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1 Introduction
Let X denote the class of functions of the form:

1 o0
fR) =+ > and, (1.1)
n=0

which are analytic in the punctured open unit disk
Ur={zeC: 0 < |z| <1} =U\{0}, (1.2)

where U is the open unit disk U = {z € C: |z| < 1}..
We say that a function fe X is meromorphic starlike of order ¢ (0 < J < 1), and
belongs to the class X*(0), if it satisfies the inequality:

—% (ié?) > (1.3)

A function fe X is a meromorphic convex function of order ¢ (0 < ¢ < 1), if f satis-
fies the following inequality:

"
—% (1 + zf, (Z)) =5, (1.4)
f'(2)
and we denote this class by 2;(0).
For fe X, Wang et al. [1] and Nehari and Netanyahu [2] introduced and studied the
subclass Zn(B) of X consisting of functions fz) satisfying

—N (sz/”((zz)) + 1> <B (B>1, zel). (1.5)
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o
Let A denote the class of functions f of the form f(z) =z+ Y anz", which are analy-
n=2

tic in the open unit disk U.

Analogous to several subclasses [3-10] of analytic functions of 4, we define the fol-
lowing subclasses of X.

Definition 1.1 Let a function f€ X be analytic in U* Then fis in the class £;(8) if,
and only if, f satisfies

m{1—;<ié?+1>}>& (1.6)

where b € C\{0}, 0 < d < 1.
Definition 1.2 Let a function fe X be analytic in U* Then f'is in the class ZK,(9) if,
and only if, f satisfies

1 "

wli- 1(F@ )\ (1.7)
b\ f'(z)

where b € C\{0}, 0 < § < 1. We note that fe X K,(d) if, and only if, —zf" € X;(4).

Furthermore, the classes

$H6) = B*(5), TKi(8) = B(8)

are the classes of meromorphic starlike functions of order 6 and meromorphic con-
vex functions of order o in U* respectively. Moreover, the classes

$(0) = £*(0), 2K, (0) = Z(0)

are familiar classes of starlike and convex functions in U*, respectively.
Definition 1.3 Let a function f € X be analytic in U* Then fis in the class
S*U(a, 8, b) if, and only if, f satisfies

1 (@ } > ‘ (@)
9‘{1 b(f(Z) 1) ¢ b(f(Z) 1)
where & > 0,0 € [-1,1), ¢ + 0 = 0, b € C\{0}.

Definition 1.4 Let a function f € X be analytic in U* Then fis in the class
Y KU(e, 8, b) if, and only if, f satisfies

1) 1 (2f'(2)
”‘{1‘ b <f’(z) 2>} >“‘b (f’(z) ”)
where & > 0,0 ¢ [-1,1), ¢ + 0 = 0, b € C\{0}.

We note that f € ZKU(«, §,b) if, and only if, —zf € T*U(«, 8, b).
For or = 0, we have

+34, (1.8)

+5, (1.9)

U(0,8,b) = £;(8),  TKU(0,8,b) = TKy(8).

Definition 1.5 Let a function f € X be analytic in U* Then fis in the class
S*UH (e, b) if, and only if, f satisfies

‘1 - ;1, (ZJ{(Z) * 1) —2a(v2 - 1)‘ <9 {«/2 (1 - 117 (z;((zz)) " 1))} +20(v2-1), (1.10)

where o > 0, b € C\{0}.
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Definition 1.6 Let a function f e X be analytic in U* Then f is in the class

SKUH (e, b) if, and only if, f satisfies
1 (zf"(2)
‘1 - (f’(z) +2) —2a(v/2-1)

where o > 0, b € C\{0}.

We note that f € XKUH (e, b) if, and only if, —zf" € Z*UH(«, b).

Let us also introduce the following families of new subclasses X1 (8, b), ZF, (e, 8, b),
and X F3(«, b) as follows.

Definition 1.7 Let a function f€ X be analytic in U*. Then fis in the class £.F7(4, ),
if, and only if, f satisfies

1 [z(2f"(2) + 3f'(2))
Eﬁ{l—b( () + 2f(2) +1>}>8. (1.12)

where b € C\{0}, 0 <0 < 1.

We note that f € £F(8,b) if, and only if, zf'(z) + 2f(z) € X;(8).

