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Abstract

We extend the right and left convex function theorems to weighted Jensen’s type
inequalities, and then combine the new theorems in a single one applicable to a
half convex function f(u), defined on a real interval � and convex for u ≤ s or u ≥ s,
where s ∈ � . The obtained results are applied for proving some open relevant
inequalities.
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1 Introduction
The right convex function theorem (RCF-Theorem) has the following statement (see

[1-3]).

RCF-Theorem. Let f(u) be a function defined on a real interval � and convex for

u ≥ s ∈ � . The inequality

f (x1) + f (x2) + · · · + f (xn) ≥ nf (
x1 + x2 + · · · + xn

n
) (1)

holds for all x1, x2, . . . , xn ∈ � satisfying x1 + x2 + ... + xn ≥ ns if and only if

f (x) + (n − 1)f (y) ≥ nf (s) (2)

for all x, y ∈ �which satisfy x ≤ s ≤ y and x + (n - 1)y = ns.

Replacing f(u) by f(-u), s by -s, x by -x, y by -y, and each xi by -xi for i = 1, 2, ..., n,

from RCF-Theorem we get the left convex function theorem (LCF-Theorem).

LCF-Theorem. Let f(u) be a function defined on a real interval � and convex for

u ≤ s ∈ � . The inequality

f (x1) + f (x2) + · · · + f (xn) ≥ nf (
x1 + x2 + · · · + xn

n
) (3)

holds for all x1, x2, . . . , xn ∈ � satisfying x1 + x2 + ... + xn ≤ ns if and only if

f (x) + (n − 1)f (y) ≥ nf (s) (4)

for all x, y ∈ �which satisfy x ≥ s ≥ y and × + (n - 1)y = ns.

Notice that from RCF- and LCF-Theorems, we get the following theorem, which we

have called the half convex function theorem (HCF-Theorem).
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HCF-Theorem. Let f(u) be a function defined on a real interval � and convex for u ≤ s

or u ≥ s, where s ∈ � . The inequality

f (x1) + f (x2) + · · · + f (xn) ≥ nf (
x1 + x2 + · · · + xn

n
) (5)

holds for all x1, x2, . . . , xn ∈ � satisfying x1 + x2 + ... + xn = ns if and only if

f (x) + (n − 1)f (y) ≥ nf (s) (6)

for all x, y ∈ �which satisfy x + (n - 1)y = ns.

Applying RCF-, LCF-, and HCF-Theorems to the function f(u) = g(eu), and replacing

s by ln r, x by ln x, y by ln y, and each xi by ln ai for i = 1, 2, ..., n, we get the follow-

ing corollaries, respectively.

RCF-Corollary. Let g be a function defined on a positive interval � such that f(u) = g

(eu) is convex for eu ≥ r ∈ � . The inequality

g(a1) + g(a2) + · · · + g(an) ≥ ng( n
√
a1a2 . . . an) (7)

holds for all a1, a2, . . . , an ∈ �satisfying a1a2 ... an ≥ rn if and only if

g(a) + (n − 1)g(b) ≥ ng(r) (8)

for all a, b ∈ �which satisfy a ≤ r ≤ b and abn-1 = rn.

LCF-Corollary. Let g be a function defined on a positive interval � such that f(u) = g

(eu) is convex for eu ≤ r ∈ � . The inequality

g(a1) + g(a2) + · · · + g(an) ≥ ng( n
√
a1a2 . . . an) (9)

holds for all a1, a2, . . . , an ∈ �satisfying a1a2 ... an ≤ rn if and only if

g(a) + (n − 1)g(b) ≥ ng(r) (10)

for all a, b ∈ �which satisfy a ≥ r ≥ b and abn-1 = rn.

HCF-Corollary. Let g be a function defined on a positive interval � such that f(u) = g

(eu) is convex for eu ≤ r or eu ≥ r, where r ∈ �. The inequality

g(a1) + g(a2) + · · · + g(an) ≥ ng(r) (11)

holds for all a1, a2, . . . , an ∈ �satisfying a1a2 ... an = rn if and only if

g(a) + (n − 1)g(b) ≥ ng(r) (12)

for all a, b ∈ �which satisfy abn-1 = rn.

