WEIGHTED ESTIMATES FOR COMMUTATORS
ON NONHOMOGENEOUS SPACES

WENGU CHEN AND BING ZHAO

Received 14 November 2005; Revised 8 March 2006; Accepted 11 March 2006

Let i be a Borel measure on R which may be nondoubling. The only condition that
must satisfy is 4(Q) < ¢ol(Q)" for any cube Q C R? with sides parallel to the coordinate
axes and for some fixed n with 0 < n < d. This paper is to establish the weighted norm
inequality for commutators of Calderéon-Zygmund operators with RBMO(u) functions
by an estimate for a variant of the sharp maximal function in the context of the nonho-
mogeneous spaces.

Copyright © 2006 W. Chen and B. Zhao. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
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1. Introduction

Let 4 be some nonnegative Borel measure on R satisfying
#(Q) = cl(Q)" (L.1)

for any cube Q C R with sides parallel to the coordinate axes, where [(Q) stands for
the side length of Q and # is a fixed real number such that 0 < n < d. Throughout this
paper, all cubes we will consider will be those with sides parallel to the coordinate axes.
For r > 0, rQ will denote the cube with the same center as Q and with I(rQ) = rl(Q).
Moreover, Q(x,r) will be the cube centered at x with side length r.

The classical theory of harmonic analysis for maximal functions and singular inte-
grals on (R% ) has been developed under the assumption that the underlying mea-
sure p satisfies the doubling property, that is, there exists a constant ¢ > 0 such that
u(B(x,2r)) < cu(B(x,r)) for every x € R¥ and r > 0. But recently, many classical results
have been proved still valid without the doubling condition; see [1-18] and their refer-
ences.

Orobitg and Pérez [11] have studied an analogue of the classical theory of A,(u)
weights in RY without assuming that the underlying measure y is doubling. Then, they
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2 Commutator on nonhomogeneous space

obtained weighted norm inequalities for the (centered) Hardy-Littlewood maximal func-
tion and corresponding weighted estimates for nonclassical Calderén-Zygmund oper-
ators. They also considered commutators of those Calderén-Zygmund operators with
BMO(u) functions. The purpose of this paper is to establish weighted estimates for com-
mutators of those nonclassical Calderén-Zygmund operators with RBMO(y) in this new
setting.

Let us introduce some notations and definitions. Given two cubes Q C R in R4, we set

Nor

u(2kQ)
Kor=1+ -
@l kZl 1(25Q)

(1.2)

where N is the first integer k such that [(25Q) > I(R). Kqr was introduced by Tolsa in
[15].

Given B, (depending on d) big enough (e.g., B4 > 2"), we say that some cube Q C R¥
is doubling if 4(2Q) < Bau(Q).

Given a cube Q C R let N be the smallest integer > 0 such that 2N Q is doubling. We
denote this cube by Q.

Let 7 > 1 be some fixed constant. We say that a function b(x) is in RBMO(y) if there
exists some constant ¢; such that for any cube Q,

1
| |b=—mpbldu<c,
u(nQ) JQ| mgbldp = (1.3)

|mqb —mpb| < c;Kor for any two doubling cubes Q C R,

where mqb = 1/u(Q) fQ bdu. The minimal constant ¢; is the RBMO(y) norm of b, and it
will be denoted by [|b]|.. The RBMO(y) function space was introduced by Tolsa in [15]
and shares more properties with the classical BMO function space than BMO(u) space.
We say a kernel k(x, y): RY x R\ {(x,y) :x = y} — Cis an n-dimensional Calderén-
Zygmund kernel in the new setting if
(1) lk(x,p)| < A/lx—yl"ifx # y,
(2) there exists 0 < y < 1 such that
k(i) = k()| + ko) = k)| = 500 (14)
if [x =yl >2|x—x'].
A bounded linear operator T from L?(u) to L?(u) is said to be a Calder6n-Zygmund
operator with n-dimensional kernel k if for every compacted supported function f €
L*(u),