Definition 1.8 Let a function f e X be analytic in U* Then f is in the class
Y F>(a,8,b) if, and only if, f satisfies

1 z(zf”(z) + 3f’(z)) . oy
! {1 b ( #@)+ 2 @) 1)}
where @ 20,0 € [-1,1), ¢ + 6 = 0, b € C\{0}.

We note that f € £F,(e, §,b) if, and only if, zf'(z) + 2f(z) € Z*U(«a, 8, b).
Definition 1.9 Let a function f€ X be analytic in U*. Then fis in the class X F3(«, b)

if, and only if, f satisfies
1 (z(zf"(2) +3f'(2)) 1 [(z(zf"(2) + 3f'(=))

1- ( +1> —2e(v/2-1)| < ﬂtiJz (1 b ( () + 2(2) +1>>} (1.14)

+2a(v/2 - 1),

< m{Jz (1 - 11) (Z}(((Zz)) +2))} +2a(v2-1). (1.11)

+8, (1.13)

1z (zf”(z) + 3f’(z)) 1
b\ zf'(2)+2f(2)

b\ #(2)+2f(2)

where o > 0, b € C\{0}.

We note that f € £ F3(e, ) if, and only if, zf'(z) + 2f(z) € Z*UH (e, b).

Recently, many authors introduced and studied various integral operators of analytic
and univalent functions in the open unit disk U[11-21].

Most recently, Mohammed and Darus [22,23] introduced the following two general
integral operators of meromorphic functions X:

z

Hn(z) = le / (ufiw)" .. . (ufu(u))" du, (1.15)
0
and
1 [ 20/ n 20 Vn
Honon@ = [ ()" - (ufy00) (1.16)
0

Goyal and Prajapat [24] obtained the following results for f€ X to be in the class X*
0),0<0<1.
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Corollary 1.1 If fe X satisfies the following inequality
#f"(z) _ 27f'(2)
') f(z)

then fe X*(0).
Corollary 1.2 If fe X satisfies the following inequality

@ _j)_(?;_ 8), 0<8<1, (1.17)

1 4 1
zf, () 2@ 1‘ IRy (1.18)
&) f(=) 2
then fe X*.
Corollary 1.3 If fe X satisfies the following inequality
/ 2 ’ 4 1
m{zf (2) ( zf'(z) Zf, () 1)} N (1.19)
f@) \ flz&)  f(2) 2
then fe X*.
In this article, we derive several properties for the integral operators Hn(z) and
Hy,,...;n(2) of the subclasses given by (1.5) and Definitions 1.1 to 1.6.

2 Some properties for 71, (z)
In this section, we investigate some properties for the integral operator H,(z) defined
by (1.15) of the subclasses given by (1.5), Definitions 1.1, 1.3, and 1.5.

Theorem 2.1 For i € {1,.., n}, let v; > 0, f; € X and

#(@)  H@)|_ 1-8G-9

fi®) 2fi(z) ,_g o 0=d<D). 2.1)
If

“ 2

2% 1-4 (2.2)

i=1

then H,(z) € n(B), where B > 1.
Proof On successive differentiation of H,(z), which is defined in (1.5), we get

2H,(2) + 22Ha(2) = (1(2)" ... (fa(2))"", (2.3)
and
2H (2) + 42H,, (2) + 2Hn(2) = é:yi (zfi (2(;{ (z)) [ (2)" ... (2fa(2))"] (2.4)

Then from (2.3) and (2.4), we obtain

PH,(2) +42H,(2) + 2Ha(2) . (fi(R) 1
2H, () + 2Hale) 21: 1 (f,-(z) : z) ' (25)
By multiplying (2.5) with z yield
M, (2) +42H,(2) + 2Hu(2)  ~— (4 (2)
) ) (ﬁ-(z) ' 1) | 20
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This is equivalent to

22H, (z) + 32H,,(2) - zf; ()
o) M) T (ﬁ(z) 1) 27

Therefore, we have
- (ZH"(Z) + 1) -2
H,(2) - zf; (z)
B NE B i (f() 1)”' 0
" ZH,,(z)
Then, we easily get
(@ (2H (z) (zf() )
#,(2) @) | 5"\ e 09)
e g |
ZV( ﬁ(Z)> L

