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1. Introduction

Many physical and chemical phenomena can be modeled with fractional differential
equations. However, finding solutions to such equations may not be possible in most
cases, particularly the nonlinear ones. Instead, many researchers have been studying
the qualitative attributes of the solutions without having them explicitly. In particular,
the existence and uniqueness of solutions of a wide class of Cauchy-type problems
have been intensively investigated; see for example [1] and the references therein. Also
classes of boundary value problems have been considered. For example in [2,3], the
authors established the existence and uniqueness of the solution for a class of linear
and superlinear fractional differential equations.

Inequalities play an important role in the study of existence, uniqueness, stability,
continuous dependence, and perturbation. In [4-7], bounds for solutions of fractional
differential inequalities of order 0 <o < 1 are obtained. Those bounds are generaliza-
tions and extensions of analogous bounds from the integer order case [8,9]. In [5], a
number of Bihari-type inequalities for the integer order derivatives are extended to
non-integer orders. However, the coefficients of these inequalities are assumed to be
continuous at the left end of the interval of definition.

In this article, we extend these inequalities to ones with singular integrable coeffi-

cients of the form

t k n
ID*u(t) | <a(t) +b(t) / c(s) Z IDPu(s) | ds,
0 j=0
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and

t

m k
ID“u(t)| <a)+ / c(9) ) ID"u()l Y IDPus) |ds,

4 i=0 j=0

where 0 <ot < 1, 0 < By <f1 < ... <Br <, 0 < Y% <¥ < ... <Y <0, 1 > 1 is an integer,
and a, b € C(0, T] n L1(0,7). Also we give some applications.

The rest of the article is organized as follows. In Section 2, we introduce some defi-
nitions and results that we use in our proofs. Section 3 contains the main results. The
last section is devoted to some applications.

2. Preliminaries
In this section, we introduce some notations, definitions, and lemmas which will be
needed later. For more details, we refer the reader to [1,8,10,11].

We denote by L,, 1 < p < o, the Lebesgue spaces, and by AC[a, b] the space of all
absolutely continuous functions on [a, b], -0 <a <b < .

Definition 1. Let fe L;(a, b), the integral

@roy o L [ofo
If (x) = I (@) / (x—t)l_"‘dt' x>a, >0,

is called the Riemann-Liouville fractional integral of order & of the function f. Here,
I'(ex) is the gamma function.
Definition 2. The expression

X
1 d f®
Da+ = - dl 10 lr
°f (%) Fl—a)  de (x—t)”‘tx>a <a<

is called the Riemann-Liouville fractional derivative of order « of the function f.

Note that D% f (x) = j I.7%f (x) . We use the notation f,, to denote If.f. We set
x

Lf=D%f=f.

Definition 3. Let 0 <o < 1. A function fe Ly(a, b) is said to have a summable frac-
tional derivative D%.f on (a, b) if I;f “f e AC [a, b].

Definition 4. We define the space IS, (L,, (a, b)), a > 0,1 < p < e, to be the space of
all functions f such that f = If.¢ for some ¢ € L,(a, b).

Theorem 5. A function fis in I, (L1),0 < a < 1, if and only if f; , € ACla, b], and

fi-a (@) = 0 (see [[11], Theorem 2.3, p. 43]).
Lemma 6. If o > 0 and 3 > 0, then

If =157 ©,

is satisfied at almost every point ¢t € [a, b] for fe L; (a, b), 1 < p < o (see [[1], p. 73]).
Lemma 7. If fe AC [a, b], then I'* fe AC [a, b], 0 <t < 1 (see [[11], Lemma 2.1,
p- 33)]).
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Corollary 8. If fe L, (a, b) has a summable fractional derivative DS.f, 0 <ot < 1, on
(a, b), then for 0 < 8 <ox < 1 we have

fl—a ((l)

_ a—p-1
I‘(a—ﬁ)(t a) .

