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We establish a weighted L? boundedness of a parametric Marcinkiewicz integral operator
A/Lg,h if Q) is allowed to be in the block space Béo’_l/z)(S"‘l) for some g > 1 and h satis-
fies a mild integrability condition. We apply this conclusion to obtain the weighted L?
boundedness for a class of the parametric Marcinkiewicz integral operators Jl/t;;:f,)l and
M, ;¢ related to the Littlewood-Paley gi-function and the area integral S, respectively.
It is known that the condition Q € Béo’_l/z)(S”‘l) is optimal for the L? boundedness of
Mgy, -
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1. Introduction

Suppose that §"~! is the unit sphere of R” (n > 2) equipped with the normalized Lebesgue
measure do = do(+). Let Q be a function defined on §"! with Q € L'(§"!) and satisfies
the vanishing condition

|, 0tdotx) =0 (L1)

For y > 1, let A,(R*) denote the set of all measurable functions 4 on R* such that

R
sup~ [ [n(e)|7dt < oo, (1.2)
r>0 R Jo

It is easy to see that the following inclusions hold and are proper:
L*(R*) C Ag(R*) C AL(R) fora<}p. (1.3)

Throughout this paper, we let x” denote x/|x| for x € R"\{0} and p" denote the con-
jugate index of p; thatis, 1/p+1/p" = 1.
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Suppose that I'() is a strictly monotonic C! function on Ry and h: R, — C is a mea-
surable function. Define the parametric Marcinkiewicz integral operator J‘/U()),r,h by

0 1/2
st = ([ 1R s P4 (1.4
where
Q 7
R 60 = [ e () T (15)

p=o0+it (0,7 € Rwith 0 >0), f € F(R"), the space of Schwartz functions.

For the sake of simplicity, we denote JMg, ., = Mg, if T(t) = ¢.

It is well-known that Jl, | is the classical Marcinkiewicz integral operator of higher di-
mension, corresponding to the Littlewood-Paley g-function, introduced by Stein in [17].
Stein showed that Jl, , is bounded on LP(R") for p € (1,2] if Q € Lip,(S"!) (0 < a < 1).
Subsequently, Benedek et al. proved that J(/L}M is bounded on L?(R") for p € (1,00) if
Q € C'(S"!) (see [3]). Later on, the case of rough kernels (Q satisfies only size and cance-
lation conditions but no regularity is assumed) became the interest of many authors. For
a sample of past studies, see ([1, 2, 4, 5]). In [2], Al-Qassem and Al-Salman showed that
JI/L}U is bounded on L?(R") for p € (1, 0) if ) belongs to the block space B,(]O’_l/z) (s* 1
and that the condition Q € Béo’fl/Z)(S”’l) is optimal in the sense that there exists an Q
which lies in B{""(8"1) for all —1 < v < —1/2 such that Jl} ; is not bounded on L*(R").
In Hormander [10] defined the parametric Marcinkiewicz operator J5; for p >0 and
proved that Jlg,, is bounded on LP(R") for p € (1,00) if Q € Lip, (") (0 <a < 1).
Sakamoto and Yabuta [15] studied the LP-boundedness of the more general parametric
Marcinkiewicz integral operator J5; if p is complex and proved that [, is bounded
on LP(R") for p € (1,00) if Re(p) = 0 >0 and Q € Lip,(§"!) (0 < & < 1). Recently, in
[1] the author of this paper gave that the more general operator L3, is bounded on
LP(R") for p satisfying [1/p — 1/2] <min{1/2,1/y"} if Re(p) = 0 >0, T satisfies a convex-
ity condition, Q € Béo’fl/z)(S”’l) and h € A,(R") for some g,y > 1. This is an essential
improvement and extension of the results mentioned above.