Taking real parts of both sides of (2.9), we obtain

ZH, (2) 2H,(2) n (#(=)
W(H()”) m:<zm(z)>[ %" (ﬁ(Z) 1)”“

o f(2) N
+i=21)/,9t( (@) 3 EV, 010
(2@ n o (7f(z) . '
= (ZH’(Z)N _Z (ﬁ(z) 1) 1]
n #f; (2) =
+§Vzm( ﬁ())+3 EM'
Let
(MR | & (i) .
5“(&%;@))[ ;y(ﬁ() 1) 1} (2.11)

+ anyim (_zﬂ(z)) +3— iyi.

i=1 i=1
, 2Hn(2) ) n(fi(z) ,
Since , Syl +1)+1]] >0, applying Corollary 1.1, we have
(o) -5 (e
n n n
B>8Y vi+3=> y=3-(1-8) v (2.12)
i=1 i=1 i=1

Then, by the hypothesis (2.2), we have 8 > I. Therefore, H,(z) € Xn(8), where B >
1. This completes the proof. O
Letting 0 = 0 in Theorem 2.1, we have
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Corollary 2.2 For i € {1,.., n}, let ;> 0, f; € X and

#f(z)  #fi(x)| 3
fi(2) 2 fir) | 2 (2.13)
If
2r=2 (2.14)
i=1

then H,(z) € En(B), where B > 1.

Making use of (2.11), Corollary 1.2 and Corollary 1.3, one can prove the following
results.

Theorem 2.3 Forie {1,.,n} lety; >0, fie X and

2f; () #;(2) 1

O ON 1‘ S (2.15)
If

2r=2 (2.16)

i=1

then H,(z) € En(B), where B > 1.
Theorem 2.4 For i€ {1,.., n}, let ¥, >0, f; € X and

W H@ (22 () .
‘R{ fi(z) ( 2 £ _1>} >~y (2.17)

If
n
Y vi>2, (2.18)
i=1

then H,(z) € En(B), where B > 1.
Theorem 2.5 For i € {1,.., n}, let 1, > 0 and fi € £;(8;) (0 < 6 < 1 and b € C\{0}).

If

0<) n(-8=1, (2.19)

i=1

n
then Hn(z)is in the class TF1(u,b), w=1-=>3"yi(1—38).
i

Proof From (2.7), we have

z(zH, (=) + 3H,(2)) ) n £ (2)
z’H’n(Z) +2H,(2) +1= Z)/i (f,(z) + 1) : (2.20)

i=1

Equivalently, (2.20) can be written as

1 | z(2H;(2) + 3H,,(2)) B n ' 1 (#f.(2) n |
b | M)+ 2Ha(e) H}_;“{l"b(ﬁ(@ ”)]*1—;%- (2.21)
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Taking the real part of both terms of the last expression, we have

. 1 (z(2M(2) + 3H,,(2)) R ; 1 (2f(z) o .
Jt{l b( H! (2) + 7, () +1)} -;yljt{l . (ﬁ_(z) +1)}+1;y1. (2.22)

Since fi € X}(8;), hence

1 (z(zH)(2) + 3H,(2)) o N & '
R {1 - ( H!(2) + 2Ha(2) + 1) > ; yisi+ 1 — ;yl. (2.23)
so that
. 1{z (z?-l;{(z) +3H, (z)) ‘ A _
Shil—b( H () + 27, (2) +1> >1—§y1(1—81). (2.24)

Then Hn(z) € ZF1(n,b), pw=1-=>Y (1 —38).
i-1

Now, adopting the techniques used by Breaz et al. [11] and Bulut [21], we prove the
following two theorems.

Theorem 2.6 Foriec {1,.,n}, let ¥, >0 and f; € Z*U(x,8,b) (¢ >0,0€ [-1,1), o +
02 0 and b e C\{0}). If

n
dovs, (2.25)
i=1

then Hy(z)is in the class ©F,(«, 8, b).
Proof Since f; € X*U(w, 8, D), it follows from Definition 1.3 that

1 {f,(2) 1 {4, (2)
m{l—b(ﬁ(z) +1>}>a b(ﬁ(z) +1>

Considering Definition 1.8 and with the help of (2.21), we obtain

+ 6. (2.26)

m{l_ 1 (z(zH;;(z)+3H;,(z)) +1>} I (z(z?-{,j{(z)+37{j1(z)) +1) L

b\ 2H,(2) + 2Hn(2) b\ 2H(2) + 2Ha(2)