Tf(x)= JW k(x,y)f(y)du(y) forx ¢ supp f. (1.5)

For r > 0, we define the truncated operators by

T, f(x) = J

R4\ B(x,r

)k(x,y)f (y)du(y) (1.6)
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and define the maximal operator associated with T as follows:

Ty f(x) =su%)|T,f(x)|. (1.7)

2. Sharp maximal function estimates for commutators

In [15], Tolsa defined a sharp maximal operator M* f (x) such that

f €RBMO(u) = M*f € L™ (u), (2.1)
where
P S o Imof —mef|
M) = i Jo Sl e, L 02

Q,R doubling

We also consider the noncentered doubling maximal operator N:

1
NfG = sup ij|f|du. (2.3)
Q doubling

By [15, Remark 2.3], for y-almost all x € R one can find a sequence of doubling cubes
{Qx }k centered at x with [(Qg) — 0 as k — o such that

. 1
lim o |  Bu(y) = b(x) (2.4)
So, | f(x)| < N f(x) for y-a.e. x € R%. Moreover, it is easy to show that N is of weak type
(1,1) and bounded on L?(u), p € (1,0].

In order to obtain the estimate for a variant of the sharp maximal function for the
commutators of Calder6n-Zygmund operators defined as above with RBMO(y) func-
tions, we need the following definition.

A function B: [0,00) — [0,00) is called a Young function if it is continuous, convex,
increasing, and satisfying B(0) = 0 and B(t) — o as t — co. We define the B-average of a
function f over a cube Q by means of the following Luxemburg norm:

£ 15,0 = inf{/l >0: u(/:Q) JQB< |f(Ay)| )d# - 1} (2.5)

The generalized Holder’s inequality

1
u(pQ) JQ | fDg du(y) < 1 s lIglzap (2.6)

holds, where B is the complementary Young function associated to B. For every locally
integrable function f, define its maximal operator M, by

Mg, f (x) = supll fll5,q,)- (2.7)
xeQ
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TaEOREM 2.1. Let b € RBMO(y), let 0 < § < € < 1, there exists C = Cs ¢ such that
MG ([b,T]f)(x) < Cliblls (Me3/2) (T f)(x) + My, f (x) + T f (), (2.8)

where M} f(x) = M*(| fI°), My f(x) = sup,co(1/u(pQ)) [o | f1Pdu)?, 0 < p < co.
Set M(p)f(x) = Ml,(p)f(x).

Before proving the theorem, another equivalent norm for RBMO(y) is needed. Sup-
pose that for a given function b € L (u) there exist some ¢, and a collection of numbers
{bq}q (ie., for each cube Q, there exists bg € R) such that

)
| b=boldu<cy,
P Q) Q| Qldu=c

|bq—br| < cKgr forany two cubes Q C R.

(2.9)

Then, set ||b]| «« = inf ¢c;, where the infimum is taken over all the constants ¢, and all the
numbers {bq} satistying (2.9). By [15, Lemma 2.8, page 99], for a fixed # > 1, the norms
I - I« and [ - [| x4 are equivalent.

Proof of Theorem 2.1. We follow the argument from [15, proof of Theorem 9.1]. Let Q =
Q(x,r) be a cube with center x and side length r. For 0 < < 1 and o, 8 € R, we have
[lee|® = [BI°] < |a— BI°. Let {bq}q be a sequence of numbers satisfying

jQ b bo| du < 2u(2Q)I1b ]l (2.10)
for all cubes Q and

|bg — br| < 2Korllbllxx (2.11)

for all cubes Q, R with Q C R. For any cube Q, we denote hq := —mq(T((b — bq) f xra\
(4/3)Q)). We will show that for all x, Q with x € Q,

1/
G750 U 1T kol *d) = Clbles (Moom (T )+ My ()
(2.12)
and for all cubes Q, Rwith Q C R, x € Q,
|hq = hr| < ClIbllesx (M{ysg) f (x) + Tic f (%)) K . (2.13)