On the other hand, the weighted L? boundedness of ., , has also attracted the atten-
tion of many authors in the recent years. Indeed, Torchinsky and Wang in [19] proved that
if Q € Lip,(8"1), (0 < a < 1), then g, , is bounded on LP(w) for p € (1,) and w € A,
(The Muckenhoupt’s weight class, see [9] for the definition). In Sato in [16] improved the
weighted L? boundedness of Torchinsky-Wang by proving that Jly, , is bounded on L? ()
for p € (1,00) provided that h € L*(R;), Q € L*(S""!) and w € A,(R"). Subsequently,
in Ding et al. in [5] were able to show that JI/L}M is bounded on L?(w) for p € (1,00)
provided that h € L*(R;), Q € L1(S" '), g >1 and w? € A,(R™). In a recent paper, Lee
and Lin in [13] showed that J(/L(l),h is bounded on LP(w) for p € (1,) if h € L*(R;),
QeH(S"!) and w € X;(R”), where H'(S""!) is the Hardy space on the unit sphere
and E;(R”) is a special class of radial weights introduced by Duoandikoetxea [6] whose
definition will recalled in Section 2.
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In this paper, we will investigate the weighted L?(w) boundedness of the paramet-
ric Marcinkiewicz operator JM, ., for w € AL(R") and under the natural condition Q €

Béo’_l/z) (8"~1). To state our results, we will need the following definitions from [8].

Definition 1.1. We say that a function T satisfies “hypothesis I’ if
(a) T is a nonnegative C! function on (0, o),
(b) T is strictly increasing, I'(2t) = #I'(¢) for some fixed # > 1 and I'(2¢) < cI'(¢) for
some constant ¢ > > 1.
(c) I'(t) = al'(t)/t on (0,00) for some fixed o € (0,log, c] and I"(¢) is monotone on
(0, 00).

Definition 1.2. We say that I satisfies “hypothesis D” if
(a’) T is a nonnegative C! function on (0, o),
(b’) T is strictly decreasing, I'(¢) = #I'(2t) for some fixed # > 1 and I'(¢) < ¢I'(2t) for
some constant ¢ > 7 > 1.
(") IT"(#)| = aI'(t)/t on (0,0) for some fixed & € (0,log, c] and I (¢) is monotone on
(0,00).
Model functions for the T satisfy hypothesis I are I'(t) = ¢ with d >0, and their linear
combinations with positive coefficients. Model functions for the T satisfy hypothesis D
are I'(t) = " with r < 0, and their linear combinations with positive coefficients.

Tueorem 1.3. Let h € Ay(Ry) for somey > 1. Assume that T satisfies either hypothesis 1 or
hypothesis D and Q) € Béo’_l/z)(S”‘l) for some q > 1. Then

||‘/M“€),‘I’,h(f)||LP(R") = Cp||Q||B}I°'*”2>(sn—1)||f||LP(R") (1.6)
is bounded on LP (R") for |1/p — 1/2| <min{1/y’,1/2}.

THEOREM 1.4. Let h € Ay (Ry) for some y =2, 1 < p < oo. Assume that T satisfies either

hypothesis I or hypothesis D and Q) € Bflo’fl/z)(S”’l)for some q > 1. Then there exists C, >0
such that the following inequality holds:

||‘/‘/Lf),l",h(f)||LP(w) = Cp||Q||Bg‘)f”2>(sn—1)||f||Lz>(w) (1.7)

~

fory' <p<ooandw e A}, (

R+).
Remark 1.5. (a) In order to make a comparison among the above mentioned results, we
remark that on $"°!, for any q>1,0<a<1and -1 <, the following inclusions hold

and are proper:
C'(S"!') c Lip, (8" ') cL9(S"™") c L(log"L)(S" ') c H'(S" ),
ULr(Sn—l) c BéO,v) (Sn—l). (18)

r>1

With regard to the relationship between Béo’u)(S”‘l) and H'(S$"!) (for v > —1) remains
open.

(b) We point out that the result in Theorem 1.3 extends the result of Al-Qassem and
Al-Salman [2] who obtained Theorem 1.3 in the special case h =1 and I'(¢t) = t and



4 Weighted marcinkiewicz integrals

also improves substantially the result of Sakamoto and Yabuta [15]. We remark also that
Theorem 1.4 represents an improvement and extension of [5, Theorem 1] in the case
we AL(R,).

