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We establish a new inequality of Hilbert type for a finite double number of nonnegative
sequences of real numbers and some interrelated results, which are inverse and general
forms of Pachpatte’s and Handley’s results. An integral version and some interrelated
results are also obtained. These results provide some new estimates on such types of in-
equalities.
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1. Introduction

The various generalizations and sharpenings of Hilbert’s double series inequality and its
integral version are obtained by Pachpatte, Handley et al., Gao et al. (see [1, 3, 5, 7, 10,
12, 16-18]). An elegant survey on this kind of inequalities was provided by Yang and
Rassias (see [13]). Moreover, Pachpatte [9] established a new Hilbert-type inequality and
its integral version as follows.

THEOREM 1.1. Let {a,,}, {b,} be two nonnegative sequences of real numbers defined for m =
L,2,....,kand n=1,2,...,r with ag = by = 0, and let { p,,}, {gn} be two positive sequences
of real numbers defined for m = 1,2,...,k, n = 1,2,...,r, where k, r are natural numbers.
Define Py, = >.11\ ps and Q, = >\, q+. Let ¢ and y be two real-valued nonnegative, convex,
and submultiplicative functions defined on Ry = [0, ). Then

ﬁ i M sM(k,r)( i(k—mﬂ)(pmgb(vp:”»z)l/z

m=1
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<(Zemenan(32)))
n=1 n

(1.1)
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w3 (5 (52)) (5(49)) - oo

and Va,, =ay, —am_1, Vb, =b, —b,_;

where

Tueorem 1.2. Let f € C'[[0,x),R"], g € C[[0,y),R*] with f(0) = g(0) = 0 and let
p(o), q(t) be two positive functions defined for o € [0,x) and T € [0,y). Let P(s) =
[s p(o)do and Q(t) = [y q(1)d for s € [0,x) and t € [0,y), where x, y are positive real
numbers. Let ¢, and y be as in Theorem 1.1. Then

ijw(ssft()det<L(x y)(Jx( _S)(p(s)¢<];f(is))>)2ds>1/z
<(J) -0 (a )¢(q(;))>2dt>l/2,

OO WA
L( e )ds) (L( o )dt) , (1.4)

and ' denotes the derivative of a function.

(1.3)

where

L(x,y) = ;(

In [4], Handley et al. gave general versions of inequalities (1.1) and (1.3) as follows.

THEOREM 1.3. Let {aj,,} (i = 1,2,...,n) be n sequences of nonnegative real numbers defined

form; =1,2,....ki with a1g = az0 = - - - = ano = 0, and let {pim,} be n sequences of posi-

tive real numbers defined for m; = 1,2,..., ki, where k; (i = 1,2,...,n) are natural numbers.

Set P, = 2;7;1 Pis Let ¢i (i=1,2,...,n) be n real-valued nonnegative convex and sub-

multiplicative functions defined on Ry. Let a; € (0,1), and set o} = 1 —; (i = 1,2,...,n),
n 7 n ’

a=>r a,anda’ =7« =n—a. Then

Z Z z1¢ azml)

2 (S almy)”
=1 1 . Ve (1.5)
Z (ki_mz+1)<p1m,¢t<valm>) ) 5
mi=1 Pim;

sM(kl,...,kn)ﬁ<

i=1

where

1 n ki ¢(P ) 1/0‘1‘ ‘x;
M(kl,...,kn):(a,)a,ﬂ<z_l(#> ) , (1.6)

and Vajm, = aim, — Aim—1 (1= 1,2,...,1).
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THEOREM 1.4. Let f; € CHI0,ki],R,], i =1,2,...,n, with fi(0) =0 (i=1,2,...,n), let
pi(0i) be n positive functions defined for o; € [0,x;] (i = 1,...,n). Set Pi(s;) = fgi pi(ai)da; for

€ [0,x;], where x; are positive real numbers. Let ¢;, i, &, o, and o' be as in Theorem 1.3.
Then

J an L il ),)dsl---dsn

oc
zlatl

sl i (£83)) ")

Lo (s EED) )
L(xl,...,x,,): (06’)“,11}(,[0 (W) dS,') . (18)

The main purpose of the present paper is to establish their reverse versions, which
are more extensive results for this type of inequalities. Our main results are given in the
following theorems.

