1. Let f ∈ Lγ ,U(X,Y) . For every u Î U and n Î N,

f (nu) = αf (u),where | α | ≤ 2(1+ | γ (1) | )n−1 − 1.

Proof. It is similar to the proof of (3)-(6) in Example 2.9.

Lemma 3.2. Let S ⊂ X(g,U). If S is equicontinuous at 0 Î X, then, S• ∈ N (X) and sup

fÎS,xÎB |f(x)| < +∞ for every bounded B ⊂ X.

Proof. Assume that S is equicontinuous at 0 Î X. There is U ∈ N (X) such that |f(x)|

< 1 for all f Î S and x Î V. Then V ⊂ S• and hence S• ∈ N (X) .

Let B ⊂ X be bounded. Since S• ∩ U ∈ N (X) , we have 1
mB ⊂ S• ∩ U for some m Î

N. Then for each f Î S and x Î B,

| f (x) | =| f (m x
m
) |= | α || f ( x

m
) |≤ | α | ≤ 2(1 + | γ (1) | )m−1 − 1
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by Lemma 3.1. Hence, sup fÎS,xÎB |f(x)| ≤ 2(1 + |g(1)|)m-1- 1 < +∞.

Lemma 3.3. Let S ⊂ X(g,U). Then S is equicontinuous on X if and only if S is equicon-

tinuous at 0 Î X.

Proof. Assume that S is equicontinuous at 0 Î X. There is W ∈ N (X) such that |f

(ω)| < 1 for all f Î S and ω Î W.

Let x Î X and ε > 0. By Lemma 3.2, sup f ÎS |f(x)| = M < +∞. Observing limt ®0g(t)

= 0, pick δ Î (0, 1) such that | γ ( δ
2 ) |< ε

2(M+1). By Lemma 2.1, for f Î S and

u = δ
2u0 ∈ δ

2(W ∩ U) , we have

| f (x+u)−f (x) | =| f (x + δ

2
u0) − f (x) |≤| γ (

δ

2
) | (| f (x) | + | f (u0) |) <

ε

2(M + 1)
(M+1) < ε.

Thus, f [x + δ
2(W +U)] ⊂ f (x) + {z ∈ � : | z | < ε} for all f Î S, i.e., S is equicontinu-

ous at x.

Theorem 3.4. Let S ⊂ X(g,U). Then S is equicontinuous on X if and only if S• ∈ N (X) .

Proof. If S is equicontinuous, then S• ∈ N (X) by Lemma 3.2.

Assume that S• ∈ N (X) and ε > 0. Since limt®0g(t) = g(0) = 0, there is δ > 0 such

that |g(t)| <ε whenever |t| <δ. For f Î S and x = δ
2x0 ∈ δ

2(S
• ∩ U) , we have |f(x0)| ≤ 1

and | f (x) | =| f ( δ
2x0) |≤| γ ( δ

2) || f (x0) | < ε by Lemma 2.1. Thus,

f [ δ
2(S

• ∩ U)] ⊂ {z ∈ � : | z | < ε} for all f Î S, i.e., S is equicontinuous at 0 Î X. By

Lemma 3.3, S is equicontinuous on X.

The following simple fact should be helpful for further discussions.

Example 3.5. Let (Lp(0, 1), ||·||) be as in Example 2.8, U = {f : ||f || ≤ 1} and g(t) = e

|t|p for t ∈ � . Then (Lp(0, 1), ||·||)(g,U) contains non-zero continuous functionals such as

||·||, sin ||·||, e||·|| - 1, etc. Since (af)(·) = af(·) for α ∈ � and f Î (Lp(0, 1), ||·||)(g,U), it

follows from e||·|| - 1 Î (Lp(0, 1), ||·||)(g,U) that 1
e (e

‖·‖ − 1) ∈ (Lp(0, 1), ‖ · ‖)(γ ,U) . If u Î

U, then ||u|| ≤ 1, |sin ||u||| ≤ ||u|| ≤ 1 and | 1
e (e

‖u‖ − 1) |≤ e−1
e < 1 . Thus, if V is a

neighborhood of 0 Î Lp(0, 1) such that V ⊂ U, then V• contains non-zero functionals

such as ||·||, sin ||·||, 1
e (e

‖·‖ − 1) , etc.