To obtain (2.12) for some fixed cube Q and x with x € Q, we rewrite [b, T] f:

(0, T]f = (b—bo)Tf —T((b—bq)fi) = T((b—bq)f), (2.14)



W. Chen and B. Zhao 5

where fi = fxws)q f» = f — fi. Let us estimate the term (b — bo)T f first. Take 1 < r <
/0. By Holder’s inequality, we have

1/8
(W Jo [ (b(y) - bQ)Tf(y)ladM(y)>

1/67" 1/6r
1 1
g(u((3/2)<2) JQ“’U bol” d”(y) ( (3/2)Q) J Tf()|"d )

= C”b”**Mér,(S/z)(Tf)(x) < C”b”**Ms,(S/Z)(Tf)(X)'
(2.15)

Since T': L'(u) — Lb*(u) (see [9]) and 0 < & < 1, Kolmogorov’s inequality and gener-
alized Holder’s inequality yield

1/86
<u((3/12)Q)JQ | T((b—-bq) fi(») |5du(y)>

= m .I(4/3)Q | (b()/) |d# 210
< Cl[b = ballexp 1,310,978 L f I LL0gL /310,978
while John-Nirenberg inequality implies that
mﬁmmew (W)dﬂ(ﬁ < Cp. (2.17)
So there exists a positive constant C such that for all cubes Q,
16 = ballegpr 4310, = CllOIs. (2.18)

Therefore

1/8
(WL|T(<b—bQ)ﬁ(y))|5dy<y)) < ClIbll Mitogrom f(). (219)

In order to prove (2.12), we only need to estimate |T((b — bq) f2) — hg |9. Note that

k+1
u(2Q)
K k(4/3) =1+ 7
Q,2k(4/3)Q 121 2Q)

<1+ (k+1)Cy < Ck. (2.20)
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For x, y € Q, we have

[(T((b=bq) f2))(x) = (T((b—bq) £2)) ()]

scf DA - ol @) duto)
Ré\(4/3)Q |2 — x|™*Y

S 1(Q)

o rumuias) lz—x (Y

1
<C Z 2-ky
o @

Q)" Lk(4/3)Q |b(2) = byl | f(2)|du(2)

<C (16(2) =baramyq| + | bg = bakamq|) | f(2) | du(z)

1

+C> k2R p|
k; “1(2kQ)"

i[, o 1f@)duc)
k(4/3)Q

<C> 27k |b(2) = byrasql | f(2) | du(z)
k=

1
©((9/8)2%(4/3)Q) Lk (4/3)Q

+C D k27 bl Moss) f (x)
k=1

<C > 279||b = byuspl |expL,zk(4/3)Q,(9/g) Il f Iz LogL2x (ar3)0,098) T Cllb I« M(gss) f (x)
k=1

< ClIbllx My rogL9/8) f (x) + ClIbll « M(gss) f (x).
(2.21)

For p > 1, it is easy to see M(,) f (x) < MyrogL,(p) f (x). Thus

[(T((b=bq) f2))(x) = (T((b—bq) £2)) ()| < Clibll«MrrogL(9/8) f (%) (2.22)

According to Jensen’s inequality, we obtain

1 s 1/8
(11((3/2)Q) JQ | T((b-bq) ) (y) —mo(T(b—1bo) fo) | dﬂ(y))
) m JQ | T((b=bo) ) () = ma(T(b=bo) f) du(y) 22

< ClIbll«Mp1ogL(9r8) f (%).