- 1—iyi+iflyim{1— 11] (z]{j((zz)) +1)} —a gyi; (fo?((zz)) +1> _s

> 1 —iywéyﬁn{l— ; (ij?((zz)) +1>} —aéyi ; (fo?((zz)) +1> s (2.27)
12y2y{ ;(;f;’((;)m) 5},/ 2(%’”) B

=(1-9) (1—2"374) > 0.
i=1

This completes the proof. O

Theorem 2.7 For i € {1,.., n}, let ¥, > 0 and f; € Z*UH(e, b) (o¢ > 0 and b € C\{0}).
If
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n

Yovsl, (2.28)

i=1

then H,(z)is in the class X F3(«, b).
Proof Since f; € X*UH (e, b), it follows from Definition 1.5 that

R {\/2 <1 - ; <Zfﬁ((zz)) + 1))}+2a(«/2—1)— ! <Zﬁ(z) + 1) —2a(v2-1)

1—
b\ fi(z)
Considering this inequality and (2.21), we obtain

. 1 [z (2H}(2) + 3H,,(2))
o {“/2 (1 " ( M (@) + 2Ha() 1))] +2a(va-1) -

>0. (2.29)

- (z(z%;;(z) +3H,,(2)) . 1)

b\ zZH,(2) +2Hn(2)
—2a(v2-1
" 2f,(2) n 7fi(2)

:9{[«/2[172%2 (ﬁ(Z) +1)i|}+2a(\/271)7 172%-;(]({@) +1)

—2a(v2-1

u f; (2) n f; (2)

=¢2—¢2§yiﬂt; (Zﬁ_(zz) +1>+2a(«/2—1)— 1—§yi;<;(zz) +1)

—Za(\/Z—l)‘
=\/2+«/2§1:y,'5)i[1—11](Jj{i(iz))+l>]—\/2éyi+2a(«/2—l)

— 1+i§n1:yi|:1—;(ij?((zz))+1)—2a(x/2—1)i|—gyﬁZa(\/l—l)gw

—20{(\/2—1
=\/2<1éyi>+2a(\/21)+\/2i§£yi9i{1:}(z;i((zz))+1>}

_ [17211(\/2—1)] (17§:yi)+§]:yi [17 ; (sz"((zz))+1>72a(x/zf1)]‘

Z\/2<17§;Vi>+2a(\/271)+\/2i%9{{17 117 (zf,.’(z) +1>}

fi(=)
Y1 ; (zf{i((:))+1> —20((\/2—1) —‘1—2a(d2—1)‘<1—iyi)

. ¢ 1 Zfi,(z) 1 Zﬂ(z) i
=i§m[3t¢2[1—}j (fi(z) +1)]+2a(d2—1)— -, (ﬁ(Z) +1>—2a(¢2_1)‘}

+«/2(1—§y,->+2a(\/2—1)—20((«/2—1);)/{—’1—20((«/2—1)‘(1—1_%"})/{)

> [«/2+2w(«/2—1)—’1—20:(\/2—1)” (1_;%)
> (1—i%)min[(«/2—1)(1+4a),d2+1] >0.

i=1

n
=1

Bl

This completes the proof. O

3 Some properties for H,,, ,,(z)
In this section, we investigate some properties for the integral operator H,,, ,(z)
defined by (1.16) of subclasses given by (1.5), Definitions 1.2, 1.4, and 1.6.

Theorem 3.1 For i € {1,.., n}, let v; > 0, f; € X and

. 2
Y=l 0=s<1). (3.1)
i=1

If fi € Su(8), then H,y., (%) € Sn(B), B > L.
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.....

2ZHy,,. . (2) + 2 H)’l (7)) = (—zzfi (z)) no. (—zzf,;(z)) Yn,

.....

and

ZHY @) +4ZH, L (2) + 2Hy,,y (2)

-3y (];(( i 2) [(2H@)" ... (~2£@)"].
Then from (3.2) and (3.3), we obtain

zz”H;j] ,, (2) + 4zH],

.....

(@) +2H,,

......

By multiplying (3.4) with z yields,

.....

2, (B 2 o (2)

.....

FH, @)+ H, (@) 2y, (3) (zﬁ”(z) 2)
Yi .

(@)

i=1
that is equivalent to

2MW)  (2)+32H,, . (2) Z (zﬁ (2) 2)
ZH;’] yn(z) +2H71 ----- Vn(z) -1 fl( ) .