(¢) The method employed in this paper is based in part on ideas from [1, 2, 7, 8, 16],
among others.

The paper is organized as follows. In Section 2 we give some definitions and we estab-
lish the main estimates needed in the proofs of our main results. The proofs of Theorems
1.3 and 1.4 will be given in Section 3. Additional results can be found in Section 4.

Throughout the rest of the paper the letter C will denote a positive constant whose
value may change at each occurrence.

2. Definitions and lemmas

Let us begin by recalling the definition of some special classes of weights and some of
their important properties.

Definition 2.1. Let w(t) >0 and w € LIIOC(R+). For 1 < p < oo, we say that w € A,(Ry) if
there is a positive constant C such that for any interval I C Ry,

p-1

(|1|-1 Lw(t)dt) (m-1 Lw(t)—l/@-“dt) <C<ow. 2.1)

A;(Ry) is the class of weights w for which M satisfies a weak-type estimate in L' (w), where
M(f) is the Hardy-Littlewood maximal function of f.

It is well-known that the class A;(R;) is also characterized by all weights w for which
Muw(t) < Cw(t) for a.e. t € R, and for some positive constant C.

Definition 2.2. Let 1 < p < co. We say that w € KP(R+) if
w(x) =i (=) (1), (22)

where either v; € A;(R,) is decreasing or v% eA(Ry),i=1,2.

Let Aé(R”) be the weight class defined by exchanging the cubes in the definitions of
A, for all n-dimensional intervals with sides parallel to coordinate axes (see [12]). Let
Kf, =A pNALTfw e A p» it follows from [6] that the classical Hardy-Littlewood maximal
function M f is bounded on L? (R", w(]x|)dx). Therefore, if w(t) € KP(R+), then w(|x|) €
A,(R").

By following the same argument as in the proof of the elementary properties of A,
weight class (see, e.g., [9]) we get the following lemma.

LEMMAN2.3. I{ 1 < p < oo, then the weight class Kf,(RQ has the following properties:
(i) A}, C A}, fi < p1 < pa < oo; N
(ii) Forany w € Af,, there exists an € > 0 such that w'*¢ € Af,;

(iii) Forany w € ﬁﬁ, and p > 1, there exists an € >0 such that p—e > 1 and w € K;,s.

The block spaces originated in the work of Taibleson and Weiss on the convergence of
the Fourier series in connection with the developments of the real Hardy spaces. Below
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we will recall the definition of block spaces on S"~!. For further background information
about the theory of spaces generated by blocks and its applications to harmonic analysis,
see the book [14].

Definition 2.4. A g-block on §""!isan L9 (1 < g < o) function b(x) that satisfies

(i) supp(b) C I;

' 2.3
(i) I1blle < 111777, (2.3)

where |I]| = o(I),and I = B(x(,00) = {x’ € $""':|x' — x{| < 6y} is a cap on $"~! for some
x, € §"Land 6, € (0,1].

Jiang and Lu introduced (see [14]) the class of block spaces Béo’v)(S"’l) (forv>-1)
with respect to the study of homogeneous singular integral operators.

Definition 2.5. The block space Béo’v) (8"71) is defined by
B{(io,v)(sn—l) _ {Q c Ll(snfl) Q= z ’7#bw Méo’v)({nﬂ}) < oo}, (2.4)
u=1

where each 7, is a complex number; each b, is a g-block supported on a cap I, on ",
v>—1and

MO ({n,}) = Zl | 7| {1+log(”+l) (|I,4 | _1)}. (2.5)
P

Let ||Q||B;o,v>(sn,1) = inf{MéO’U)({ﬂ,,}) Q= Z;‘;l #uby and each by, is a g-block function
supported on a cap I, on $""'}. Then || - ”B;‘J’”(SH) is a norm on the space Béo’v)(S”‘l)
and (Bl(io,v)(snfl), I - HBEZO‘V)(S”")) is a Banach space.

