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Abstract

Bodaghi et al. [On the stability of quadratic double centralizers and quadratic
multipliers: a fixed point approach. J. Inequal. Appl. 2011, Article ID 957541, 9pp.
(2011)] proved the Hyers-Ulam stability of quadratic double centralizers and quadratic
multipliers on Banach algebras by fixed point method. One can easily show that all
the quadratic double centralizers (L, R) in the main results must be (0, 0). The results
are trivial. In this article, we correct the results.
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1. Introduction

In 1940, Ulam [1] raised the following question concerning stability of group homo-
morphisms: Under what condition does there exist an additive mapping near an
approximately additive mapping? Hyers [2] answered the problem of Ulam for Banach
spaces. He showed that for Banach spaces X and ), if ¢ >0 and f: X — ) such
that

IfCe+y) =f(x) =f) i< e
for all x,y € X, then there exists a unique additive mapping T : X — ) such that
[f(x)-T(x) I<e (xed).

Consider f: X — ) to be a mapping such that f (tx) is continuous in ¢ € R for all
x € X. Assume that there exist constant ¢ > 0 and p € [0, 1) such that

IfCe+y) =fE) —f@) I=ellx [P+ 1y [1P) (xeX).

Rassias [3] showed that there exists a unique R-linear mapping T : X — ) such that

(%) = T(x) <

p
<, Il (xed).
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Gévruta [4] generalized the Rassias’ result. A square norm on an inner product space
satisfies the important parallelogram equality

lx+yl P+lx—yl P =201« P+ 1yl ).

Recall that the functional equation
fle+y) +f(x—y) = 2f(x) + 2f () (1.1)

is called a quadratic functional equation. In particular, every solution of the func-
tional equation (1.1) is said to be a quadratic mapping. A Hyers-Ulam stability pro-
blem for the quadratic functional equation was proved by Skof [5] for mappings
f: X — )Y, where X is a normed space and ) is a Banach space. Cholewa [6]
noticed that the theorem of Skof is still true if the relevant domain E; is replaced by
an Abelian group. Indeed, Czerwik [7] proved the Hyers-Ulam stability of the quadratic
functional equation. Since then, the stability problems of various functional equation
have been extensively investigated by a number of authors [8-20].

2, Stability of quadratic double centralizers
A linear mapping L : A — A is said to be left centralizer on A if L(ab) = L(a)b for all
a, b e A. Similarly, a linear mapping R : A — A satisfying that R(ab) = aR(b) for all
a,be A is called right centralizer on A. A double centralizer on A is a pair (L, R),
where L is a left centralizer, R is a right centralizer and aL(b) = R(a)b for all a,b € A.
An operator T: A — A is said to be a multiplier if aT(b) = T(a)b for all a,b e A.

Throughout this article, let A4 be a complex Banach algebra. Recall that a mapping
L: A— A is a quadratic left centralizer if L is a quadratic homogeneous mapping,
that is quadratic and L(,a) = 2> L (a) for all g € A and A € C and L(ab) = L(a)b* for
all a,b € A, and a mapping R: 4 — A is a quadratic right centralizer if R is a quad-
ratic homogeneous mapping and R(ab) = a’R(b) for all a,b € A . Also a quadratic dou-
ble centralizer of an algebra A is a pair (L, R), where L is a quadratic left centralizer, R
is a quadratic right centralizer and a*L(b) = R(a)b” for all a,b € A (see [21] for
details).

It is proven in [8] that for vector spaces X and ) and a fixed positive integer &, a

mapping f : X — ) is quadratic if and only if the following equality holds:

o (M) w2 (M) - s )

We thus can show that fis quadratic if and only if for a fixed positive integer k, the
following equality holds:

flkx + ky) + f(kx — ky) = 2k°f (x) + 2K*f(y).

Before proceeding to the main results, we will state the following theorem which is
useful to our purpose.

Theorem 2.1. (The alternative of fixed point [22]). Suppose that we are given a com-
plete generalized metric space (X, d) and a strictly contractive mapping T: X — X with
Lipschitz constant L. Then, for each given x € X, either d(T"x, T""'x) = o for all n > 0
or other exists a natural number ny such that
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(i) d(T"x, T""'x) < oo for all n > ny;
(il) the sequence {T"x} is convergent to a fixed point y* of T;
(ili) y* is the unique fixed point of T in the set A ={y € X : d(T™x, y) < oo};

(iv) d(y,y*) < ;L d(y, T)for all y € A.