.....

Taking the real parts of both terms of the last expression, we obtain

. 2@ Y g [ @[ 5 (@),
h<Hy1 ..... @) 1)‘J‘{zﬂ’m ..... yn(z)[ Zﬂ)(f() 2) 1“

HMyra@ | & (2 ()
z/}_[’yh ) Z Vi 2 +2]1+1

Vn (Z) i=1

i=1

..... w(@) (ﬁ”(z) )
Z2/H;/1 Vn(z)+2ZHV1 rrrr }/n(z) fl (Z) z '

+iy,'.‘)i{—<sz (ZZ) +1)}+3—iy,'.

v (2), which is defined in (1.16), we have

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9
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Let
_12Hy e (2) -~ - ) zfi”(z) 2 a1 lls . 5 zf; (2) N
p = (@) [ ;V'<f,.’(z) 2) 1} ;V,.‘Y { <f(z) )} 3— Zm (3.10)
. 2My,,...(2) 5 Zf,'” (2) ’ .
Since Z,H,yl """ (@) |:— gy, (f,(z) + 2) + 1:| > 0, fi e Zi(0), we get
B>3—(1-8)> v (3.11)
i=1

which, in light of the hypothesis (3.1), yields § > 1.
Therefore, H,,,...,(2) € Zn(B), B > 1. This completes the proof. O
Theorem 3.2 For i€ {1,.,n},lety;>0, fe Xand
1< Zyi < 2. (3.12)

If Hop,...pya(2) € 2*(8), then Hy,,...y,(2) € En(B), B > 1.
(@) My @[3 (@
— 1]1=11 +1
(H/Vl _____ Vn(z) * ) ( * ZH;/l ..... yn(z) lxlzy f( ) (313)
+2 (Xn: Yi— 1) (— Hyl """ (@) ) 3-2 v
Taking the real parts of both terms of the last expression, we obtain
ZH,, (@) 2My,,.vn(2) no (4 (=)
—R ,Vlf Vn 1) =% 1 /Vu Vn _ +1
(Hyl,...,yn(z) ’ ) :( ’ ZHyu---,Vn(Z)) |: ’Zl (f( z) ):” (3.14)
o G ) R

i=1 Hyl,...,yn (Z) i=1

Thus, we have

Hy, @)\ MMy, (2) (o (2)
‘m<H;V1,__.,;(z) 1)“{0%()){ 2 (f(Z) 1)]}
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Let
2H,, .., (2) n zf, (z)
- 1 YireVn o : } 1
’ ( H, m) { %" (mz) )”
N (_ ZH;“ ''''' (%) ) (3.16)
1 HVI ----- Vn(z) n
+2<ZV1‘—1) , ) +3=>y
i=1 M, .. () i=1
Hyl ----- Vn(z)
Since (1 + Z:my"((j))> [—iyi (fol((zz)) + 1>:| >0 and Hy,,.,,(2) € Z*(8), we
Vi Vn 1= i
have

n 8 n n
,3>2(ZV1‘—1> ) 2+3—ZV1‘->3—ZV1‘-
i=1 i=1 i=1

}zyyl ,,,, . () (3.17)

Then, by the hypothesis (3.12), we see that 8 > 1. Therefore, H,,,...,,(2) € Zn(B8), B
> 1. This completes the proof. O

Now, using the method given in the proofs of Theorems 2.5, 2.6, and 2.7, one can
prove the following results:

Theorem 3.3 For i € {1,.., n}, let v; > 0 f; € 2K,(0;) (0 <0 < 1 and b € C\{0})). If

0<) n(-8=1, (3.18)

i=1

n
then Hy,, .y, (2)is in the class ZF1(u,b), mw=1-=3 yi(1—=26).
i1

Theorem 3.4 For i € {1,.., n}, let v; > 0 and f; € TKU(x,8,b) (>0, [-1,1), o +
0> 0 and b e C\{0)})). If

n
dovis, (3.19)
i=1
then H,,,...y, (2)is in the class ZF>(«, 8, b).

Theorem 3.5 For i € {1,..., n}, let ¥; > 0 and f; € KUH(a,b) (¢ > 0, and
b e C\{o}). If

n
dovi<, (3.20)
i=1
then Hy,,...y, (2)is in the class TF3(a, 8, b).
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