2 Main results
In order to extend RCF-, LCF-, and HCF-Theorems to weighted Jensen’s type inequal-

ities, we need the following lemma.

Lemma 2.1 Let q1, q2 and r1, r2, ..., rm be nonnegative real numbers such that

r1 + r2 + · · · + rm = q1 + q2, (13)

and let f be a convex function on � . If a, b ∈ � (a ≤ b) and x1, x2, ..., xm Î [a, b] such

that
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r1x1 + r2x2 + · · · + rmxm = q1a + q2b, (14)

then

r1f (x1) + r2f (x2) + · · · + rmf (xm) ≤ q1f (a) + q2f (b). (15)

The weighted right convex function theorem (WRCF-Theorem), weighted left convex

function theorem (WLCF-Theorem), and weighted half convex function theorem

(WHCF-Theorem) are the following.

WRCF-Theorem. Let f(u) be a function defined on a real interval � and convex for

u ≥ s ∈ � , and let p1, p2, ..., pn be positive real numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (16)

The inequality

p1f (x1) + p2f (x2) + · · · + pnf (xn) ≥ f (p1x1 + p2x2 + · · · + pnxn) (17)

holds for all x1, x2, . . . , xn ∈ � satisfying p1x1 + p2x2 + ... + pnxn ≥ s if and only if

pf (x) + (1 − p)f (y) ≥ f (s) (18)

for all x, y ∈ �such that x ≤ s ≤ y and px + (1 - p)y = s.

WLCF-Theorem. Let f(u) be a function defined on a real interval � and convex for

u ≤ s ∈ � , and let p1, p2 , ..., pn be positive real numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (19)

The inequality

p1f (x1) + p2f (x2) + · · · + pnf (xn) ≥ f (p1x1 + p2x2 + · · · + pnxn) (20)

holds for all x1, x2, . . . , xn ∈ � satisfying p1x1 + p2x2 + ... + pnxn ≤ s if and only if

pf (x) + (1 − p)f (y) ≥ f (s) (21)

for all x, y ∈ �such that x ≥ s ≥ y and px + (1 - p)y = s.

WHCF-Theorem. Let f(u) be a function defined on a real interval � and convex for u

≤ s or u ≥ s, where s ∈ � , and let p1, p2, ..., pn be positive real numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (22)

The inequality

p1f (x1) + p2f (x2) + · · · + pnf (xn) ≥ f (p1x1 + p2x2 + · · · + pnxn) (23)

holds for all x1, x2, . . . , xn ∈ � satisfying p1x1 + p2x2 + ... + pnxn = s if and only if

pf (x) + (1 − p)f (y) ≥ f (s) (24)

for all x, y ∈ �such that px + (1 - p)y = s.

Notice that WLCF-Theorem can be obtained from WRCF-Theorem replacing f(u) by

f(-u), s by -s, x by -x, y by -y, and each xi by -xi for i = 1,2, ..., n.

On the other hand, applying WRCF-, WLCF-, and WHCF-Theorems to the function f

(u) = g(eu) and replacing s by 1nr, x by 1nx, y by 1ny, and each xi by In ai for i = 1, 2, ... n,

we get the following corollaries, respectively.
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WRCF-Corollary Let g be a function defined on a positive interval � such that f(u) =

g(eu) is convex for ln u ≥ r ∈ �, and let p1, p2, ..., pn be positive real numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (25)

The inequality

p1g(a1) + p2g(a2) + · · · + png(an) ≥ g(ap11 ap22 . . . apnn ) (26)

holds for all a1, a2, . . . , an ∈ �satisfying ap11 ap22 . . . apnn ≥ r if and only if

pg(a) + (1 − p)g(b) ≥ g(r) (27)

for all a, b ∈ �such that a ≤ r ≤ b and apb1-p = r.

WLCF-Corollary. Let g be a function defined on a positive interval � such that f(u) =

g(eu) is convex for eu ≤ r ∈ � , and let p1, p2, ..., pn be positive real numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (28)

The inequality

p1g(a1) + p2g(a2) + · · · + png(an) ≥ g(ap11 ap22 . . . apnn ) (29)

holds for all a1, a2, . . . , an ∈ �satisfying ap11 ap22 . . . apnn ≤ r if and only if

pg(a) + (1 − p)g(b) ≥ g(r) (30)

for all a, b ∈ �such that a ≥ r ≥ b and apb1-p = r.