Corollary 3.6. For every U,V ∈ N (X) and g Î C(0), V• = {f Î X(g,U) : |f(x)| ≤ 1, ∀x Î
V} is equicontinuous on X.

Proof. Let x Î V. Then |f(x)| ≤ 1, ∀f Î V•, i.e., x Î (V•)•. Thus, V ⊂ (V•)• and so

(V•)• ∈ N (X) . By Theorem 3.4, V• is equicontinuous on X.

Corollary 3.7. If X is of second category and S ⊂ X(g,U) is pointwise bounded on X,

then S• ∈ N (X) .

Proof. By Theorem 1.4, S is equicontinuous on X. Then S• ∈ N (X) by Theorem 3.4.

Corollary 3.8. Let X be a semiconvex space and S ⊂ X(g,U). Then S is equicontinuous

on x if and only if there exist finitely many continuous ki-seminorm pi’s (0 <ki ≤ 1, 1 ≤ i

≤ n < +∞) on x such that

sup
f∈S

sup
pi(x)≤1,1≤i≤n

| f (x) | < +∞. (8)

In particular, for a p-seminormed space (X, ||·||) (||·|| is a p-seminorm for some p Î
(0, 1], especially, a norm when p = 1) and S ⊂ X(g,U), S is equicontinuous on x if and
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only if

sup
f∈S

sup
‖x‖≤1

| f (x) | < +∞.

Proof. Assume that S is equicontinuous. Then S• ∈ N (X) by Theorem 3.4. Accord-

ing to Definition 2.6, there exist finitely many continuous ki-seminorm pi’s (0 <ki ≤ 1,

1 ≤ i ≤ n < +∞) and ε > 0 such that

{x ∈ X : pi(x) < ε, 1 ≤ i ≤ n} ⊂ S• ∩ U.

Let f Î S and pi(x) ≤ 1, 1 ≤ i ≤ n. Pick n0 Î N for which ( 1
n0
)k0 < ε , where k0 =

min1≤i≤nki. Then

pi(
x

n0
) = (

1
n0

)kipi(x) ≤ (
1
n0

)k0pi(x) < ε, for 1 ≤ i ≤ n,

which implies x
n0

∈ S• ∩ U and hence | f ( x
n0
) |≤ 1 . By Lemma 3.1,

| f (x) | =| f (n0 x
n0

) |=| αf (
x
n0

) |≤ | α | ≤ 2(1+ | γ (1) | )n0−1 − 1.

Thus, supf∈S suppi(x)≤1,1≤i≤n | f (x) | ≤ 2(1 + | γ (1) | )n0−1 − 1 < +∞ .

Conversely, suppose that pi is a continuous ki-seminorm with 0 <ki ≤ 1 for 1 ≤ i ≤ n

< +∞, and (8) holds. Let A =
{ 1
M+1 f : f ∈ S

}
. Then A ⊂ X(g,U) and

sup
g∈A

sup
pi(x)≤1,1≤i≤n

| g(x) | = 1
1 +M

sup
f∈S

sup
pi(x)≤1,1≤i≤n

| f (x) | = M

1 +M
< 1,

i.e., {x Î X : pi(x) ≤ 1, 1 ≤ i ≤ n} ⊂ A• and so A• ∈ N (X) . By Theorem 3.4, A• is

equicontinuous on X and S = (1 + M)A is also equicontinuous on X.

Lemma 3.9. Let C(X,�) = {f ∈ �
X : f is continuous} . For S ⊂ C(X,�) , the following

(I) and (II) are equivalent.

(I) S is equicontinuous on X.