DLf@ =157 f (1) +

Proof. Since I;7%f € AC [a,b], then we can write
L79f (t) = IDL7YF (1) + IL7%f (a) .
Also from Lemmas 6 and 7 we have
L7Pf ) = 7P (1) € ACa, b].
Thus, f has a summable fractional derivative Daﬂ+ fgiven by

DILf (6) = DI Pf (6) = DIP (IDLf (1) + 17 (@)

1-a
Setepay s o T @

_ a—p-1
p I (e —B) (t—a) .

Lemma 9. Let v, f, g and k be non-negative continuous functions on [a, b]. Let w be
a continuous, non-negative and non-decreasing function on [0, ), with ©(0) = 0 and
o(u) > 0 for u > 0, and let F(f) = maxp, fls) and G(f) = maxp<, g(s). Assume that

t
v (t) §f(t)+g(t)/k(s)w(v(s))ds,te [a,b].
Then

v(t) <H! H(F(t))+G(t)/k(s)ds ,tela T,

v

where H (v) = /

Vo

1

, 0 <vg < v, H" is the inverse of H and T >a is such that

dr
w (T)
t
HF 1) +G () / k(s)ds | € Dom (H™ "), for all t € [a, T) (see [[8], Corollary 5.5]).

Let I € R, and gy, g»: I > R\{0} We write g; « g, if go/g; is non-decreasing in I.

Lemma 10. Let f{¢) be a positive continuous function on [a, b], and ki(t, s), 1 < j < n,
be non-negative continuous functions for a < s < t <b which are monotonic non-
decreasing in ¢ for any fixed s. Let gi(u), j = 1, 2, .., n, be non-decreasing continuous
functions on [0, =), with gi(0) = 0, g(u) > 0 for u > 0, and g; = g5 =... = g, in (0, ). If
u(t) is a non-negative continuous functions on [4, b] and satisfy the inequality

n t
u@® <f@+Y [kits)g w(s)ds t e [ab],

j=la
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then

u) <c,(),a<t<T,

where ¢o (t) = (I)]<]§a<xtf ),
t
G (t) = G].—1 [G,- (-1 () + [ K (t,9) dsi| =1, ,m,

u

G () =
j (W) ufjgj(x)

;u>0,u; >0,

and T is chosen so that the function ¢\(¢), j = 1, 2, ..., n, are defined for a < t <T (see
[[8], Theorem 10.3]).
Lemma 11. For non-negative a; i = 1, 2, ..., k,

i=1

k " k
(Z%‘) <k 'Ya,n=>1

Definition 12. We denote by CL;(a, b) the space of all functions f such that
feCb]NLi(ab).

Lemma 13. If f € CL; (a,b), then I}.f € CL, (a,b) ,& > 0.

Proof. Clearly if & > 1, then I%f = [,.]I%"'f € AC [a, b]. For 0 <o < 1, it follows from
Fubini’s theorem that Ij.f € L; (a,b) . So, it remains to show that I%.f is continuous at

every ty € (a, b]. We have the following two cases.
Case 1. ty € (a, b), and t € (ty, b]. Then

to t
1
S.F (1) — I%f () | < / (= 9% — (to— 9 IIf 5) Ids + / (€ — 9% 'f (5) Ids
I (o) J :

to t
< ! /|<tfs>‘“ — (to — 9 IIf () 1ds + max |f<s>|f(rfs>“*‘ds
I' (@) J to<s<t p

o
1 — o
= [/|(t—s)a1 — (to =) If (5) |d‘s+[?;?§|f(s)|(t 0{Ifo) i| .

I (o)
Clearly the right-hand side —0 as ¢ — t,. This implies that llgg If @ =I5f (t0) and

thus the continuity.
Case 2. ty € (a, b], and ¢t € (a, t), the proof is similar to that of case 1.
Remark 1.

L.Iffe C(a, b) and imf () =c <00 then fe CL, (a, b).

2.If fe C (a, b), and tlijgf(t) =€ < 00 then (t-a)° fe Cla, b] for all ¢ > 0.

Lemma 14. Let 0 <0 <& < 1, and (t-a)° fit)e Cla, b]. Then I%.f is continuous on [a, b].
(This lemma is proven in [12].)