WHCF-Corollary. Let g be a function defined on a positive interval � such that f(u)

= g(eu) is convex for eu ≤ r or eu ≥ r, where r ∈ �, and let p1, p2, ..., pn be positive real

numbers such that

p = min{p1, p2, . . . , pn}, p1 + p2 + · · · + pn = 1. (31)

The inequality

p1g(a1) + p2g(a2) + · · · + png(an) ≥ g(ap11 ap22 . . . apnn ) (32)

holds for all a1, a2, . . . , an ∈ �satisfying ap11 ap22 . . . apnn = r if and only if

pg(a) + (1 − p)g(b) ≥ g(r) (33)

for all a, b ∈ �such that apb1-p = r.

Remark 2.2. Let us denote

g(u) =
f (u) − f (s)

u − s
, h(x, y) =

g(x) − g(y)
x − y

. (34)

In some applications, it is useful to replace the hypothesis

pf (x) + (1 − p)f (y) ≥ f (s) (35)

in WRCF-, WLCF-, and WHCF-Theorems by the equivalent condition:

h(x, y) ≥ 0 for all x, y ∈ � such that px + (1 - p)y = s.
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This equivalence is true since

pf (x) + (1 − p)f (y) − f (s) = p[f (x) − f (s)] + (1 − p)[f (y) − f (s)]

= p(x − s)g(x) + (1 − p)(y − s)g(y)

= p(1 − p)(x − y)[g(x) − g(y)]

= p(1 − p)(x − y)2h(x, y).

Remark 2.3. The required inequalities in WRCF-, WLCF-, and WHCF-Theorems

turn into equalities for x1 = x2 = ... = xn. In addition, on the assumption that p1 = min

{p1, p2, ..., pn}, equality holds for x1 = x and x2 = ... = xn = y if there exist x, y ∈ � , x ≠

y such that px + (1 - p)y = s and pf(x) + (1 - p)f(y) = f(s).

3 Proof of Lemma 2.1
Consider only the nontrivial case a <b. Since x1, x2, ..., xm Î [a, b] there exist l1, l2, ...,
lm Î [0, 1] such that

xi = λia + (1 − λi)b, i = 1, 2, . . . ,m.

From

λi =
xi − b
a − b

, i = 1, 2, . . . ,m,

we have

m∑
i=1

riλi =
1

a − b
(

m∑
i=1

rixi − b
m∑
i=1

ri) =
1

a − b
[q1a + q2b − b(q1 + q2)] = q1.

Thus, according to Jensen’s inequality, we get

m∑
i=1

rif (xi) ≤
m∑
i=1

ri[λif (a) + (1 − λi)f (b)]

= [f (a) − f (b)]
m∑
i=1

riλi + f (b)
m∑
i=1

ri

= [f (a) − f (b)]q1 + f (b)(q1 + q2)

= q1f (a) + q2f (b).

4 Proof of WRCF-Theorem
Since the necessity is obvious, we prove further the sufficiency. Without loss of gener-

ality, assume that x1 ≤ x2 ≤ ... ≤ xn. If x1 ≥ s, then the required inequality follows by

Jensen’s inequality for convex functions. Otherwise, since

p1x1 + p2x2 + · · · + pnxn ≥ (p1 + p2 + · · · + pn)s,

there exists k Î {1, 2, ..., n - 1} such that

x1 ≤ · · · ≤ xk < s ≤ xk+1 ≤ · · · ≤ xn.

Let us denote

q = p1 + · · · + pk,
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By Jensen’s inequality, we have

n∑
i=k+1

pif (xi)) ≥ (pk+1 + · · · + pn)f (z) = (1 − q)f (z),

where

z =
pk+1xk+1 + · · · + pnxn

pk+1 + · · · + pn
, z ≥ s, z ∈ �.

Thus, it suffices to prove that

k∑
i=1

pif (xi) + (1 − q)f (z) ≥ f (S), (36)

where

S = p1x1 + p2x2 + · · · + pnxn =
p1x1 + p2x2 + · · · + pnxn

p1 + p2 + · · · + pn
, s ≤ S ≤ z.