where

Tueorem 1.5. Let {as, t,m,,m,} (i=1,2,...,n) be n sequences of nonnegative numbers de-
fined for ms, = 1,2,... ks, my, = 1,2,...,ky,, with s, t1,0,m;, = sytimg,0 = 0 (i=1,2,...,n),
where ks, and ki, (i = 1,2,...,n) are natural numbers. Let {pst,m,m,} be n sequences of
positive real numbers defined for ms,, my,. Set

ms; my;

s, Lisms;,my; Z Z ps, Lisme; My, (l - 1 2 ) (19)

mg=1my,=1

Let ¢; (i=1,2,...,n) be n real-valued nonnegative concave and supermultiplicative func-
tions defined on R.. Let a; € (1,00). Set &} =1 —a; (i =1,2,...,n), a = > a;, and & =
>, & = n— a. Define operators

Vs, b mgmy, = Bsitime,mi, = Asptime—1my,>
Vol timgmy, = Gsiytisme,mi, — Gsistimgmi,—1> (1.10)

v2vlasf,t,,msi,mti = VZ(vlaSi,ti,ms,.,mfi)-

Then
ke, ki,
[T l‘p‘(as, tims, mt)
m§_1mtz1 Z_l m§_1 (Vo) SJy ajmgmy)™

> C(kslktp--"ksnktn)

n ks; ki; AP Vai\ o
SisLi>Ms; My,
Xn( Z z k ms‘+1 k '_mti+1) (psi,ti,msi,m[i(/)i()) ) N

i=1 \mg=1m;=1 Dsistimgmy;

(1.11)



4 Inverses of new Hilbert-Pachpatte-type inequalities

where

n sl t 1/‘xx{ ‘xz{
C(kslktl,...,ksnktn)zl_[( D <M> ) . (1.12)

i=1 \mg=1my=1 PS* tists;> My
TaEOREM 1.6. Let fi(si,t;) (i = 1,2,...,n) be real-valued continuous functions defined on

[0,x;) X [0, yi), where x; € (0,00), y; € (0,00), and with fi(0,t;) = fi(s;,0)=0(i=1,2,...,n).
Let pi(0;) and q;(1;) be positive continuous functions defined for o; € (0,s;), 7; € (0,t;). Set

ti
Pi(si,t;) —J J pi(0i)qi(;)doidr;. (1.13)
For the function fi(s;,t;), denote the partial derivatives (0/0s;) fi(si ti), (0/0;) fi(si,t;), and

(0%/9si0t;) fi(si, ti) by D fi(sisti), D2 fi(sist;), and Dy D fi(si ;) = D1 D, fi(siy ti), respectively.
Let ¢y, ai, o, o, and o be as in Theorem 1.5. Then

» In
LTt i
l/oc)zl 1ocs,t,)

=G(X1Y15-->Xu¥n)

(0] oo (pener o (555)) aa)

(1.14)

where

1/a al
n Vi i i i
G(X1 Y150+ 5% Yn) =]_[<J J <S’t')) ds,»dt,-) . (1.15)
i=1

Sl) tl
These results provide new estimates on these types of inequalities.

2. Proofs and remarks
Proof of Theorem 1.5. From the operators defined in Theorem 1.5, we obtain

m;

Qs tiymg,my, = Z {as,',ti,ms,-,mzi - as,',ti,mg,fl,m[,‘}
mgi:l

m;

Z Z as, ti,mg; My, as,-,t;,mgi—l,mm. - asi,ti,mgi,m,,i—l + asi,ti,mgi—l,m,,i—l}
mg =1 my,;=1

ms  my

Z z VaVy sttt iy,

mg =1 my;=1

(2.1)
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From (2.1) and the hypotheses of Theorem 1.5, and in view of Jensen’s inequality and
inverse Holder’s inequality [6], we obtain

i (as,-,t;,ms, e )
ms, me
(Ps,-,t,,ms,-,mri ngxi:l Zm,; =1 Ps,,t,,m;, my; (VZVI‘ZS,-,t,-,m;i,mm /ps,-,t,-,msi,mm) )

[ iy
ng’izl zm,; =1 Psl,t,,mgl,mm

i

m;

2o =1
= (pi(Ps,-,ti,ms,-,mt,-) ' (/’l( =

oomy
- i (PSi’ti’msi:mt, x VoV As; time, my,;
= z Z pszwtnmfx)mm (pl

PSi)fx,ms,»)mt mg, =1 my,; =1 Psx')tnmfx-)mr]i

s ) 1ai «;
¢i(Psv)t M5, i) : T i v2vlas-,t',m My
> DT (g my, ) X Z Z Pstome iy, B ettt T3

PSi,ti,ms,-,mt,- mg,=1 nmy;=1 pSi,fi,mgi,mm-

Zm,, =1 Psistismeg;my, (v2vlas,,t,,mgl my, /Ps,,t,,mgl my, ) >
g
Zm{,:l va =1 ps,,t,,mgx,m,h

(2.2)

On the other hand, noticing «; < 0 (i = 1,2,...,1n), A; >0 (i = 1,2,...,n), and applying the
well-known means inequality, we have