Next we extend the inequalities in [8] (Lemmas 1.1 and 4.1) to functions in C(0, 77.
Lemma 15. Let f(t) and g(¢) be continuous functions in (0, 7), T > 0. Let v(¢) be a

differentiable function for ¢ > 0 such that tlif{){ v(t) =vp <00 If

Page 4 of 18
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vy <f®+g®v,te 1), (1)
then,

t t

v (t) < vpexp /g(s)ds +/f(s)exp /g(r)dr ds,t € (0, 7).
0

0 s

Proof. We write (1) as

t

, [ 8@z [ g
[V —g©®v©)]e <f@e ,
and obtain
frg(r)dt jg(r)dr
s v(s)es <f(s)e )

By integrating both sides over (¢, t), ¢ > 0, we obtain

t

t t
fg(r)dr fg(r)dr
v(t) Sv(e)es +/f(s)es ds,t > ¢ > 0.

The result follows by taking the limit as ¢ — 0.

Remark 2.

1. If vy < e, and f, g € CL(0, T), then the right-hand side is bounded.

2. If vg = 0, and g € CL1(0, T), then the first term of the right hand said equal to
zero.

Lemma 16. Let v(¢) be a positive differentiable function on (0, 7) such that
tlif(f){l’(f) =1 > 0, and

YO <h@®ve)+k®V (), te 0T,

where the functions /# and k are continuous functions on (0, 7), and p > 0, p = 1, is a
constant. Then,

1
t t N q
v(f) < exp (/h(s)ds) |:ug+q/k(s)exp (—q/h(r)dr)dsj| ,t€(0,T),
0 0 0

where ¢ = 1-p and T is chosen so that the expression between the brackets is posi-
tive in the interval (0, 7).

vl ) vy
Proof. Let z= , then z5 = limz(t) = ° and
t—0*

Z=v" < v (hw+k?) = vh + k= ghz + k.
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By Lemma 15, we obtain

t

t t
q [ h(r)de q [ h(t)dr
z(t) < zpe ° +/k(s)es ds, t > 0.

0

or

t t s
q [ h(v)dt —q [ h(v)dr
v"(t)SeOf vg+q/k(s)e “f ds |,
- 0

where < (respectively, ) hold for g > 0 (respectively, g < 0). In both cases, this esti-
mate implies the result.

Below, we use the terms non-increasing and non-decreasing to refer to monotonic
functions only.

3. Main results
In this section, we present and prove our main results. Without loss of generality, we
take the left end of the intervals to be 0 and drop the subscript a”.

Theorem 17. Let a, b € CL,(0, T), T > 0, be non-negative functions, and t° b(t) e C

[0, T], where 0 <0 < (%g{a B} <lo< Bo <B1 < ... <Br <ox < 1. Let c € C[0, T]

be a non-negative function. Let u € L,(0, T) be such that u; , € AC[0, T] and satisfy
the inequality

t & n
ID*u(t) | < a(t)+b(t)/c(s) > IDPu(s)|] ds;te(0,T), ®)
0 j=0
where n > 1 an integer.
Then,
-1
; n—1 3)
[ID*u(t)| <a(t)+b(t) (L (t))17" —n—-1) / h(s)ds ,t€(0,T)
0
provided that g € L;(0, 7), and
t
wor [noa< '
n—1
0
where
L(t) = ggaéfg(r)dr,
’ ; @)

gm=2""c( [Iaﬂfa(t) + -0 (0) t"‘ﬂjl:| ,

INCEY)

k
j=0
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and

k n
h(t) =2""1c(p) (Z 1 Fip (t)) . (5)

=0
Proof. Let
t k n
é @)= /c(s) (Z |DPu (s) I) ds. (6)
0 j=0

Then, clearly ¢(0) = 0,

k n
¢' (1) =c(®) (Z IDPu (1) |) , (7)

=0

and

IDu@| <a(@+b(®)¢ (). 8)
By Corollary 8 and Equation 7 we have

¢ (1) <c() (i |:I°‘—ﬁf|D°‘u(t) |y = © h1 Dn ©)