In their investigations of block spaces, Keitoku and Sato in [11] showed that these
spaces enjoy the following properties:

BéO’UZ)(S”_l) C B,(io’””(Sn_l) ifv,>v; >-1;
Bf;z”")(S”_l) c B;?’")(S”_l) if1<q, <q, foranyv>—1;

UB‘(IO,U) (8" 1) g UL@(S”‘l) forany v > —1.

q>1 g>1

(2.6)

Definition 2.6. For a suitable C! function I on R;, a measurable function 4 : Ry — C and
a suitable function b, on §"~! we define the family of measures {agy ,:t €R;} and the
maximal operator 052 on R" by

z ’
”(f_)dy,
ylm=* (2.7)

1 /
JRnfdagwt = t—pﬁl/z)mylgf(F(lyl)y Yh(lyl)

ag;f(x) = tsEuRIi ‘ ’GE,,,t’ * f(x)

>
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where Iogwtl is defined in the same way as 5, but with Eﬂ replaced by |ZM| and h replaced
by |hl.

For k € Z, y € NU {0}, and a cap I, on §"! with |I,| < e 2%, we let 6, = [log|I,|]
and w, = 20, where [-] denotes the greatest integer function. Now set Ay = I‘(a)fj )if T'
satisfies hypothesis I and ay, = (1"((0!’;))‘1 if T satisfies hypothesis D. Then by the con-
ditions of T, it is easy to see that {ay,} is a lacunary sequence of positive numbers with
infkez(akﬂ,ﬂ/ak,y) = }’]6/‘ > 1.

LEmMmA 2.7. Letyy € NU {0} and h € A, (Ry) for somey with1 <y < 2. Letzy be a function

on 8" satisfying (i) Js1 bu(y)do(y) = 0; (ii) bullg < |L,|"V9" for some q > 1 and for
some cap I, on S*1 with JARS e 2; and (iii) ||%,,|\1 < 1. Then there exist constants C and

0 < v < 1/q" such that if T satisfies hypothesis 1,

llog, |l = Cs (2.8)

“s 2dt —20/y'6u £ -20/y'9

[ 15,012 = o)™ 12 29)
w;
le}jﬂ dt o
~ 2 20/y' ’
[ 185,017 < 0By (ar) " 1gPo7 e, 2.10)
Wy
and if T satisfies hypothesis D,

loy Jl = C:

! ~ 2dt —20/y'0, 20/y'6,
‘O'Z t(g)‘ - Scey(ak,u) |f| >

wk w 3

k+1

[, o]

(2.11)

2dt 6, :
I = Cey(ak,y)zv/y ! |£|72v/y %,
w

where ||(TZM .|l stands for the total variation of 5, ¢ The constant C is independent of k, u, &
and T'(+).

Proof. We will only present the proof of the lemma if I satisfies hypothesis I, since the
proof for the case that I' satisfies hypothesis D will be essentially the same. By (iii) and the
definition of 03, p» ONe can easily see that (2.8) holds with a constant C independent of ¢
and p. Next we prove (2.9). By definition,

g — L[ —iV(s)é-xT, h(S)
Gb“’t(f) G J(l/2)t J‘sme bulx st=p do(x)ds. (2.12)
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By Holder’s inequality, a change of variable and since | fSH e"‘y(s)g'xzﬂ(x)da(x)l <1, we
obtain

~ t rds Yyt

|0§#’ _(Jl/Z)t ) (.[(1/2)1

(]|, i
1/2)t s»«l

([ BB y)da(x)da(y))l/y,,

A

y ds>1/y

[ e h,00doto
Sn-1

I/\

2 17y
é) (2.13)
S

where
1 . d
Li(&x,y) = J e Tk 2 (2.14)
12 s
Write I,,(§,x, ) as
v ds
I‘u,t(fax:y) = Yt (5)_) (215)
1/2 s
where
s
Yi(s) = J e TMEC gy 12 <5< 1. (2.16)
12

Now, using the assumptions on I', we obtain

A T(tw)) = T (tw) = L) 5 (LW @) cw<s<1 (217)
dw w s c s

Thus by van der Corput’s lemma, | Y;(s)| < (¢/a)|T(£)&/s|1&" - (x — y)| L. By integration
by parts, we get

|L(Exy)| <CIT®E] T E - (x— )|, (2.18)

which when combined with the trivial estimate |I,:(&,x, y)| < log2 and choosing 7 such
that 0 < 7 < 1/q" yields

|Le(Ex, )| < [T T|E - (x—p)] (2.19)