(II) If(xa)aÎI is a net in x such that xa ® x Î X, then lima f(xa) = f(x) uniformly for

f Î S.

Proof. (I)⇒(II). Let ε > 0 and xa ® x in X. Since S is equicontinuous on X, there is

W ∈ N (X) such that

| f (x + w) − f (x) | < ε, for all f ∈ S and w ∈ W.

Since xa ® x, there is an index a0 such that xa - x Î W for all a ≥ a0. Then

| f (xα) − f (x) | = | f (x + xα − x) − f (x) | < ε, for all f ∈ S and α > α0.

Thus, lima f(xa) = f(x) uniformly for f Î S.

(II)⇒(I). Suppose that (II) holds but there exists x Î X such that S is not equicontin-

uous at x.

Then there exists ε > 0 such that for every V ∈ N (X) , we can choose fv Î S and zv
Î V for which
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| fv(x + zv) − fv(x) | ≥ ε (9)

Since (N (X),⊃) is a directed set, we have (x + zv)V∈N (X) is a net in X. For every

x + zv ∈ x + V ⊂ x +W for all V ∈ N (X) with W ⊃ V,,

x + zv ∈ x + V ⊂ x +W for all V ∈ N (X) with W ⊃ V,

that is, limv(x + zv) = x.

By (II), there exists W0 ∈ N (X) such that |f(x + zv) - f(x)| <ε for all f Î S and

V ∈ N (X) with W0 ⊃ V. Then |fv(x + zv) - fv(x)| <ε for all V ∈ N (X) with W0 ⊃ V.

This contradicts (9) established above. Therefore, (II) implies (I).

We also need the following generalization of the useful lemma on interchange of

limit operations due to E. H. Moore, whose proof is similar to the proof of Moore

lemma ([[6], p. 28]).

Lemma 3.10. Let D1 and D2 be directed sets, and suppose that D1 × D2 is directed by

the relation (d1, d2) ≤ (d′
1, d

′
2) , which is defined by d1 ≤ d′

1 and d2 ≤ d′
2 . Let f : D1 ×

D2 ® X be a net in the complete topological vector space X. Suppose that:

(a) for each d2 Î D2, the limit g(d2) = limD1 f (d1, d2)exists, and

(b) the limit h(d1) = limD2 f (d1, d2)exists uniformly on D1.

Then, the three limits

lim
D2

g(d2), lim
D1

h(d1), lim
D1×D2

f (d1, d2)

all exist and are equal.

We now establish the Alaoglu-Bourbaki theorem ([[1], p. 130]) for the pair (X, X(g,U)),

where X is an arbitrary non-trivial topological vector space.

Let �X be the family of all scalar functions on X. With the pointwise operations (f +

g)(x) = f(x) + g(x) and (t f)(x) = t f(x) for x Î X and t ∈ � , we have x : �X → � is a lin-

ear space and each x Î X defines a linear functional x : �X → � by letting x( f) = f(x)

for f ∈ �
X . In fact, for f , g ∈ �

X and α,β ∈ � ,

x(αf + βg) = (αf + βg)(x) = αx(f ) + βx(g).

Then, each x Î X produces a vector topology ωx on �
X such that

fα → f in(�X ,ωx) if and only if fα(x) → f (x)([1, p.12, p.38]).

The vector topology V {ωx : x Î X} is just the weak * topology in the pair (X,�X),

and fa ® f in (�X,weak∗) if and only if fa(x) ® f(x) for each x Î X ( [[1], p. 12, p.

38]). Note that weak* is a Hausdorff locally convex topology on �
X .

Definition 3.11. A subset A ⊂ X(g,U) is said to be weak * compact in the pair (X, X(g,

U)) or, simply, weak * compact if A is compact in (�X,weak∗) , and A is said to be rela-

tively weak * compact in the pair (X, Xg,U) or, simply, relatively weak* compact if in

(�X,weak∗) the closure Ā is compact and Ā ⊂ X(γ ,U) .