Note that for p > 1, M(zp)f(x) ~ MpLogL(p) f (x). By (2.15), (2.16), and (2.23) we obtain
(2.12).
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For {hq}q, we want to prove (2.13). Consider two cubes Q C R and x € Q. We denote
N = Ngr + 1. We write hq — hg in the following way:

| mq(T((b—bq) fxri\/3)0)) — me(T((b—br) fxra\@mr)) |

(

< |mo(T((b—bq) fraauwn@)) | + [ma(T((bq — br) fxri120)) |
)
)

+ | mq(T((b—br) fx2vq2q))

(2.24)
+ | mq(T((b—br) fxraong)) — me(T((b—br) fxra\2vq)) |
+ [mg(T((b—br) fxvquamr)) |
=M+ M, +Ms+ My+ Ms.
Let us estimate M. For y € Q we have
| T((b=bq) froa\w) ()| < ¢ J |b—bqllfldu
12Q)" J2q
= C||b - bQ||expL,2Q,(9/8) ||f||LLOgL»2Q,(9/8) (2.25)

< ClIbll«Mp1ogL(9r8) f (%) < CHbH*M(Zg/g)f(X)-

So we derive M; < C||b|| *MS/S)f(x). Let us consider M,. For x,y € Q,

ITf G| = | [, k(. 2)dute)
< J f(2)(k(y,2) — k(x,2))du(z) | + k(x,2) f (z)du(z)
RH\2Q 4\2Q
- Ay=zl
- JRd\zQ ly —z|"ty /@)l dutz) | + T f(x)
<Csup 2y J | Fldu+ To f(x) < CMioy () + T £ ().
Qo3x (QO)
(2.26)
Thus
M, = | (bR - bQ)Tf(X[Rd\ZQ) | = CKQ,R”b”* (T*f(x) + CM(zg/s)f(x))- (2.27)
For the term M,, we execute the process as in (2.21). For any y,z € R9, we get
| T((b~ br) fxwi20) (¥) = T((b = br) fxwe\20) (2) |
(2.28)

< ClIbll s« ML LogL9/8) f (x) < Cllbll« My, f ().
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The term M5 can be estimated as M;. We can obtain
Ms < Cllbll« My f (). (2.29)
Finally we have to deal with M3. For y € Q, we have
| byiiq = br| < CKargllblls < CKorllblls. (2.30)
Then,
| T((b=br) fravi2Q) (V)|

o)
5 1(25Q)" Jrnquag

[b—brllfldu

—

N-1 N-1

o)
—_— |b—byng| | fldu+C
k=1 1(2kQ)" Javiq a1 kgl

1
1(2¢Q)"
N-1
<C Z ||b - bzk“QHexpL,zkHQ,(WS) Hf||LLOgL,2k“Q,(9/8)
k=1

N-1 k+1
p(291Q) 1
+Ck§ Kaallbl o gy LkﬂQlfldy

X

JzkHQ |b2k+1Q - bR | |f|d‘H

(2.31)

N-1 #(2k+1Q)
< ClIbll«Myrogr,os8) f (x) + CKorllbll« > WM(%)f(x)
k=1

< ClIbll+MyrogLos) f (x) + CKG &I bll « Mio/s) f (%)
< ClIbll+Mysg) f (X)K3 -
Taking the mean over Q, we get
M; < Cllbll« My f (x) K3 g- (2.32)

By the estimates on M;, M,, M3, My, Ms, we can get (2.13).
Let us see how from (2.12) and (2.13) one obtains (2.8). If Q is a doubling cube and
x € Q, then we have by (2.12)

1/8
b,T B B h5 1/5S<L b,T 5_h6 d)
(11,1 17) = 1 1" = gy [ 111871717 < s 3

< ClIbll « (Me,(3/2)(Tf)(x) +M(29/8)f(x) + T*f(x))
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Also, for any cube Q 3 x, K, 3 < C, and then by (2.12) and (2.13) we get

1/8
(s Jo 11071717 =m0, 7117) )

1/8
< (g J 1T 1= Thol*ldu) -+ gl = gl 1™
+ g | =ma (110,711 [
1/8

S(WL'[“U—%%) +[hg—hg | + | hg—ma(|1,T1f1°) |

< ClIblL (Me 372 (T ) (%) + M2 g £ (%) + T £ (x)).
(2.34)

