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1. Introduction

Sensitivity analysis of solutions for variational inequalities with single-valued mappings
has been studied by many authors with different techniques in finite dimensional spaces
and Hilbert spaces [3, 4, 7, 11, 14]. Robinson [10] has dealt with the sensitivity analysis
of solutions for the classical variational inequalities over polyhedral convex sets in finite
dimensional spaces.

In this paper, we study the behaviour and sensitivity analysis of solutions for a class
of parametric problem of completely generalized quasi-variational inequalities with set-
valued mappings without the differentiability assumptions.

2. Preliminaries

Let H be a real Hilbert space with [|x||> = (x,x), 2! the family of all nonempty bounded
subsets of H and C(H) the family of all nonempty compact subsets of H. Let § : 21 —
[0, 00) be defined by

8(A,B) =sup{lla—bll:ac A, beB}, VABe2, (2.1)

and let H : C(H) — [0, ) be defined by

F(A,B) = max{supd(x,B), supd(A, y)}, VA,B € C(H), (2.2)
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2 Parametric problem of quasi-variational inequalities

where

d(x,B) = }Iélfa llx— yll. (2.3)

Then, (27,8) and (C(H ),ﬁ ) are complete metric spaces, H is the Hausdorff metric on
C(H).

We now consider the parametric problem of completely generalized quasi-variational
inequalities. Let Q) be a nonempty open subset of H in which the parameter A takes val-
ues and K : H x Q — 2H set-valued mapping with nonempty closed convex valued. Let
A,R, T :H x Q — 2 be the set-valued mappings and p, f,g,G: H X Q — H the single-
valued mappings. For each fixed A € Q, we write Gy(x) = G(x,A), uy(x) = u(x,1) unless
otherwise specified. The parametric problem of completely generalized quasi-variational
inequality (PPCGQVI) consists in finding x € H, uy(x) € Ay(x), wa(x) € Ry(x), z1(x) €
T)(x) such that Gy (x) € K)(x) and

(pr(ua(x)) = (iim(x)) —g@1(21(x))), ¥y = Ga(x)) =0,  Vy € Ky(x). (2.4)
In many important applications, K (x) has the form
Ki(x) =m(x)+K), V(x,A)eHXxXQ, (2.5)

where m: H — H and {K) : A € Q} is a family of nonempty closed and convex subsets of
H, see, for example, [13] and the references therein.
For each A € Q, let S(A) denote the set of solutions to the problem (2.4). For some
A € Q, we fix those conditions under which for each A in a neighborhood (say N(1)) of
A, problem (2.4) has a nonempty solution set, that is, S(1) # @ near S(1) and the set-
valued mappings S(1) is continuous or Lipschitz continuous under the metric & or H.
We need the following concepts and results.

Lemwma 2.1 [5]. For each x,v € H,
x = Pg(v) (2.6)
if and only if
(x=v,y—v)=20, Vyek, (2.7)

where Pk (v) is the projection of v € H onto K.

LEmMa 2.2 [9]. Let m: H — H be a single-valued mapping and
K(x)=m(x)+K, VxeH. (2.8)
Then
Pxy(y) = m(x)+Px(y —m(x)), Vx,yeH. (2.9)

Definition 2.3 [12]. A single-valued mapping G: H X QO — H is called:
(i) a-strongly monotone if there exists a constant & > 0 such that

(Gr(x) = Gi(»)yx—y) = allx =y, V(x,y,A) € HxHxQ; (2.10)
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(ii) - Lipschitz continuous if there exists a constant 3 > 0 such that
|Gr(x) =G| < Bllx=yll, V(x,y,4) € HXHXQ. (2.11)

Definition 2.4 [1]. A set-valued mapping R: H X Q — 2H is said to be
(i) relaxed Lipschitz with respect to a mapping f : H x Q) — H if there exists a constant
r = 0 such that

(Hh(m(x) = Alm(y),x—y) < —rllx—yl%

V(x,y,A) € HXHXQ, wx)€Ri(x), wa(y) € Ri(p); (2.12)

(ii) relaxed monotone with respect to a mapping g : H X Q — H if there exists a constant
s> 0 such that

(@ (mx) —gm(y),x—y) = =sllx—yl?