By Holder’s inequality and (ii) we get

aﬁwt(f) ‘ < C|r(t)f | *T/y’HZIAH;/y,

1/(q'y")
x (JSnflxsn 1 |£ ('x y)| i dO' dO'()/)) (220)

—1/y —2/(q'y
<c|rwe| " |1,
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Therefore,
o A~ 2 dt . -1 -1 K\ g | =27y -2/(q'y")
1o, © P < Cminlog (1L, ™), log (1] ™) IT(wf)&1 " 1,7}
k
= Clog (|1, ™) | T(w))g| 7MY,
(2.21)
which proves (2.9). To prove (2.10), we use the cancellation condition of 5,4 to get
- ' —iT(s)&-x T ds
G O] < || 1O 19| B | S o). (222)
’ Sn=tJt/2 S
Hence, by (iii) and since I' is increasing we get
o, (5| = CIT®E|. (2.23)
By using the same argument as above we get (2.10). The lemma is proved. O

LEMMA 2.8. Let y € NU {0}, h € A,(Ry) for some y > 1,y < p<ooand w e Kp/yr (Ry).
Assume that Eﬂ € L'(S"") and T satisfies either hypothesis 1 or hypothesis D. Then there
exists a positive constant C,, such that

ot ()| =Cpllb|, () I 7t (2.24)

LP(w)

Proof. By Holder’s inequality, we have

o, | % )]

t 1/y t
= (Jo 1102) (]
(1/2)t S (1/2)t

N ; N , 1y’
- C”bﬂ“ﬁsm(LWLH 80| | £ =161y |V das) %) 4

y ds)l/”

[ B Ge-Ty )doty)

(2.25)
Thus
~ 11y ~ , 17y’
Ule;f(x) = CHb‘“ Ll(Snfl)(J‘Sn71 ’by()") MF,y’ (|f|y )(x)da(y')) > (2.26)
where
! N d
M,y f(x) = sup sz (x—=T(s)y )?5 ‘ (2.27)
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Let w = I'(s). Assume first that I satisfies hypothesis I. By the assumptions on I', we have
ds/s < dw/aw. So, by a change of variable we have

y (r(z) dw
, < _ hidddl
ry f () el U | fOe=wy) = )
cI(1/2) odw (2.28)
S — —_—
P (Lw -l )
<CM, f(x),
where
R
My f(x) =supR™" | | fx—wy')|dw (2.29)
R>0 0

is the Hardy-Littlewood maximal function of f in the direction of y". On the other hand,
if T satisfies hypothesis D, as above we have ds/s < —dw/aw and

)
Miy £ < sup ([ 7] fle=wy) | 22)

teR, \JI(1)

1 ( Jf (t/2) , dw) (2.30)
< -5 X—wW -

o teuRIi (1/¢)0(t/2) |f( Y )| w
< CM, f(x).

By (2.26)—(2.30) and Minkowski’s inequality for integrals we get

, 1y’
||My'(|f|y)||W(w>d0(y’)) . (231)

zﬂ()’,)

~ 1/
Ho'i:(f)HLP(w) = CHb"HLItS"*W(Ln—I

By [6, equation (8)] and since w € Zp/y, (R;) we have

||My’f||Lp/Y’(w) < Cll fllLow (@) (2.32)

with C independent of y". Thus, by (2.31)—(2.32) we get (2.24). This completes the proof
of the lemma. U
Lemma 2.9. Let y € NU{0}, h € Ay(Ry) for somey =2, y' < p<ooand w € Kp/yr (Ry).