For A ⊂ X(g,U), Āweak∗ stands for the closure of A in (�X,weak∗) .
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Theorem 3.12. For every V ∈ N (X) , V• = {f Î X(g,U) : |f(x)| ≤ 1, ∀x Î V} is weak*

compact in the pair (X, X(g,U)), and every equicontinuous S ⊂ X(g,U) is relatively weak*

compact in the pair (X, X(g,U)).

Proof. For each x Î X, let x(f) = f(x) for f Î �
X , then x : �X → � is a linear func-

tional. Let V ∈ N (X) . By Corollary 3.6, V• is equicontinuous on X and, by Lemma 3.2,

x(V•) = {f(x): f Î V•} is bounded in � for each x Î X, i.e., for each x Î X, x(V•) is

totally bounded in � and so V• is totally bounded in (�X,ωx) for each x Î X ( [[1], p.

84, Theorem 6]. But the weak* topology for �X is just V {ωx : x Î X} and so V• is

totally bounded in (�X,weak∗) ([[1], p. 85, Theorem 7].

Let (fa)aÎI ⊂ V• be a Cauchy net in (�X,weak∗) . Then lima fa(x) = f(x) exists at each

x Î X and so fa ® f in (�X,weak∗) . For x Î X, u Î U and t ∈ {z ∈ � : | z | ≤ 1},
f (x+tu) = lim

α
fα(x+tu) = lim

α
[rαfα(x)+sαfα(u)], where | rα−1 |≤ | γ (t) | and | sα |≤ | γ (t) |,∀α ∈ I.

By passing to a subnet if necessary, we assume that ra ® r and sa ® s in � . Then |r

- 1| = lima |ra - 1| ≤ |g(t)|, |s| = lima |sa| ≤ |g(t)|| and

f (x + tu) = lim
α
[rα fα(x) + sαfα(u)] = rf (x) + sf (u).

This shows that f ∈ Lγ ,U(X,�) .

Let xb ® x in X. Since V• is equicontinuous on X and fa Î V• for all a Î I, it follows

from Lemma 3.9 that limb fa(xb) = fa(x) uniformly for a Î I. Then

lim
β

f (xβ) = lim
β

lim
α

fα(xβ) = lim
α

lim
β

fα(xβ) = lim
α

fα(x) = f (x)

by Lemma 3.10, i.e., f : X → � is continuous and hence f Î X(g,U). Moreover, |f(x)| =

lima |fa(x)| ≤ 1 for each x Î V, i.e., f Î V•. Thus, V• is complete in (�X,weak∗) . Since
(�X,weak∗) is a topological vector space and V• is both totally bounded and complete

in (�X,weak∗) , we have V• is compact in (�X,weak∗) , i.e., V• is weak* compact in the

pair (X, X(g,U)) ( [[1], p. 88, Theorem 7]).

Assume that S ⊂ X(g,U) is equicontinuous on X. By Lemma 3.2,

S• = {x ∈ X : | f (x) | ≤ 1,∀f ∈ S} ∈ N (X) , it follows from what is established above

that (S•)• = {f Î X(g ,U) : |f(x)| ≤ 1, ∀x Î S•} is compact in the Hausdorff space

(�X,weak∗) . Then S ⊂ (S•)• shows that S̄weak∗ ⊂ (S•)• ⊂ X(γ ,U) and S is relatively

weak* compact in (X, X(g,U)).

Theorem 3.12 is a version of Alaoglu-Bourbaki theorem for the demi-linear dual pair

(X, X(g,U)), by which we can establish an improved Banach-Alaoglu theorem ( [[1], p.

130] as follows.

Corollary 3.13 (Banach-Alaoglu). Let X be a seminormed space and M > 0. Then

S =

{
f ∈ X(γ ,U) : sup

‖x‖≤1
| f (x) | ≤ M

}

is weak* compact in the pair (X, X(g,U)).