Let yi, i = 1, 2, ..., k, defined by

pxi + (1 − p)yi = s.

We will show that

z ≥ y1 ≥ y2 ≥ · · · ≥ yk > s.

We have

y1 ≥ y2 ≥ · · · ≥ yk,

yk − s =
p(s − xk)
1 − p

> 0,

y1 =
s − px1
1 − p

≤ S − px1
1 − p

=
(p1 − p)x1 + p2x2 + · · · + pnxn

(p1 − p) + p2 + · · · + pn
.

Since p1 - p = p1 - min {p1, p2, ..., pn} ≥ 0, we get

(p1 − p)x1 + p2x2 + · · · + pnxn
(p1 − p) + p2 + · · · + pn

≤ p2x2 + · · · + pnxn
p2 + · · · + pn

≤ z,

and hence y1 ≤ z. Now, from z ≥ y1 ≥ y2 ≥ ... ≥ yk >s, it follows that y1, y2, . . . , yk ∈ � .

Then, by hypothesis, we have

pf (xi) + (1 − p)f (yi) ≥ f (s)

for i = 1,2, ..., k. Summing all these inequalities multiplied by pi/p, respectively, we

get

k∑
i=1

pif (xi) +
1 − p
p

k∑
i=1

pif (yi) ≥ q
p
f (s).

Therefore, to prove (36), it suffices to show that

q
p
f (s) + (1 − q)f (z) ≥ 1 − p

p

k∑
i=1

pif (yi) + f (S). (37)
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Since S Î [s, z], yi Î (s, z] for i = 1, 2, ..., k,

q
p
+ 1 − q =

1 − p
p

k∑
i=1

pi + 1,

q

p
s + (1 − q)z =

1 − p

p

k∑
i=1

piyi + S,

(37) is a consequence of Lemma 2.1, where m = k + 1, a = s, b = z, q1 = q/p, q2 = 1 -

q, rm = 1, xm = S, ri = (1 - p)pi/p and xi = yi for i = 1, 2, ..., k.

5 Applications
Proposition 5.1. Let a1, a2, ..., an (n ≥ 3) be positive real numbers such that a1a2 ... an
= 1. If p and q are nonnegative real numbers such that p + q ≥ n - 1, then [4]

1

1 + pa1 + qa21
+

1

1 + pa2 + qa22
+ · · · + 1

1 + pan + qa2n
≥ n

1 + p + q
.

Proof. Write the desired inequality as

g(a1) + g(a2) + · · · + g(an) ≥ ng(1),

where

g(t) =
1

1 + pt + qt2
, t > 0.

To prove this inequality, we apply HCF-Corollary for r = 1. Let

f (u) = g(eu) =
1

1 + peu + qe2u
, u ∈ �.

Using the second derivative,

f ′′(u) =
eu[4q2e3u + 3pqe2u + (p2 − 4q)eu − p]

(1 + peu + qe2u)3
,

we will show that f(u) is convex for eu ≥ r = 1. We need to show that

4q2t3 + 3pqt2 + (p2 − 4q)t − p ≥ 0

for t ≥ 1. Indeed,

4q2t3 + 3pqt2 + (p2 − 4q)t − p ≥ (4q2 + 3pq + p2 − 4q − p)t

= [(p + 2q)(p + q − 2) + 2q2 + p]t > 0,

because p + q ≥ n - 1 ≥ 2.

By HCF-Corollary, it suffices to prove that g(a) + (n - 1)g(b) ≥ ng(1) for all a, b > 0

such that abn-1 = 1. We write this inequality as

b2n−2

b2n−2 + pbn−1 + q
+

n − 1
1 + pb + qb2

≥ n
1 + p + q

.

Applying the Cauchy-Schwarz inequality, it suffices to prove that

(bn−1 + n − 1)2

(b2n−2 + pbn−1 + q) + (n − 1)(1 + pb + qb2)
≥ n

1 + p + q
,
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which is equivalent to

pB + qC ≥ A,

where

A = (n − 1)(bn−1 − 1)2 ≥ 0,

B = (bn−1 − 1)2 + nE =
A

n − 1
+ nE,

C = (bn−1 − 1)2 + nF =
A

n − 1
+ nF,

with

E = bn−1 + n − 2 − (n − 1)b, F = 2bn−1 + n − 3 − (n − 1)b2.