Assume that §M € LY(S""Y) and T satisfies either hypothesis 1 or hypothesis D. Then there
exists a positive constant C,, such that the inequality

4 1/2
2. J N “
~ * JR—
a B T8

keZ

Lrw (2.33)

LP(w)

12
(Z | g |2>
keZ

sCP<log|IM|’l)1/2HZ},

Li(Sn1) '

holds for any sequence of functions {gx} ez on R".
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Proof. Lety" < p < . By a change of variable, we have

(gzj )ab t*gk) _) (gzﬂoy

By Holder’s inequality and following a similar arguments as in the proof of (2.25) we get

Zdt 1/2
Ugww,;t*gk —) . (2.34)

t

y))|gkx r(s)y') | do(y is)
(2.35)

o, t*gk(x)) <CHb HL' (s (L/zjsn 1

Let d = p/y’. By duality, there is a nonnegative function f € L¥ (w'~%,R") satisfying
||f||Ld’(w1—d’) < 1 such that

(S0 el ) -

Therefore, by (2.35)—(2.36) and a change of variable we get

Y dt
( Z J ob Jwht * 8k ‘ )
Lp(w) (2.37)

(1011 g Jy, 1060 M F 1

0y g 86| % f ().

(2.36)

where
M f(x) = sup I fx+T(lyl)y") %H(y'))lylf"dy. (2.38)
teR, J (1/2)t<]y|<t
By Holder’s inequality, we obtain
v dt "
2 J ab wkt * 8k ‘
kez 1P (w) (2.39)
N v 1y || '
- *
= C(log |Iﬂ| )HbI‘HLl(Snl)' (kgz |gk| ) w)HMy f L4 (w14’

It is easy to verify that w € A4(R*) if and only if 0!~9 € A (R*). By the same argument
as in the proof of Lemma 2.8, we have

1M £l vty < C B (2.40)

Li(Sn-1)
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which in turn implies

v ar\"
H (keZ O-E},,wf;t 8 T) LP(w)
v (2.41)
1\ Iy 21y ,
< g 1,17) " B (2 le”)
keZ LP(w)
On the other hand, by Lemma 2.8, we get
sup sup |0y , X _‘0*(su k) <cllp sup | gk
keIZ)te[lla))] boft * & H’LP keIZ)|g | L H Hllovsn keg|g | L (@)
(2.42)

Now, we define a linear operator T on any function g = gk(x) by T(gk(x)) = 5, ke *
Jw
gk(x). Then by (2.41), we have

Uy
ZY'(Z)HLP(R" w(x)dx) (log|I | ) ' HHngV' (Z)HLP(Rn,w(x)dx)'
(2.43)

HH”T(g)”LV' ([Lw,].dt/1)

Also, by (2.42) we get

HHHT(S’)”L“ ([1,w,].dt/t)

- ‘H‘”T(g)HLN([I,w,A],dt)

1~(Z) ‘ ‘LP(R”,w(x)dx)
(2.44)

1°(Z) ’ ‘LP(R",w(x)dx)
<(|| ”g”l“(z)||LP(R",w(x)dx)'

Therefore, we can interpolate (2.43) and (2.44) (See [9, page 481] for the vector-valued

interpolation) to get (2.33). The lemma is proved. O

By following the same argument as in the proof of [ 1, Lemma 3.4], we get the following
lemma.

LEmMMA 2.10. Let y € NU{0}, h € A,(Ry) for some y € (1,2]. Assume that Ei e Li(s" 1)
and T satisfies either hypothesis 1 or hypothesis D. Then, for any p satisfying |1/p — 1/2] <
1/y’, there exists a positive constant Cy, such that

k+1 1/2
H(zj ‘Uht*gk 2@)
keZ t

_cp(10g|1,4|‘ Hb

LARE) (2.45)

)Ll Sn— 1

(kezz|gk|2)m

holds for arbitrary functions {gk(+)}kez on R". The constant C, is independent of .