Proof. Since supfÎS sup||x||≤1 |f(x)| ≤ M < +∞, Corollary 3.8 shows that S is equicon-

tinuous on X. By Theorem 3.12, S̄weak∗ ⊂ X(γ ,U) and S̄weak∗ is compact in (�X,weak∗) .
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Let (fa)aÎI be a net in S such that lima fa(x) = f(x) at each x Î X. Then f Î X,(g,U)

and

sup
‖x‖≤1

| f (x) | = sup
‖x‖≤1

lim
α

| fα(x) | ≤ M,

i.e., f Î S. Thus, S̄weak∗ = S .

Theorem 3.14. Let X be a separable space, K a weak* compact set in X(g,U), S an

equicontinuous set in X(g ,U), and V ∈ N (X) , V• = {f ∈ X(γ ,U) :| f (x) | ≤ 1,∀x ∈ V} .
Then (S, weak*) is metrizable, and both (K, weak*) and (V•, weak*) are compact metric

spaces.

Proof. Assume that {xn}∞n=1 is dense in X. Let

d(f , g) =
∞∑
n=1

1
2n

| f (xn) − g(xn) |
1 + | f (xn) − g(xn) | ,∀f , g ∈ �

X .

Then, d(·,·) is a pseudometric on �
X . If f, g Î X(g,U) and d(f, g) = 0, then f(xn) = g(xn)

for all n. Since both f and g are continuous on X and {xn}∞n=1 is dense in X, f(x) = g(x)

for all x Î X, i.e., f = g. This shows that (X(g,U), d) is a metric space, and fk ® f in (X(g,

U), d) if and only if limk fk(xn) = f(xn) for each n Î N. Hence, weak* is stronger than d

(·, ·) and so the compact space (K, weak*) is homeomorphic to the (Hausdorff) metric

space (K, d). Thus, (K, weak*) is a compact metric space.

By Theorem 3.12, in (�X,weak∗) the closure S̄weak∗ ⊂ X(γ ,U) , and both

(S̄weak∗,weak∗) and (V•, weak*) are compact and so they are compact metric spaces.

The following special case of Theorem 3.14 is a well-known fact ([[1], p. 143]).

Corollary 3.15. Let X be a separable locally convex space with the dual X’, K a

weak* compact set in X’, S an equicontinuous set in X’, and V ∈ N (X) , V° = {f Î X0 : |

f(x)| ≤ 1, ∀x Î V}. Then (S, weak*) is metrizable, and both (K, weak*) and (V°, weak*)

are compact metric spaces.

Corollary 3.16. Let X be a separable space and S an equicontinuous set in X(g,U).

Every sequence {fn} in S has a subsequence {fnk} such that limkfnk(x) = f (x) exists at

each X Î X and the limit function f Î X(g,U), i.e., f is both continuous and demi-linear.

Proof. By Theorems 3.12 and 3.14, S̄weak∗ ⊂ X(γ ,U) and (S̄weak∗,weak∗) is a compact

metric space. Then (S̄weak∗,weak∗) is sequentially compact.

Combining Theorem 1.4 and Corollary 3.16, we have the following

Corollary 3.17. Assume that X is of second category and separable, e.g., separable

Fréchet spaces such as Lp(0, 1)(p > 0), C[0,1], c0, c, l
p(p > 0), etc. If S ⊂ X(g,U) is point-

wise bounded on X, then every sequence {fn} in S has a subsequence {fnk} such that

limkfnk(x) = f (x) exists at each x Î X, and f Î X(g,U).

For C ≥ 1 and δ > 0, letting g(t) = Ct for t Î ℝ and U = (-δ,δ), we have g Î C(0) and

U ∈ N (�) . Then let ℝ(C,δ) = ℝ(g,U). It is easy to see that every f ∈ Lγ ,U(�,�) is con-

tinuous and so �
(C,δ) = Lγ ,U(�,�) . Thus, ℝ

(C,δ) contains all linear functions and var-

ious nonlinear functions. It is noted that many functions in ℝ(C,δ) have very

complicated graphs.