B p, INCE)
Substituting (8) into (9), and using Lemma 11, we obtain
, L P e @1 (e '

U s .
Since ¢(t) is non-decreasing, we can write (10) as

() <g®)+h(®)P" (1), (11)

where g() and h(z) are as defined by (4) and (5).
By integrating both sides of (11) over (0, £) we obtain

t
¢® =11 +/h(S) 9" (s)ds, (12)
0

t

where [ () = / g(s)ds. Since g(¢) is non-negative and integrable, /() is non-decreas-
0

ing and continuous on [0, 7]. Thus 52%1(5) =L(® . Also from the assumptions and

Lemma 14, h(t) € C[0. T).
By applying Lemma 9 with o(v) = v" we obtain

t
¢t <H! (H(L(t))+/h(s)ds) ,t€[0,T],
0
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h R ~l Thati
where H (v) = L, ™ H () = [0 — (n— 1a]n— 1 at is
—1
! n—1 13
o=@ —m- 1>/h<s)ds , (13)
0

as long as

t
1
L] ! /h(s)ds < .
n—1
0
Our result follows from (8) and the bound in (13).
Corollary 18. If in addition to the hypotheses of Theorem 17, u € I* (L1(0,7)) then g
(t) reduces to

n

k
g =2""e > aup @

j=0

Proof. This follows from Theorem 5.

n
Remark 3. If @ — gj > 1 — rll’ for all 0 <j < k, and (Jio % Pig (t)) €L, (0,T), then
ge L0, 7).
For n = 1 we have the following inequality
Theorem 19. Let a, b € CL,(0, T) be non-negative functions. Let ¢ € C(0, T] be a
non-negative function. Let u € L;(0, T) be such that u; , € AC[0, T], 0 <& < 1, and
satisfy the inequality

{ k
ID*u(t)| <a(t)+b(t) / c(s) Z |DPiu (s) |ds, t € (0,T) (14)
0

j=0

with 0 < By <B; < ... <Bx <o. Then

t t
ID*u(t)| < a(t) +b(t)/g(s) exp /h(r) dr | ds,t € (0,T) (15)
0 s
where
I
5, [U1-¢ (0) ,_p_
) =c(t " Pa A, 16
g c()jzzo[ O g } (16)
and
k
h(t)y=c@® Y I“Pb). (17)
j=0

Proof. This follows by applying Lemma 15 to (11).

Page 8 of 18
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Corollary 20. If k = 0 and By = B in Theorem 19, then g(¢) and A(¢) reduce to

| Ul—q (O) |taﬂli| ,

= a=p
g C(t)[l a(t) + I (o - B)

and
h)y=c® I Pb().
Corollary 21. If in addition to the hypotheses of Theorem 19, u € 1%(L,(0, 7)), then

g(t) reduces to

k
gW=c Y I"Pa).

j=0

Proof. This follows from Theorem 5.
For the next theorem we use the following expressions. Let

j tl)t*ﬁj*l
Li () = ¢ (1) lu1-q (0)] ]ZO Fo—p)’
j
L®=c®) I*Paw), (18)

j=0

j @—h
L; (t) =c(t) .
3 ; r (Ol — B+ 1)

Theorem 22. Let a € C(0, T) be such that tl_if}){ a(t) =4do is non-zero and finite. Let

¢ € C(0, T] be a non-negative function. Let # € L;(0, T) be such that u; , € AC[0, T],
0 < < 1, and satisfy the inequality

! k
[D*u(t)| <a(t)+ / c(s) IDu(s) | Z |DPiu (s) |ds, t € (0, T) (19)

0 j=0

where 0 < By <B; < ... <Bi <o
(a) If a(t) is positive and non-decreasing then

t t s -1
[ID*u(t) | < a(t)exp (/ Ly (s)ds) |:1 — /Lz (s) exp (/ Ly (1) dr)ds:| ,t€(0,T))

0 0 0

t s
where T is the largest value of ¢ for which |:1 - /Lz (s) exp (/ L (r)dr)ds:| > 0.