LP(R")
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3. Proofs of main results

We will only present the proof of Theorems 1.3 and 1.4 for the case T satisfies hypoth-
esis I, since the proofs for the case I' satisfies hypothesis D are essentially the same. As-
sume that Q € Béo’fl/z)(S”’l) for some g > 1 and satisfies (1.1). Thus Q can be writ-
tenas Q = 37 ; A,by, where A, € C, b, is a g-block supported on a cap I, on "' and

Méo’fl/z)({)ty}) < 00. To each block function b(-), let Eﬂ( -) be a function defined by

B(x) = by(x) - J

Nt

bu(w)do(u). (3.1)

LetJ = {y € N:[I,| <e?}. Let ZO =0- z:’e] 11#514. Then for some positive constant C,
the following holds for all y € JU {0}:

|, Butwdot =0, (3.2)

H%H)(qsc|1,4|“/‘f', (3.3)

5|, <. (3.4)

Q= > Ab, (3.5)
uejuio}

where I is a cap on §"~! with |Ij| = e73.
By (3.5) we have

M) = X 14 MG (). (3.6)

uejuio}

Therefore, Theorems 1.3 and 1.4 are proved if we can show that

4 D, = Colos151™) o)

for p satisfying |1/p — 1/2| < min{1/y’,1/2}; and

, 12
e | <cplloglnl ™) il (3.8)

LP(w)

~

1
forallw € Ay,

Proof of (3.7). Since Ay(R;) € Ay(Ry) for y > 2, we may assume that 1 < y < 2. Therefore,
it suffices to prove (3.7) for p satisfying |1/p — 1/2| < 1/y’. Let {¢x,}* be a smooth
partition of unity in (0, c)adapted to the interval $ , = [a,;}l,ﬂ, a,:,lw]. To be precise, we

(Ry)and y" < p < oo,
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require the following:

Pru €CZ0<dru <1, > Prult)=1;
k (3.9)

A pru(t) C

>

where C; is independent of the lacunary sequence {a, : k € Z}. Let Y/\k,ﬂ(f) = PrullED).
By Minkowski’s inequality we have
2 dt 1/2
t

-k
PUE”,Z-kt * f(x)

00 © 2dt 1/2
<Sob( [ oy ] ) (3.10)
k=0 0 # 3
© 2 dt 1/2
= C(,(JO ‘ozwt*f(x) 7) .
Decompose
fxop, ()= > > (Ykﬂﬂ *0p 0 * f) X)Xkt (8) : => Gjulx,t) (3.11)
JEZ keZ JEL
and define
© dt 1/2
Tjuf(x) = (L | Gju(x,t) 27) . (3.12)
Then
rh(f)<c ZT u(f) (3.13)
JEZ
holds for f € ¥(R"). Thus, to prove (3.7), it is enough to show that
T ) ooy = Cp(log [ 1| )25l £l ooy (3.14)

for some a;, >0 and for p satisfying [1/p — 1/2| < 1/y’.
To prove (3.14), let us first compute the L?-norm of Tj,(f). By using Plancherel’s
theorem, we have

||T]/4(f ||L2Rn ZJ J )YkJr].“*O'b t*f ‘Zdt

<3 (J 15,.0)] {)lf(f)ﬁds,

kez ? Mk+in

(3.15)

where

Mew = 1€ ER":|E| € Piyl (3.16)
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By Lemma 2.7 we have

1\ 172 .
Tl ey = C(T0g 1 L] ™) 77 PUN I f 2. (3.17)

Next, let us compute the L? boundedness of the operator Tj,. For [1/p —1/2| < 1/y/,
we have

( > [ Yiewju flz)l/2

keZ

T ey < Cp (log | !1)1/2'
JuJ NlLeRey = Sp “ LR (3.18)

< C,p(log | L] ™) 11 e

The last two inequalities are obtained by applying Lemma 2.10 and applying the
Littlewood-Paley theory and Theorem 3 along with the remark that follows its statement
in [18, page 96].

Now by interpolation between (3.17) and (3.18) we get (3.14). This completes the
proof of Theorem 1.3. U

Proof of (3.8). Assume that w € A’
to show that

o1y (R+) and p >y’. As above, to prove (3.8), it suffices

1Ty = C(10g 15 ™) ) s (3.19)

To this end, let us compute the L? (w) norm of T ,(f). Forall w € Al
oo, we have

oy (Re)andy" <p<

(Z [ Yieeju f | )1/2

keZ

||Tj,H(f)||LP <CP<log| ) ' (3.20)
LP(w) .