For S ⊂ ℝ(C,δ), there is an interesting fact: a local behavior in a small interval (-ε, ε)

implies a nice behavior on (-∞, +∞).
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Example 3.18. Let S ⊂ ℝ(C,δ). If there exists M, ε > 0 such that |f(x)| ≤ M for every f

Î S and x Î (-ε, ε), then every {fn} ⊂ S has a subsequence {fnk} such that

limkfnk(x) = f (x) exists at each x Î ℝ, and f Î ℝ(C,δ).

In fact, ℝ is separable and (−ε, ε) ∈ N (�) . The assumption shows that

M−1S ⊂ {f ∈ �
(C,δ) : | f (x) | ≤ 1,∀x ∈ (−ε, ε)} = (−ε, ε)•.

By Theorem 3.14, ((-ε, ε)•, weak*) is a compact metric space and so it is sequentially

compact. Similarly, we have

Example 3.19. Let p > 0 and S ⊂ (Lp(0, 1))(g,U). If there exists ε > 0 such that |f(x)| ≤

1 whenever f Î S and X Î Lp(0, 1) with ||x|| <ε, then every {fn} ⊂ S has a subsequence

{fnk} such that limkfnk(x) = f (x) exists for all x Î Lp(0, 1), and f Î (Lp(0, 1))(g,U).

We shall show that the condition “sup fÎS,||x||<ε | f(x)| ≤ 1” in Example 3.19 can be

weakened as “supfÎS |f(x)| < +∞, ∀ ||x|| <ε“ (see Corollary 3.20).

In general, combining Theorems 3.12 and 3.14, we have

Corollary 3.20. Let S ⊂ X(g,U). If there exists V ∈ N (X) such that sup fÎS,xÎV |f(x)| <

+∞, then

(a) S is equicontinuous on X,

(b) S is relatively weak * compact,

(c) every net(fa) in S has a subnet (fξ(a)) such that limξ(a) fξ(a)(x) = f(x) exists for all

x Î X, and f Î X(g,U).

If, in addition, x is separable, then

(d) every {fn} ⊂ S has a subsequence {fnk} such that limkfnk(x) = f (x) exists for all x

Î X, and f Î X(g,U).

In fact, for M = supfÎS,xÎV |f(x)|, we have A =
{ 1
M+1 f : f ∈ S

} ⊂ V• and (a)-(d) hold

for A, i.e., S satisfies (a)-(d).

If X is of second category, then the condition “there exists V ∈ N (X) such that sup-

fÎS,xÎV |f(x)| < +∞” in Corollary 3.20 can be weakened as “there exists V ∈ N (X) such

that sup fÎS |f(x)| < +∞, ∀x Î V“.

To see this, we first establish a simple fact.

Lemma 3.21. Let � ⊂ Lγ ,U(X,Y) . If there exists V ∈ N (X) such that {f(x): f Î Г} is

bounded at each x Î V, then {f(x): f Î Г} is bounded at each x Î X.

Proof. Let x Î X. There exists n0 Î N such that 1
n0
x ∈ V ∩ U . By Lemma 3.1, for

each f Î Г, we have

f (x) = f (n0
x
n0

) = αf f (
x
n0

), where | αf |≤ 2(1+ | γ (1) | )n0−1 − 1.

Then

{f (x) : f ∈ �} ⊂
{
tf (

x
n0

) : f ∈ �, | t | ≤ 2(1+ | γ (1) | )n0−1 − 1
}
.
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Since x
n0

∈ V ,
{
f ( x

n0
) : f ∈ �

}
is bounded and so{

tf ( x
n0
) : f ∈ �, | t | ≤ 2(1 + | γ (1) | )n0−1 − 1

}
is bounded.

Now we can improve Theorems 1.4 and 1.5 as follows.