0 0

(b) If a(f) is non-negative and non-increasing then

t t s -1
[IDu(t)| < exp (/ L1 (s) ds) |:a51 —/L3 (s) exp (/ Ly (‘[)dt) ds:| ,t€(0,T))

0 0 0

Page 9 of 18
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where T, is the largest value of ¢ for which

t N

agl—/L3(s)exp le (v)dr |ds | > 0.

0 0

Proof.

(a) When a(t) is positive and non-decreasing we can write the inequality (19) as

DU _ [

k
o ﬂ,
o S a(s)u) u ()| Y [DPu(s)lds,t € (0,T). (20)
0

j=0

Let y(£) denote the right-hand side of (20). Then y(0) = 1,

ID“u()| <a®)y (), (21)
and
C(t) k
ACEINEI0] D D (22)
j=0

Since w(t) is non-decreasing then by Corollary 8 we can write (22) in the form
VOSLOYO+LOY O,

where L;(f) and Ly(£) are as defined in (18).
Using Lemma 16 (with p = 2) we obtain

t t s -1

¥ () < exp /Ll (s)ds 1—/L2(5)exp /L1 (t)ydr |ds| ,

0 0 0

t K
as long as |:l — [ Ly (s)exp (fL1 (r)dr) ds] >0.
0 0

(b) When a(t) is non-negative and non-increasing we can write (19) in the form

t

K
[Du(t)] < ao+ / c(s) IDu(s) | Z |DPiu (s) |ds. (23)

0 j=0
Denoting the right-hand side of (23) by ¢(z), we have
IDu@s)| < ¢,
and ¢(f) = ao. By differentiation of ¢ we obtain
k k
¢ () =c@®Du@| Y IDPu@|<c®e®) IDu@l.
j=0 j=0

Then, we proceed as in the first part of the proof.
Corollary 23. Let a € C(0, T) be such that tlif(f){ a(t) = 4do is non-zero and finite. Let

¢ € C(0, T) be a non-negative function. Let u € I* (L,(0, 7)), 0 <& < 1, satisfy the
inequality (19). Let
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o
DI =c®Y I Paqw),D, @) =c(t -
1 (0) C(),Zo a(t), D2 (0 CUZ Ia—p+1)

Then,
(a) If a(t) is positive and non-decreasing; and D; € L;(0, T), then

¢ -1

IDu()| <a(@ |1 —/Dl (s)ds| ,

0

t
as long as fDl ()ds < 1.
0

(b) If a(t) is non-negative and non-increasing; and D, € L,(0, T), then
. -1
Dul < |a' - [D2ods|
0

t
as long as aal — /Dz ()ds| >0.
0
Proof. The result follows from Theorem 5 and Corollary 8.
For the next theorem, we introduce the following expressions.

c(t)ul_a 0) ¢ & Rah=vi-2
K = 7
0= ;;ra—ﬁj)rm—m
m k )
c(t) |u1 a(0)| ehi1 - vl “p
K, (1) = Z}Z( M e ) a(t)+r(a_yi)l a@® |,
K; (1) = ZZI"‘ Bia (1) 1 a (1), (24)
i=0 j=0

S

K(t):gr<1?<xt 1+/K1(r)dr ,
0

N
Ko (t) = max | ag +/u(r)K1 (r)dr
0<s<t
0
Theorem 24. Let a € C(0, T)with [lino} a(t) = do non-zero and finite. Let c € C[0, 7]

be non-negative. Let u € L;(0, T) be such that u;_, € AC[0, T], 0 < < 1, and satisfy
the inequality

t

m k
ID*u(t) | < a(t) +/c(s)Z|D%u(s)|Z|Dﬂ1u(s) |ds,t € (0,T), (25)

5 i=0 j=0

where 0 < By <B1 < ... <Br <@, 0 < Y <Y1 < oo <Yp <L

Page 11 of 18
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(a) If a(t) is positive and non-decreasing; K; € L,(0, 7), and K,, K3 € C[0, T), then
' ¢ t -1
[Du (t) | < a(t) K (t) exp (/Kz (s)ds) |:1 — K (t) exp (/Kz (s)ds) /K3 (s)ds:| ,t€(0,T3),
0 0 0

where T3 is the largest value of ¢ for which the bracket is positive.
(b) If a(t) is non-negative and non-increasing; a(t) Ki(¢) € L1(0, 1), a(t) Ky(2), a(t) K3
(t) e C[O, T), then