On the other hand, for all doubling cubes Q C R with x € Q such that Kor < Py, where
Py is the constant in [15, Lemma 9.3, page 143]. By (2.13) we have

[hq —hr| < Clibll« (Mg f (x) + Ts f (x)) Kq,Po. (2.35)
So by [15, Lemma 9.3, page 143], we get
|hq —hr| < Cliblls (Myg) f (x) + Ts f (x)) Ko (2.36)

for all doubling cubes Q C R with x € Q, using (2.13) again, we get

£ |[b,T1f|“)—mR(|[h,T]f|5)l
< |mo(116,T1F1°) = h) | + [W —h§ | + [Wh—ma(1[6,T1F1°) | (237)

< CI1bll« (Me,(3/2)(T f) (x) + My ) f () + T, f(x))Kog)’.

From the above estimates, we can obtain

MG ([b, T1f)(x) < Cllblls (Me,372) (T ) (%) + Mg, f (x) + T f (x)). (2.38)
(]

Now we are in the position to give the definition of weights we will consider. Here we
will consider the A, (u) weights introduced by Orobitg and Pérez in [11]. So we need the
assumption that #(dQ) = 0 for any cube Q with sides parallel to the coordinates axes.

Let 1< p<ooandlet p” = p/(p — 1). We say that a weight w satisfies the A,(u) condi-
tion if there exists a constant K such that for all cubes Q

-1

p
L L 1-p )
(#(Q) Jo””) (#(Q) JQW du) <K (2.39)

And we define the A (1) class as Aw () = Ups1 Ap(1).
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THEOREM 2.2. Let0< p < oo, let p > 1, w(x) € A (1) defined above, then

| ITF@ P w@duta) < € [ (M f00) wwdut) (2.40)

holds for every function f for which the left-hand side is finite.

Proof. For each € >0 we define the maximal operator

T f(x) = sup | To f(x)]. (2.41)

We only need to prove that for w € A« (), there exist suitable constants «, f3, € such that
w({x: T f(x) > (1+B)t, M) f(x) <et}) <aw({x:T& f(x)>t}), t>0, (2.42)

for all & < (1+f3)~!. We may assume f is nonnegative and locally integrable. Follow the
idea of [11], we first consider the special case when w = 1, then (2.42) turns to

p({x:TE f(x) > (1+P)t, M) f(x) < et}) < apu({x: T f(x) > t}). (2.43)

Since Q = {x € R?: T f(x) > t} is open, we decompose it into disjoint Whitney cubes
Q= Uj Qj, where Q; are disjoint and 2pdiam(Q;) < dist(Q;, Q) < 8pdiam(Q;), and ev-
ery point of R? at most lies in 4pQ; cubes. Obviously 4pQ; C Q. We will show that for
given 3 >0, 0 < a < 1, there exists ¢ = ¢(f8,a, 1) such that for all j,

u{x € Qi T f(x) > (1+B)t, Mp) f(x) < et}) < au(4Q;). (2.44)
Summing over all j, we have
p({x € RE T F(x) > (1+P)t, M) f(x) < et}) < ad"u(Q). (2.45)

Choose a such that @4" < 1, then we can obtain (2.42) in the special case. For the general
case w, recall that if w € A (), then by [11, Lemma 2.3, page 2017], there exist positive
constants ¢,  such that for all cubes Q and all E C Q,

% < c(%)a. (2.46)
Looking back at (2.44), we get
w({x € Qj: T f(x) > (1+p)t, M) f(x) < et}) < ca®w(4Q;). (2.47)
Summing again over j, we obtain
w({x: T f(x) > (1+B)t, Mip) f(x) < et}) < ca’4"w(Q). (2.48)