By the AM-GM inequality applied to n - 1 positive numbers, we have E ≥ 0 and F ≥

0 for n ≥ 3. Since A ≥ 0 and p + q ≥ n - 1, we have

pB + qC − A ≥ pB + qC − (p + q)A
n − 1

= n(pE + qF) ≥ 0.

Equality holds for a1 = a2 = ... = an = 1.

Remark 5.2. For p + q = n - 1 and n ≥ 3, by Proposition 5.1 we get the following

beautiful inequality

1

1 + pa1 + qa21
+

1

1 + pa2 + qa22
+ · · · + 1

1 + pan + qa2n
≥ 1.

If p = n - 1 and q = 0, then we get the well-known inequality

1
1 + (n − 1)a1

+
1

1 + (n − 1)a2
+ · · · + 1

1 + (n − 1)an
≥ 1.

Remark 5.3. For p = q =
1
r
, 0 < r ≤ 2

n − 1
and n ≥ 3, by Proposition 5.1 we obtain

the inequality

1

r + a1 + a21
+

1

r + a2 + a22
+ · · · + 1

r + an + a2n
≥ n

r + 2
.

In addition, for r =
2

n − 1
, n ≥ 3, we get

n∑
i=1

1

2 + (n − 1)(ai + a2i )
≥ 1

2
.

Remark 5.4. For p = 2r, q = r2, r ≥ √
n − 1 and n ≥ 3, by Proposition 5.1 we obtain

1
(1 + ra1)2

+
1

(1 + ra2)2
+ · · · + 1

(1 + ran)2
≥ n

(1 + r)2
.

Proposition 5.5. Let a1, a2, ..., an (n ≥ 4) be positive real numbers such that a1a2 ...

an = 1. If p, q, r are nonnegative real numbers such that p + q + r ≥ n - 1, then [4]
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n∑
i=1

1

1 + pai + qa2i + ra3i
≥ n

1 + p + q + r
.

Proof. Write the required inequality as

g(a1) + g(a2) + · · · + g(an) ≥ ng(1),

where

g(t) =
1

1 + pt + qt2 + rt3
, t > 0,

and apply HCF-Corollary to g(t) for r = 1. Let

f (u) = g(eu) =
1

1 + peu + qe2u + re3u
,

defined on ℝ. For n ≥ 4, which implies p + q + r ≥ 3, we claim that f is convex for

eu ≥ 1. Since

f ′′(u) =
t[9r2t5 + 11qrt4 + (2pr + 4q2)t3 + (3pq − 9r)t2 + (p2 − 4q)t − p]

(1 + pt + qt2 + rt3)3
,

where t = eu ≥ 1, we need to show that

9r2t5 + 11qrt4 + (2pr + 4q2)t3 + (3pq − 9r)t2 + (p2 − 4q)t − p ≥ 0

Since

9r2t5 + 11qrt4 + (2pr + 4q2)t3 − p ≥ (9r2 + 11qr + 2pr + 4q2)t3 − pt,

it suffices to show that

(9r2 + 11qr + 2pr + 4q2)t2 + (3pq − 9r)t + p2 − p − 4q ≥ 0.

Using the inequality t2 ≥ 2t - 1, we still have to prove that At + B ≥ 0, where

A = 18r2 + 22qr + 4pr + 8q2 + 3pq − 9r,

B = −9r2 − 11qr − 2pr − 4q2 + p2 − p − 4q.

Since p + q + r ≥ 3, we have

A ≥ 18r2 + 22qr + 4pr + 8q2 + 3pq − 3r(p + q + r)

= 15r2 + 19qr + pr + 8q2 + 3pq ≥ 0.

Therefore,

At + B ≥ A + B = p2 + 4q2 + 9r2 + 3pq + 11qr + 2pr − (p + 4q + 9r)

≥ p2 + 4q2 + 9r2 + 3pq + 11qr + 2pr − (p + 4q + 9r)(p + q + r)
3

=
2(p − r)2 + 9q2 + 16r2 + 4pq + 20qr

3
> 0.