Theorem 2.2. Let fj: A — A be continuous mappings with f; (0) = 0 (j = 0, 1), and

let ¢ : A* — [0, 00) be continuous in the first and second variables such that

| fi(ha + Ab) + fi(ha — Ab) — 222[f(a) + f;(b)] || < ¢(a,b,0,0), (2.1)

I fi(ed) = [(1 = D)) 7 +j(@[(d)Y] + w*fo(v) = fi(w)v? |

(2.2)
< ¢(c,d, u,v)

forall e T={reC:|A|l=1)and all a,b,c,d,u,ve A,j=0,1. If there exists a
constant m, 0 <m < 1, such that

o(c,d,u,v) < 4me (;§ZZ> (2.3)

for all ¢, d,u,v € A, then there exists a unique quadratic double centralizer (L, R) on

A satisfying

@) =L@ 1=, L olaa00) 2.4

)

IA@-R@ 1=, " 6000 2.5)

)

forall ae A .
Proof. From (2.3), it follows that

lim4~'¢(2'c, 2'd, 2'u, 2'v) = 0 (2.6)
1
for all ¢,d, u,v € A. Putting j = 0,4 = 1, a = b and replacing a by 2a in (2.1), we get

I fo(2a) — 4fo(a) | < ¢(a,a,0,0)

for all g € A. By the above inequality, we have

|90 i) = | #(a.0,0,0 e

for all 4 € A. Consider the set X :={g|g:. A — A} and introduce the generalized

metric on X:
d(h,g) = inf{C e R" : || g(a) — h(a) |I< C¢(a,a,0,0) forall a € A}.

It is easy to show that (X, d) is complete. Now, we define the mapping Q : X - X by

Q@) = ,h(2a) 2.8)
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forall g e A.Given g he X, let Ce R be an arbitrary constant with d(g, &) < C,
that is,

I §(a) — h(a) lI< Cé(a, a,0,0) (2.9)

for all g € A . Substituting a by 24 in the inequality (2.9) and using (2.3) and (2.8),
we have

I (Qg)(a) ~ (Q)(@) I = , Il 8(20) ~ h(2a) |
1
< 4C¢>(2a, 24,0,0)
< Cmg¢(a, a,0,0)

for all 4 € A . Hence, d(Qg, Qi) < Cm. Therefore, we conclude that d(Qg, Qh) < md
(g h) for all g, h € X. It follows from (2.7) that

aQfofo) = . (2.10)

By Theorem 2.1, Q has a unique fixed point L : 4 — A in the set = {h e X, d (fo, h)
< }. On the other hand,

lim f"(j:”) - L(a) (2.11)

n—oQo

for all g € A . By Theorem 2.1 and (2.10), we obtain

1 1
d(fo, L) < d(Qfo, L) < /
O T .
i.e., the inequality (2.4) is true for all 4 € A . Now, substitute 2"a and 2"b by a and
b, respectively, and put j = 0 in (2.1). Dividing both sides of the resulting inequality by
2", and letting 7 go to infinity, it follows from (2.6) and (2.11) that

L(Xa + Ab) + L(Aa — Ab) = 2A?L(a) + 2X*L(b) (2.12)
for all a,b € A and A € T. Putting A = 1 in (2.12), we have
L(a +b) + L(a — b) = 2L(a) + 2L(b) (2.13)

for all a,b € A. Hence, L is a quadratic mapping.

Letting b = 0 in (2.13), we get L(Aa) = A*L(a) for all a,b € A and A e T. By (2.13), L
(ra) = r* L(a) for any rational number r. It follows from the continuity f, and ¢ for
each A € R, L(la) = A*L(a). Hence,

L(%a) L(A |A|) WD BN PET
a) = a)= a) = a
I A | Al 2 [ Al 2
forall g e A and A € C (A = 0). Therefore, L is quadratic homogeneous. Putting j =
0, u = v = 0 in (2.2) and replacing 2"c by ¢, we obtain

fo'ad) _fol2'a),
471

1
< 47"¢(2"%,d,0,0).
o < 4 )
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By (2.6), the right-hand side of the above inequality tend to zero as n — oo. It follows
from (2.11) that L(cd) = L(c) d* for all ¢,d € A . Thus, L is a quadratic left centralizer.
Also, one can show that there exists a unique mapping R : A — A which satisfies

lim fi2'a)

n—00 qn

- R(a)

for all g € A. The same manner could be used to show that R is quadratic right cen-
tralizer. If we substitute # and v by 2"u and 2"v in (2.2), respectively, and put ¢ = d =
0, and divide the both sides of the obtained inequality by 16”, then we get

@) A"
4n 4n

| <167"¢(0,0,2"u, 2"v) < 47"¢(0, 0, 2"u, 2"v).