¢ ¢ ¢ -1
[D*u(t) | < Ko (1) exp (/G(S)Kz (s) dS) |:1 — Ko (t) exp (/ﬂ(S)Kz (S)ds) /ﬂ(S)Ks (s) d5:| /

0 0 0

te (0, Ty), where T, is the largest value of ¢ for which the bracket is positive.

Proof.
(a) Suppose a(f) is positive and non-decreasing. Then, we can write the inequality
(25) as
DU ()| e & ‘
<1 [0 S I 13 Db s (26)
a(r) , a(s) ‘= s

Let y(£) denote the right-hand side of (26). Then, y(0) = 1,

D*u) | <a@®y (), (27)
and
C(t) m k
ACE I oI @] IDPu (o). (28)
i=0 j=0

Since y is non-decreasing, by Corollary 8 we have

|t (0) [¢*F71

Diu@y| <y )" Pa ,i=0,1,2,... k. 29
[Du(t) | < ¥ (t) a(t) + F (o - 8) j (29)
and
—yi—1
IDYu(t) | < ¥ () [* Va(t) + o O 00 0 (30)
[(a—v)

By substituting (29) and (30) into (28) and since y is non-decreasing, we obtain
VSKiO+KOYO+KOy O, (31)

where K;(£), K5(¢) and K3(¢) are as defined in (24). By integrating (31) we obtain

t t t

v <1+ / K; (s) ds+/K2 ) ¥ (s)ds +/K3 (s) Y2 (s) ds. (32)

0 0 0
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Applying Lemma 10 with

N

co(t)=(€naxt 1+/K1 (t)dr |,

0
t

c1 (t) =co (t) exp/Kz (s) ds,

0
¢ -1

o=t - / K; (s) ds

0

We obtain our result.

(b) Suppose a(z) is non-negative and non-increasing. Then, we can write (25) in the

form

t

m k
ID“u(t) | < ao +/c(s) D IDYu(s) 1Y 1D (s) |ds.

0 i=1 j=1

Denoting the right-hand side of (33) by ¢(¢), we have |D” u(t)| < ¢(t), $(0) = ao, and

m k
¢ =c) ID"u@]|Y  IDu)].

i=1 j=1

The reset of the proof is similar to that of the first part.

Corollary 25. Let a € C(0, T), with [ILI(T){ a(t) = ao non-zero and finite. Let ¢ € CJ0,

T] be non-negative. Let u € I*(L1(0, 7)), 0 <o < 1, satisfy the inequality (25). Let

m k
K @<°? S S raw i Fa,

a(t) i=0 j=0
kom 2a=Pi—vi

Ky (t) =c(t) Ma—g+1)T@—yi+1)

j=0 i=0
(a) If a(t) is positive and non-decreasing; and if K; € L(0, T), then
. -1

[D*u ()| < a(t) 1—/K1(5)ds ,

0

t
as long as [ Kj (s)ds < 1.
0

(b) If a(t) is non-negative and non-increasing and K, € L;(0, T), then
. -1
pu) = o' - [od|
0

t
as long as agl—/Kz(s)ds > 0.
0

Page 13 of 18
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Proof. The result follows from Theorem 5 and Corollary 8.

4. Applications
In this section, we illustrate our previous results by some applications. In particular, we
show how to use these results to prove existence and determine the asymptotic beha-
vior for some classes of fractional differential equations.