According to HCF-Corollary, it suffices to prove that g(a) + (n - 1) g(b) ≥ ng(1) for

all a, b > 0 such that abn-1 = 1. We write this inequality as
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b3n−3

b3n−3 + pb2n−2 + qbn−1 + r
+

n − 1
1 + pb + qb2 + rb3

≥ n
1 + p + q + r

,

or

p2A11 + q2A22 + r2A33 + pqA12 + qrA23 + rpA31 ≥ Ap + Bq + Cr,

where

A11 = b2n−2(bn − nb + n − 1),

A22 = bn−1(b2n − nb2 + n − 1),

A33 = b3n − nb3 + n − 1,

A12 = b3n−1 + b3n−2 + (n − 1)(b2n−2 + bn−1) − n(b2n + bn),

A23 = b3n + b3n−1 + (n − 1)(bn−1 + 1) − n(bn+2 + b2),

A31 = b3n + b3n−2 + (n − 1)(b2n−2 + 1) − n(b2n+1 + b),

A = b2n−2[(n − 1)bn − nbn−1 + 1],

B = bn−1[(n − 1)b2n − nb2n−2 + 1],

C = (n − 1)b3n − nb3n−3 + 1.

Since A,B,C ≥ 0 (from the AM-GM inequality applied to n positive numbers) and p

+ q + r ≥ n - 1, it suffices to show that

(n − 1)(p2A11 + q2A22 + r2A33 + pqA12 + qrA23 + rpA31) ≥
≥ (p + q + r)(Ap + Bq + Cr),

which is equivalent to

p2B11 + q2B22 + r2B33 + pqB12 + qrB23 + rpB31 ≥ 0, (38)

where

B11 = (n − 1)A11 − A = nb2n−2[bn−1 − (n − 1)b + n − 2],

B22 = (n − 1)A22 − B = nbn−1[b2n−2 − (n − 1)b2 + n − 2],

B33 = (n − 1)A33 − C = n[b3n−3 − (n − 1)b3 + n − 2],

B12 = (n − 1)A12 − A − B

= nbn−1[2b2n−2 − (n − 1)bn+1 + (n − 2)bn−1 − (n − 1)b + n − 2]

= nb2n−2[2bn−1 − (n − 1)b2 + n − 3] + nbn−1[bn−1 − (n − 1)b + n − 2],

B23 = (n − 1)A23 − B − C

= n[2b3n−3 − (n − 1)bn+2 + (n − 2)bn−1 − (n − 1)b2 + n − 2],

B31 = (n − 1)A31 − C − A

= n[2b3n−3 − (n − 1)b2n+1 + (n − 2)b2n−2 − (n − 1)b + n − 2].
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We see that B11, B22, B33, B12 ≥ 0 (by the AM-GM inequality applied to n - 1 posi-

tive numbers). Also, we have

B23

n
=bn−1[3bn−1 − (n − 1)b3 + n − 4] + 2bn−1(bn−1 − 1)2

+ b2n−2 − (n − 1)b2 + n − 2 ≥ 0,

since

3bn−1 − (n − 1)b3 + n − 4 ≥ 0, b2n−2 − (n − 1)b2 + n − 2 ≥ 0

(by the AM-GM inequality applied to n - 1 positive numbers). Using the inequality

bn-1 - (n - 1)b + n - 2 ≥ 0,we get B31 ≥ D, where

D = nbn−1[2b2n−2 − (n − 1)bn+2 + (n − 2)bn−1 − 1].

To prove (38), it suffices to show that p2 B11 + r2B33 + prD ≥ 0. This is true if

4B11B33 ≥ D2; that is,

4[bn−1 − (n − 1)b + n − 2][b3n−3 − (n − 1)b3 + n − 2] ≥
≥ [2b2n−2 − (n − 1)bn+2 + (n − 2)bn−1 − 1]2.