W12
5Cp<108|1y| 1) 1 1o ()

where the first inequality follows by Lemma 2.9 and the last inequality follows from
a well-known weighted Littlewood-Paley inequality since w € Xp/y/ (Ry) CAp(Ry) (see
[12]). By interpolating between (3.17) and (3.20) with w = 1 we get

T |y = Cp (log [ |~ ) N il fory’ < p<oco. (3.21)
By Lemma 2.3, for any w € Ap/y (R,), there is an € > 0 such that w!*¢ Kﬁ,/y, (R}). Thus
12 ,
T ooy = Co(10g [ 1| ™) Tl f ey fory' < p< oo, (3.22)
By interpolating with change of measures between (3.20) and (3.21) we get (3.19). (Il

4. Further results

As an application of Theorem 1.4, we get the weighted L? boundedness for a class of
parametric Marcinkiewicz operators ‘/I/ng’f’h’)t and JM{ ., ¢ related to the Littlewood-Paley
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g, -function and the area integral S, respectively. The definition and the precise statement
of the results regarding these operators are given as follows.

THEOREM 4.1. Leth € Ay(Ry) withy = 2, 1 < p < co. Assume T satisfies either hypothesis I
or hypothesis D and Q) € B(0 Y2 (§1=1). Then there exists Cp >0 such that

||J‘/L?),r,h,s(f)||m + ||/‘/Lorh)L )||LP(w) = CPHQ”B;"*’W(Sn—l)”f”LP(w) (4.1)

for2<p<ocandwe Xf,/z(RJr). Here M3, 1, ¢ are MS:’;,h’A are defined by

P p 2dydt v
Morasf @ = ([ 1Paras e P05 )

op t S 2dydt 2
0350 = ([ (rissy) 1o P2 )

t+x—yl

(4.2)

where > 1 and T'(x) = {(y,t) € R% ! |x — y| < t}.
The proof of Theorem 4.1 is based on the following lemma.

LemMA 4.2. Let A > 1. Then, for any nonnegative locally integrable function g, we have

J (Mg f (1)) g(x)dx < Cy J (x) | Mg(x)dx. (4.3)

A proof of this lemma can be obtained by Theorem 1.3 and following a similar argu-
ment as in the proof of Theorem 5 in Torchinsky and Wang [19].

Proof of Theorem 4.1. Since M3,y , s f (x) < 2V Z,A/LQ\I, nrf (x), we only consider the op-

erator Jl/tgj\;,,h’)t. If p =2, we have w € AII(R+) c Ai1(R,) C A;(R;) and hence Mw(x) <
Cw(x) a.e. Therefore, by Lemma 4.2 we have

J(Mgi;mf ) dx<CJ 20(x)dx, (4.4)

and hence we get Mf{;)m is bounded on L?*(w). When 2 < p < o, we set d = p/2. By
Lemma 4.2 and Holder’s inequality we get

%0 f H;(w) = sup ‘ JRH (M0 f (x))zg(x)dx‘

2
< Cosup [ 10 Mgl o) s)

< Coll fllfr () sup I Mgl (-
g
= Ca||f||%p(w)

where the supremum is taken over all functions g satisfying [|g|l o (,i-+) < 1. Hence, the
proof of Theorem 4.1 is completed. O
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One of the important special classes of radial weights is the power weights |x[*,a € R.
It is know that |x|* € A,(R") ifand only if ~n < a < n(p —1).
Our result regarding this class of weights is the following theorem.

THEOREM 4.3. Leth € A, (R*) with y > 2. Assume T satisfy either hypothesis I or hypothesis
D. IfQ e BL P (8"1), and y’ < p < o, then

MG 1 oy < 1 f i) (4.6)

for all w(x) = |x|* and « € (=1, p/y" — 1). Similar results hold regarding the operators
M a ey
Qw,hs A Moy

A proof of this theorem can be obtained by Theorem 4.3 and noticing that |x|* €
AL(R,) fora e (-1,p—1).
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