We consider the following Cauchy-type problem

D*u(t) = f (t, DPu (1), DPru(t),...DPu(v),t > 0,

(34)
I'%u(0) =uy €R,

where 0 < By <B; < ... <Br <o¢ < 1, and fis a continuous function in all its variables.
Proposition 26. If u(t) has a assumable fractional derivative DPuin (0, T), 0 < B<1,
then for o > 3,

PO =g - M O

(See [[11], p. 48].) In particular, we have
Theorem 27. If u € L,(0, T) such that I"* u € AC[0, Tland satisfy the problem (34),
then

Up

a—1
+ I (oz)t . (35)

ut) = I°f (t, {DFu (1) }]’.10)

Theorem 28. Suppose

t k n
If (t, DPou, DPu, ..., DPru) | §a(t)+b(t)/c(s) Z|Dﬂfu(s) ds,t > 0,
0 j=0
with @, b € CLy(0, T) and ¢ € C[0, T] are non-negative, and t° b(¢t) e C[0, T,

0<o< gnqlfk {0‘ — B } <1, Further suppose the following hold.

@a—f>1— " forall0<j<k
n

k n
(b) (Zla—ﬂfa(t)> €L (0,7),

=0
t s
(c¢) (L (t))"’lfh(s) ds < " ! 1,L(t) =(§naxtfg(r) dt, where g(t) and h(t) are as
0 - =s=tp

defined by (4) and (5).
If u e L,(0, T) is a local solution of (34) that has a summable fractional derivative D
u(t), then this solution exists for ¢t € (0, Tj), where Tj is the largest value in (0, 7) such

L 1
that (L(6)""! [h(s)ds < .
0 n—1
Proof. Following the proof of Theorem 17, we have

-1

! n—1
IDu® | <a@+b@O{ @)™ —n-1) / h(s)ds =B(1)
0

Page 14 of 18
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for all 0 <t <Tj,. By theorem 27, we have

@] < epvul+ Pl et < gy Mol e
I' (o) I' (o)
Therefore, u(t) is bounded by a continuous function.
Example 1. Consider the problem

D°8u(t) =f (t,u(t)), te (0,7],
1924(0) = 1,

with f satisfying the inequality

t t

sint 1 2 2 1 1/‘22
sTuc(s)ds < sTu” (s) ds.
(s) _Jt+Jt (s)

0

t,u(t < +
If (tu()] N
0
Then, we can take T, = 0.17826. Thus, if u € L,(0, ) is a local solution with a sum-
mable fractional derivative D®® u(¢), this solution exists for 0 <¢ < 0.17826.

Theorem 29. Suppose that

! k
If (t, DPou, DPru, ..., DPru) | < a(t) +/C(S)|D"‘u(s) 1> IDPus) lds, ¢ > 0,
0 j=0

where 0 < By <B1 < ... <Bx <ot < 1, a € C(0, T) with tl_i)rga(t) =do non-zero and

finite, and ¢ € C(0, T) is non-negative. Let Li(t), k = 1, 2, 3, and T}, j = 1, 2 be as in
Theorem 22.

Then, we consider the following cases.

(a) a(t) is positive and non-decreasing, L,, L, € CL,(0, T), and

t N

1—/L2(s)exp le(r)dr ds>0,te(0,Ti).

0 0

In this case, if u € L;(0, T) is a local solution of (34) that has a summable fractional
derivative D u(t), then this solution exists for all £ € (0, T}).

(b) a(t) is non-negative and non-increasing, Ly, L3 € CL;(0, T), and

t S

agl—/L3(s)eXp le (r)dr | ds> 0,t € (0,T,).

0 0

In this case, if u € L;(0, T) is a local solution of (34) that has a summable fractional
derivative D u(¢), then this solution exists for all t € (0, T5)

Proof. The result follows from Theorems 22 and 27.

Example 2. Consider the problem

D*7u(t) = f (t D**u (v)), t € (0, 2],
1°3u(0) = 0.1,

Page 15 of 18
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with f satisfying the inequality

t

|f (t, Dozu(t)) | < ot i 1 +/

0

1
" ID°7u (s) ||D°2u (s5)|ds.

We have L;(¢) = 0, Ly(¢) = 1.14 t*Y” € CL(0, 1), and 1-0.97 > > 0, t € (0, 1.02638).

Thus, if u € L;(0, 2) is a local solution with a summable fractional derivative D*’ u
(), then this solution exists for all £ € (0, 1.02638).