Choosing « such that ca®4” < (1+ )7, we can get (2.42).
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It remains to prove (2.44). Fix j and let Q = Q; and let r = [(Q). Assume that there ex-
ists b € Q such that M,) f (x) < et (otherwise the left-hand set of (2.44) would be empty).
Set z € QOF, that is, T f(z) < t such that dist(z, Q) = dist(Q, Q). By a simple computa-
tion, we get

QCPEQ<b,§r) C4QC B = Q(z187). (2.49)

Set fi = fx, f2 = f — fi. Then for x € Q, y > €, by the growth condition (1.1),

I Tyfitx)| < | Ty(fxr) ()| +J |J{XB;,,d#(y ) < TE (fxe) (x +—J f(y)duly)

< TE(fxp) (x) +cMp) f(x)(b) < TE (fxp) (x) +cet,

(2.50)
and so
[Ty f(x)] < [Ty falx) | +TE(fxp) (x) + cet. (2.51)
To compare T, f> (x) with T, f3(2), we use the standard arguments. We get
| Ty fo(x) = Ty fo(2) | < cMyy) f(x)(b),
T, ()] < T f(2) <t (252
Therefore
T* F(x) = T (fyp) (0) + (1 + cet. (2.53)

Now choose ¢ such that 2ce <  and consequently

xeQ: T f(x) > (1+B)t, M) f(x) <st}C{x€Q T (fxp) (x gt} (2.54)

Finally, since T is of weak type (1,1) (see [9]), we get

w(fre@tz > Ed) < 4 [ 170 duy)

(pP)
= ﬁcfﬂi)P)J | f() | du(y)

_ cu(pP)
< g
< %8#(4PQ) < au(4pQ)

(2.55)

Mp) f(x)(b)

always provided that ¢ is chosen small enough so that ce/f < a. O
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LEMMA 2.3. Let1< p<oo,letp>1, we Ap(u), then

JR (M) f () w()dia(x) <cj £ [ Pw(x)du(). (2.56)

Proof. Lemma 2.3 is a part of [5, Lemma 1]. Here we can give a more direct proof. By
[6, Theorem 3], M, is weighted weak type (q,q) if w € Ay(u), 1 < g < 0. Since w €
A, (u), then by [11, Corollary 2.5], there exists & > 0 such that w € A, _(u). Finally by the
Marcinkiewicz interpolation theorem, we can get the desired result. O

THEOREM 2.4. Let0< p <o, letp>1, we Ax(p), b € RBMO(y). Then there exists con-
stant C such that

[ BT 1P wdute) < C [ (M f00) wix)duto) (2.57)
R4 Rd

holds for every function f for which the left-hand side is finite.

Proof. For w € A (¢) and b € RBMO(y), by the estimate for the variant of the sharp
maximal function, we get

L BT 1P weduta) < C | (N6 (16,71) ) wiodte)
<cf (M TIf0) W)
< CJW | M2 (T ) () | Pw(x)du(x) (2.58)
+C | (Mo fO0)wx)du(x)
+cJ | T £ ) | Pw(x) ().
Here we have to justify the second inequality, precisely
| s T @) wedue < € [ (M3 TIF @) wdute). (259)

This inequality can be obtained by using a good-A argument similar to [15, Theorem
6.2]. For brevity, we omit the details. Since w € A (u), there exists 1 < r < co such that
w € A, (¢). Choose £ >0 such that 0 < ¢ < p/r, then by Lemma 2.3, we have

JW (Me (T F)(x)) P welp < CJW T fPwdp. (2.60)

From Theorem 2.2 and Lemma 2.3, we can get the proof of Theorem 2.4. O
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CoRrOLLARY 2.5. Letw € A,(u), let 1 < p < co. Then

JW 1B, T1f | Pw(x)du(x) < CJW | £ () | Pw(x)du(x). (2.61)

Remark 2.6. Han in [5] obtained a similar result with Corollary 2.5 for higher-order com-
mutators. But Theorems 2.1, 2.2, and 2.4 in our paper are new and are of independent
interest in themselves.
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