L 1< ¢
[]M = (—,Za;/\,) . (2.3)
i1 o -

Hence

[T ¢ (asi)tiams,')ml,- )
((1/“/) Z:‘lzl ‘xz,'mSimti)a

5 m 1Vai\ «;
. sz,tz,ms, ,mf, ‘. VoV Qs tiymg;
1_[ Z Z Ps,',t,,ms,-,mm ‘pi

Snfnms,,mz, mg;=1my; =1 pSfJi,msi,my,i

7

(2.4)

Taking the sum of both sides of (2.4) over ms,, m, (i = 1,2,...,n) from 1 to ks, ks, respec-
tively, and in view of inverse Holder’s inequality, we get

ki, k
Zl i i ki 1 l¢i(a8i,ti,msi,mri)
g =1m=1 i (V) X0« imgmy,)*

s Ky oi( . omy la. Vais a;
o it e My
ZH >. (”"“’“( Z > (Ps,,tz,mgl,mvlgb,(H”W)) ) )

PS,',tzJﬂs,-J'flr1 mg;=1my; =1 pSntnmgl,mq,
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n ks; ky; ) 1o\ o
> 1—[ ( z z < i 5x>ti:ms,'>mti ) )
i=1 =1 my=1 SistisMs; >

ki kK Va; i
i £ ms; my; v2vlas;,ti,m;i,m,” Qi &,
20 2| 2 2 | Pt i —

mg; =1 mg=1 ki

mg; =1 my; =1 Psntnmgi,mq[
= Clks kiy»... ko Ky

Sx

V,V.a 1Vaiy ai
2V 1ls;,t;,mg, ,my,
. H( z Z k m&_{—l k i_m”i+1) (ps;,ti,mgi,mqi(ll)i (—“>) )

mg=1my; =1 psbthmfiymy,i

= C(kslktp'-"kSnktn)

51 k,x V,V.a Vi @
2V 18s;,ti,mg;,my;
Xn( Z Z k — Mg +1 kX - mti+1)<p5i,ti,msi,mri¢i<S Tl )) >

i=1 \mg =1 my=1 Dsistismg,m;
(2.5)
This completes the proof. O

Remark 2.1. Let Qs tiymgmy; > Msp> My kSi’ kti’ s t1,0,my; > Asitiyms;,00 Psiytimepmt[’ V1, and V, be as
in Theorem 1.5. Let ¢;, o, &, &, and o (i = 1,2,...,n) be as in Theorem 1.3. Similar to
the proof of Theorem 1.5, we obtain

< k,
Zl: i i ki 1‘/’ Asjtiymy;my; )
mg; =1 my=1 =1 mpy, =1 (Z.z 1% ms,mt,)

< Clkgks.. ks k)

n s, krl v V a l/{xi ai
2V 18s;,ti,mg;my;
XH( Z Z k m5,+1 ki—mti+1)<ps,-,ti,m5i,mri¢i(—)) ) ’
i=1

=1 my=1 ps[)thmspmti

(2.6)

where

’

ks, k. 1/a\ «
= 1 " ki f i Psi, IR/ ' !
C(k51kt1)-~-)ks,,ktn) = (0{’)“/ H( Z Z <M> ) . (27)

Psi,ti,ms,»mz,

This is just a general form of inequality (1.5) and the inverse form of inequality (1.11).
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Moreover, let {a;u, }, mj, ki, aio, pim;» V,and Piy, (i = 1,2,...,n) be as in Theorem 1.3.
Let ¢;, a;, a;, a, and & (i =1,2,...,n) be as in Theorem 1.5. Similar to the proof of
Theorem 1.5, we obtain

i - < l_[l';l ¢i(ai,m,)
o1 o1 (V) S, ajm)®

n i 1Vai\ ai
ZM kl, , n(z k—m,’-i-l)(p,m(ﬁl(valml)) ) 5

i=1 \m;=1

(2.8)

where

n ki 1o\ o
x Pl Pi\Lim;)
i=1 \m;=1 lm,

This is just an inverse form of inequality (1.5) which was given by Handley et al. [4].
Letn =2, a1 = ap = 2, then &} = a) = —1, putting them in inequality (2.8), we have

ki "zz 1 (a1m,) §2 (a2,m,)

)
mi=1my=1 (my +my)

ki v 12, 2
ZM(klyk2)< > (kl—m1+1)<P1m¢1( alml)) ) (2.10)

my=1 Pim

(Fmn(oms(22)) )

my=1 Pam;

where
1

ki -1, -1 ks 1. —
M(kl,k2)=4( > <7¢ll(f;;’”‘)> ) (Z <7¢2;fi’1’”2)> ) : (2.11)

my= my=

This is just an inverse form of inequality (1.1) which was given by Pachpatte [9].