Theorem 30. Suppose that

t

m k
If (t,u, DPou, ..., DPru) | < a(t)+/c(s)Z|DVfu(s)|Z|Dﬂfu(s) lds,t € (0, T),
5 i=0 j=0
where 0 < g <B; < ... <Bx <0t <1,0< % <Y1 < . <¥p<o<1,ae CO, T) with
tlifgjl(t) = 4o non-zero and finite, and ¢ € C[0, T] is non-negative. Let K(¢), i = 1, 2,

3, K(t), Ko(t), T3 and T4 be as in Theorem 24. Then, we consider the following

cases.
t
(a) a(z) is positive and non-decreasing, Cit; 22=h==2 € L1 (0,T) for all i, j, Ky, K3
a
e C[0, T), and

t t

1 — K (t) exp /Kz(s)ds /K3 ()ds > 0,t € (0, T3).

0 0

In this case, if # € L;(0, T) is a local solution of (34) that has a summable fractional
derivative D u(¢), then this solution exists for all £ € (0, Ts).

(b) a(t) is non-negative and non-increasing, a(t) Ky(t), a(t) Ks(t) € C[0, T),
c(@)t?*H7=2eL(0,T) forall i j, and

t t

1 — Ko (t) exp /a(s)Kz(s)ds /a(t)Kg(s)d5>O,te (0, Ty).

0 0

In this case, if u € L;(0, T) is a local solution of (34) that has a summable fractional
derivative D u(¢), then this solution exists for all £ € (0, T).
Proof. The result follows from Theorems 24 and 27.
Example 3. Consider the problem
D%Su(t) =f (t,u (), t € (0, 1],
1°44(0) = 0.5,

with f satisfying the inequality

t
et —1
Fauo< / (¢ — 1) (5)ds.
Ve
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By calculation we have 1 — 3.26¢17¢1:05t"* = o for t € (0, 0.404986). Thus, if u € L,
(0, 1) is a local solution with a summable fractional derivative D°® u(¢), then this solu-
tion exists for all £ € (0, 0.404986).

Example 4. Consider the problem

D7u(t) = f (t,u (), t € (0,11,
193u(0) = 0.1,

with f satisfy the inequality
t

in/t

If (tbu@®)| < Sth +/(e5—1)u2(s)ds.
0

It follows that if # € L,(0, 1) is a local solution with a summable fractional derivative
D7 u(¢), then this solution exists for all £ e (0, 1).

Finally, we show how the results in Section 3 can provide information about the
behavior of the solutions for large values of ¢. For this purpose, we utilize the following
lemma which is proved in [13].

Lemma. 31. Let o, A, @ > 0O, then

t
1= [(t —s)* s+ "le~»ds < Const. t > 0
0
Theorem 32. Suppose f'in (34) satisfy the inequality

¢ k
If (t, DPou, DP'u, ... DPru) | < a(t) +b(t)fc(s)Z|Df’fu(s) |ds, t > 0,
0 j=0

with 0 < g <B; < .. <Br<ax < 1,a, be CLi(0, T) and ¢ € C(0, T] are non-negative.

Further, suppose the following.
t t

1. / g (s)exp / h(z)dr | ds < M, where M is a positive constant, and g(¢), h(t) are

0 s

as defined by (16) and (17).

2. a(t) <Mttt et My, A, 01 > 0.

3.b(t) < Myt et My, ho,wp > 0.

If ue L,(0, T) is a local solution of (34) that has a summable fractional derivative D
u(t), then

o

C
< 1> 0,

where C is positive constant.
Proof. From Theorems 27 and 19, we have
[uo| o4

u@®|=I"Z@® + F(a)t ,

Page 17 of 18
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where

t t
Z(t)=a(t)+b(t)/g(s)exp /h(r)dt ds.
0 s

( t
Since [ g(s) exp (fh (7) dt) ds < M, then
0 s

Z (@) <a(t)+Mb(t)
and

o]

1-a 1—a g 1—ajo
ET%u) | < T %a(t) + Mt Ib(t)+l“(oe)'

The conditions 2-3 and Lemma 31 yield the result.
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