Theorem 3.22. Assume that x is of second category and

� ⊂ {f ∈ Lγ ,U(X,Y) : f is continuous} . If there exists V ∈ N (X) such that Г is pointwise

bounded on V, then Г is equicontinuous on X, and Г is uniformly bounded on each

bounded subset of X.

Corollary 3.23. Assume that x is of second category and S ⊂ X(g,U). If there exists

V ∈ N (X) such that supfÎS |f(x)| < +∞ at each x Î V, then (a)-(c) hold for S. If, in

addition, X is separable, then (d) holds for S.

We now show that every equicontinuous S ⊂ X(g,U) has a nice behavior on any com-

pact subset of X.

Theorem 3.24. Let X be a Hausdorff topological vector space. If S is an equicontinu-

ous subset of X(g,U) and Ω is a compact subset of X, then every {fn} ⊂ S has a subse-

quence {fnk} such that limkfnk(x) = f (x) uniformly for x Î Ω and f : f : 
 → � is

continuous.

Proof. Let K = {f |Ω: f Î S}. Then K ⊂ C(Ω) and K is equicontinuous at each x Î Ω.

Suppose that sup fÎK ||f||∞ = sup fÎK,xÎΩ|f(x)| = +∞. Then there exist sequences {fn} ⊂
S and {xn} ⊂ Ω such that |fn(xn)| >n, ∀n Î N. By Lemma 3.2, we may assume that xn
≠ xm for n ≠ m.

Since Ω is compact, {xn}∞n=1 has a cluster point x Î Ω.

Since S is equicontinuous at x, there exists V ∈ N (X) such that |f(y) - f(x)| < 1 for

all f Î S and y Î x + V, i.e., |f(y)| < |f(x)| + 1 for all f Î S and y Î x + V. Observing

that |fn(xn)| >n for all n Î N and {fn} ⊂ S, there exists n0 Î N such that xn ∉ x + V for

all n >n0. Since (x + V) ∩ Ω contains some xn with xn ≠ x, it follows that

∅ �= ({xn : xn �= x, xn ∈ (x + V)} ∩ 
) ⊆ {xn �= x : n ≤ n0} = {y1, y2, · · · , ym},

where m ≤ n0. But X is Hausdorff, so Ω is also Hausdorff. Then there exists

V0 ∈ N (X) such that V0 ⊊ V and (x + V0) ∩ (Ω ∩ {y1, y2, · · ·, ym}) = ∅. Hence xn Î (x

+ V0) ∩ Ω implies that xn = x.

This contradicts the fact that x is a cluster point of {xn}∞n=1 . Hence,

supf∈� ‖ f | |∞ < +∞
By the Arzela-Ascoli theorem, K is relatively compact in the metric space (C(Ω),

||·||∞). Hence, every {fn} ⊂ S has a subsequence {fnk} such that ‖ fnk |
 − f ‖∞ → 0 ,

where f Î C(Ω), i.e., limkfnk(x) = f (x) uniformly for x Î Ω.

Corollary 3.25. Let X = ℝn or ℂn, ε > 0 and Dm = {x Î X : ||x|| ≤ mε}, ∀m Î N. If S

⊂ X(g,U) is pointwise bounded on D1, then every sequence {fk} ⊂ S has a subsequence

{fki} such that limi fki(x) = f (x) uniformly on each Dm, where f Î X(g,U).

Proof. Theorem 3.22 shows that S is equicontinuous on X and, by Theorem 3.24, {fk}

has a subsequence {fki} such that limi fki(x) exists uniformly on D1. Then {fki}∞i=2 has a

subsequence {fkiv } such limv fkiv (x) exists uniformly on D2. Proceeding inductively, the

diagonal procedure yields a subsequence {gi} of {fk} such that limi gi(x) exists uniformly
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on each Dm. Then limi gi(x) = f(x) exists at each x Î X and f ∈ S̄weak∗ in (�X,weak∗) .
By Theorem 3.12, f Î X(g,U).
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