Passing to the limit as # — o, and again from (2.5) we conclude that u* L(v) = R(x)
v? for all u,v € A . Therefore, (L, R) is a quadratic double centralizer on 4 . This com-
pletes the proof of the theorem.

3. Stability of quadratic multipliers

Assume that 4 is a complex Banach algebra. Recall that a mapping T: A — A is a

quadratic multiplier if T is a quadratic homogeneous mapping, and a*>T(b) = T(a)b*

for all a,b € A (see [21]). We investigate the stability of quadratic multipliers.
Theorem 3.1. Let f: A— A be a continuous mapping with f(0) = 0 and let

¢ A > [0, 00) be a continuous in the first and second variables such that

I f(a+b) +f(ra = ab) — 222[f(a) + f(b)] + ¢°f (d) — f(c)d” |

(3.1)
< ¢(a,bcd)

for all ). e Tand all a,b,c,d € A.If there exists a constant m, 0 <m < 1, such that

¢(2a,2b, 2¢, 2d) < 4me(a, b, ¢, d) 3.2)

for all a,b,c,d e A. Then, there exists a unique quadratic multiplier T on

I f(a)=T(a) | < 41— m)qb(a, a,0,0) satisfying
I f(a) =T(a) I < 401 1_ m)¢(a, a,0,0) (3.3)
forall ac A.

Proof. 1t follows from ¢(2a, 2b, 2¢, 2d) < 4mq(a, b, c, d) that

2"a, 2"b, 2"¢, 2"d
oy P27, 2%)

li (3.4)
n— 00 4n
for all a,b,c,d € A.PuttingA =1,a=>b,c=d,d=0in (3.1), we obtain
| f(2a) —4f(a) | < ¢(a,a,0,0)
for all 4 € A. Hence,
1 1
'f(d) - ,f(2a) 4 9(a.4,0,0) (3.5)
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for all g € A. Consider the set X :={h|h: A — A} and introduce the generalized
metric on X :

d(g h) :=inflCe R : | g(a) —h(a) | <= C¢(a,a,0,0) for all a € A}.

It is easy to show that (X, d) is complete. Now, we define a mapping ®: X — X by
1
D(h)(a) = 4h(2a)

for all g € A. By the same reasoning as in the proof of Theorem 2.2, ® is strictly
contractive on X. It follows from (3.5) that d(®f,f) < 411' By Theorem 2.1, ® has a

unique fixed point in the set X; = {h € X : d(f, h) < «}. Let T be the fixed point of ®.
Then, T is the unique mapping with T(2a) = 4T(a), for all g € A such that there exists
C e (0, o) such that

I T(x) = f(x) I = Cé¢(a,a,0,0)

for all g € A. On the other hand, we have lim,, _, .. d(®"(f), T) = 0.
Thus,

1
lim = f(2"x) = T(x) (3.6)
n—oo 41
for all g € A. Hence,

df,7) < | _1md(T,<I>(f)) < 4(11_m).

This implies the inequality (3.3). It follows from (3.1), (3.4) and (3.6) that
| T(ra + Ab) + T(ra — Ab) — 2)°2T(a) — 222T(D) ||

= lim 41n | T(2"(Aa + Ab)) + T(2"(ra — Ab)) — 2A*T(2"a) — 2A*T(2"D) |

n—00

1
< lim 4n¢(2"a, 2"5,0,0) =0

n—oo

for all a,b € A. Hence,
T(ra + Ab) + T(ra — Ab) = 2A%T(a) + 2°T(b) (3.8)

for all a,be A and A € T. Letting b = 0 in (3.8), we have T(Aa) = A*T(a), for all
a,be A and )\ e T. Now, it follows from the proof of Theorem 2.1 and the continuity
fand ¢ that T is C-linear. If we substitute ¢ and d by 2”c and 2"d in (3.1), respectively,
and put a = b = 0 and we divide the both sides of the obtained inequality by 16", we
get

Lf@') _f2")

¢(0,0,2"c, 2"d) #(0,0,2"c, 2"d)
4n 4n = '

16" - 4n

Passing to the limit as # — oo, and from (3.4) we conclude that ¢*T(d) = T(c)d* for
allc,de A.
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