(39)

In the case n = 4, (39) becomes in succession

4(b3 − 3b + 2)(b9 − 3b3 + 2) ≥ (b6 − 2b3 + 1)2,

4(b − 1)2(b + 2)(b3 − 1)2(b3 + 2) ≥ (b3 − 1)4,

(b − 1)2(b3 − 1)2(3b4 + 5b3 − 3b2 + 6b + 15) ≥ 0.

Clearly, the last inequality is true. The inequality (39) also holds for n ≥ 5, but we

leave this to the reader to prove. Equality occurs for a1 = a2 = ... = an = 1.

Remark 5.6. For n = 4 and p + q + r = 3, by Proposition 5.5 we get the following

beautiful inequality

4∑
i=1

1

1 + pai + qa2i + ra3i
≥ 1.

In addition, for p = q = r = 1, we get the known inequality ([2])

4∑
i=1

1

1 + ai + a2i + a3i
≥ 1.

Conjecture 5.7. Let a1,a2, ..., an be positive real numbers such that a1a2 ... an = 1,

and let k1,k2, ..., km be nonnegative real numbers such that k1 + k2 + ... + km ≥ n - 1. If

m ≤ n - 1, then

n∑
i=1

1

1 + k1ai + k2a2i + · · · + kmami
≥ n

1 + k1 + k2 + · · · + km
. (40)

Remark 5.8. For m = n - 1 and k1 = k2 = ... = km = 1, (40) turns into the known

beautiful inequality ([2])
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n∑
i=1

1

1 + ai + a2i + · · · + an−1
i

≥ 1.

Remark 5.9. For k1 =
(
m
1

)
r ,k2 =

(
m
2

)
r2, . . . , km =

(
m
m

)
rm , (40) turns into the known

inequality [1,2]

n∑
i=1

1
(1 + rai)m

≥ n

(1 + r)m
,

which holds for 1 ≤ m ≤ n - 1 and r ≥ m
√
n − 1 . □

Proposition 5.10. If x1, x2, ..., xn are nonnegative real numbers such that

x1 + 2x2 + · · · + nxn =
n(n + 1)

2
,

then

(n − 1)(n + 2)
[
x31 + 2x32 + · · · + nx3n − n(n + 1)

2

]
≥

≥ 2(n2 + n − 1)
[
x21 + 2x22 + · · · + nx2n − n(n + 1)

2

]
.

Proof. Since the inequality is trivial for n = 1, consider further that n ≥ 2. Write the

inequality as

p1f (x1) + p2f (x2) + · · · + pnf (xn) ≥ f (p1x1 + p2x2 + · · · + pnxn),

where

pi =
2i

n(n + 1)
, i = 1, 2, . . . ,n,

f (u) = (n − 1)(n + 2)u3 − 2(n2 + n − 1)u2, u ≥ 0.

The function f(u) is convex for u ≥ s = 1, since

f ′′(u) = 6(n − 1)(n + 2)u − 4(n2 + n − 1)

≥ 6(n − 1)(n + 2) − 4(n2 + n − 1) = 2(n2 + n − 4) > 0

for u ≥ 1. According to WHCF-Theorem and Remark 2.2, it suffices to prove that h

(x, y) ≥ 0 for all x, y ≥ 0 such that px + (1 - p)y = 1, where

p = min{p1, p2, . . . , pn} = 2
n(n + 1)

.

We have

g(u) =
f (u) − f (1)

u − 1
= (n − 1)(n + 2)(u2 + u + 1) − 2(n2 + n − 1)(u + 1),

h(x, y) =
g(x) − g(y)

x − y
= (n − 1)(n + 2)(x + y + 1) − 2(n2 + n − 1).

From px + (1 - p)y = 1, we get

x + y = x +
1 − px
1 − p

=
1 + (1 − 2p)x

1 − p

=
n(n + 1) + (n2 + n − 4)x

(n − 1)(n + 2)
≥ n(n + 1)

(n − 1)(n + 2)
,
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and hence

h(x, y) ≥ (n − 1)(n + 2)
[

n(n + 1)
(n − 1)(n + 2)

+ 1
]

− 2(n2 + n − 1) = 0.

This completes the proof. Equality holds for a1 = a2 = ... an = 1, and also for a1 = 0

and a2 = · · · = an =
n(n + 1)

(n − 1)(n + 2)
.
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