Proof of Theorem 1.6. From the hypotheses of Theorem 1.6, we obtain

Si rti
fi(siti) = J D,D; fi(0,1;) dojd;. (2.12)
0 Jo



8 Inverses of new Hilbert-Pachpatte-type inequalities

From (2.12) and using Jensen’s integral inequality and Holder’s integral inequality [6],
we obtain

P (Sntz) fo fo pz(gz)ql(Tz) (DZDI Ozle /pz Uz 6]; T,))dO',dT,)

¢i(fi(sinti)) = 1( Jo' I pi(0:) qi(z:) doi d:

> ¢i(Pi(sivt5)) - ¢i(foti I’ pi(0:) qi(7:) (DD fi(01,7:)/pi(0i) gi (1) ) do dTi)

o Iy pi(0)qi(t;) doydr;

</>(P sivti)) JJ (DD fi(onTi)
Sl)tl p 01 ql Tl l pi(o_i)qi(_[i) daldTl

¢1( (sisti)) sit;) (JLJ’SI (p (01)qi (i) (p.(Dlef("“Tt))) l/mda'dT)m
P Sl,t, 1 1 1 1 1 1 Pl (GI)q, (Tt) 1 1 .
(2.13)

From the well-known inequality for means, we have

" ¢i(fi(sisti))
11 (V) Sy asits) ™

78 Pilsint) (" * D,D, fi(0i,7:) e ' )m
U P;(si»t;) (J J (Pz (01)qi(m:) ¢< (o)) )) doidri | .

(2.14)

Integrating both sides of (2.14) over s;, t; from 1 to x;, y; (i = 1,2,...,n) and in view of
Holder’s integral inequality and Fubini’s theorem, we observe that

» il
J J J J filsiti)) -ds,dt, - - - ds,dt,
1/0( )21 1% S’t’)

SUNR

Sl) tl

><< L L <pi(0i)q1'(fi) -@(W))I/mdmdn)mdsidti
§ li ( sz Iy, ( . Si,;tl )Ua;dSidti)a;
(LT (ptaator - (2fiees))) " sa)
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= G(X1¥15+»XnVn)

T[] w9 im0 (ptsdae o (%))/ddt)

(2.15)

The proof is complete. O

Remark 2.2. Let fi(si,t;), xi, ¥i» fi(0,1;), fi(5i,0), D1 fi(si»ti), Dy fi(sis i), DaDs fi(sis 1), pi(oi),
qi(7i), and P;(s;,t;) be as in Theorem 1.6. Let ¢;, s, «}, a, and « be as in Theorem 1.3.
Similar to the proof of Theorem 1.6, we have

P2 Xn (Yn
[ J j J 1‘[ “5 Uilsnld)) s an .. dsyat,

z l“ Si tz
SG(Xl)}l)n-)xnyn)
n Xi (Vi (st 1/a; o
XH(L Jo (xi_si)(yi—ti)(Pi(si)qz‘(ti) ¢1(%;(f(’;3)>) ds,»dt,-) ,
- (2.16)

where

:]:

G(X1 Y1505 X yn) = T

(00 () “sa . e
1 i ti)

This is just a general form of inequality (1.7) and an inverse form of the inequality
(1.14).

On the other hand, let f;, fi(0), f/(si), pi(ai), 6i, ki, s> xi, Pi(s;) be as in Theorem 1.4,
and let ¢;, o, o, &, &’ be as in Theorem 1.5. Then

i

J o TT ¢i(fi(si) ds; - - -ds
0o (1/a') (Z,-:lfxisi)a '

. , Vi \ @ (2.18)
> L(x1,...,%,) 111 (Jo (xi —si) (pi(si)gbi(ﬁi((:)) )) d5i> )
where
L(x1,...,%) = ﬁ (J: (W)I/a;dsi)a;. (2.19)

This is just an inverse form of inequality (1.7) which was given by Handley et al. [4].
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’

Letn =2, a1 = ap = 2, then &} = &) = —1, taking them in inequality (2.18), we have

J"l = olfils))ea(fols2)) 5o oo

0 Jo (Sl+52)_2

> L(x1,%;) (J:l (x1 —s1) <P1 (s1) ¢ (ﬂ (s1) >) 1/2‘151) (2.20)

([ () )

where

(I () ) ([ (o) @) e

This is just an inverse form of inequality (1.3) which was given by Pachpatte [9].

~

Z(Xl,XQ

For interrelated research on similar inequalities, one is referred to [2, 8, 11, 14, 15],
and the references cited therein.
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