V(x,3,M) e HXHXQ, wi(x) € Ri(x), wa(y) € Ru(p). (2.13)

Definition 2.5 [2]. A set-valued mapping A: H X Q — 2 [A: H x Q — C(H)] is said to
be #-8-Lipschitz [#-H-Lipschitz | continuous if there exists a constant 7 > 0 such that
8(Ar(x),Aa() =7llx—yll, V(xy,A) €HXHXQ,

~ (2.14)
H(A\(x),Ax(») <nllx—yl, V(x,y,A) € HxHXQ.

LEMMA 2.6. Let KA(x_) be deﬁngd as (2.5 2 Then for each fixed A €q, problem (2.4) has a
solution (x(A),uz(x(1)),wy(x(1)),z2(x(A))) if and only if x = x(A) is a fixed point of the
set-valued mapping ¢ : H x Q — 2H defined by

hr(x) = U

up(x) €A (x), wa(x)€Ry (x), 21 (x) ETh (x)

[x = Ga(x) + m(x) (2.15)
+ P (G0 = p(pr () = () ~@(21(0))) = m(x)} ],

for each x € H, where A = 1, p > 0 is some constant and Py, (v) is the projection of v € H
onto Kj.

Proof. For any fixed LeQ, let (%, uz(x), w3(x),z7(%)) be a solution of problem (2.4).
Then x € H, uz(x) € A7(X), wi(X) € R3(¥) and z3(X) € T3(X) such that Gy(x) € K3(X)
and

(P1(w3®) = (fi(wi(®) - g1(21()),y ~ G1(®)) =0, VyeKy®.  (2.16)
Hence for any p >0,
(G1(®) =[G () = p(p3(ur(®) = (fr(wy (%))

(2.17)
~g1(z:®)) Ly - Gi®) =0, VyeK;(®).
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From Lemmas 2.1 and 2.2, we have

Gi(x) = P [G1(%) — p(p1(uz(x) = (fr(w3(x)) — g1 (251())))] o1g)
= m(X) + P, [G1 (@) — p(p1(u3(®) = (fi(w;(®) - g1 (1)) —m@].

We can also write

¥ =% Gy(X) + m(®)
+ Py [G(%) — p(p3 (u3 (X)) = (fi(wi (X)) —g1(2:(%)))) — m(x)]

S
u;(Y)EAX(f),WX (E)ERX(E),ZX(E) S T;(f)

(- Gi@ +m®@)
+ P {G3(®) — p(p1 (13(®)) — (fi(wi(®) - g1(21(%))) - m@)} | = $;3),
(2.19)

thatis,x =x(A) isa ﬁ)ied point of @(X).
Now, for any fixed A € Q, let x(A) be a fixed point of ¢3(X). By Lemma 2.1 there exist
uz(x) € A7(x), wi(x) € Ry(¥) and z3(x) € T3(x) such that

G1(X) = m(X) + P, [ G5 (%) — p(p5(u3 (X)) — (filwy (X)) —g1(z1(%)))) —m(X)]
= Pi,0[G1(®) — p(p3 (u3(%)) — (fi(wi(®) — g1 (z:(x))))].
(2.20)

Hence, we have G3(X) € K3(X) and
(6@ — [G1@®) - p(p1(1;®) — (filwi(®) —gr(z1®)) ],y - Gi(®)) =0, (2.21)

for all y € K3(x).
Noting that p > 0, we have

(P2 (wi®) = (fi(mi(®) - &1(2:()),y — Gi(®) =0, VyeKy®),  (222)

that is, (X, uy(X), w3(X),2z7(x)) is a solution of the problem (2.4). O

LemMA 2.7. Let Ky (x) be defined as (2.5), A,R, T : H X Q — 2 the §-Lipschitz continuous
with respect to constants 1,7y, v, respectively, and p, f,g,G: H X Q — H the Lipschitz con-
tinuous with respect to the constants &, y, o and 3, respectively. Let G be strongly monotone
with constant o > 0, R relaxed Lipschitz continuous with respect to f with constantr =0, T
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relaxed monotone with respect to g with constant s >0, and m : H — H is u-Lipschitz con-
tinuous. If there exists a constant p > 0 such that

_(r=9)+&n(g—-1)
(yx+ov)’ = (&n)*

(r—s) > (1 - )& ++Jqlq - D((yx+ov)? - (n)?)
pén <yx+ov,

q=2(u+1-2a+p*) <1,

3 \/((r ~9)+&n(g—- 1)’ —q(g— D((yy+0v)? - (En)?)
(yx+0ov)* = (&n)°

(2.23)

then the set-valued mapping ¢ : H x Q — 2H defined by (2.15) is a uniform 0-8-set-valued
contraction with respect to A € Q, where

0=q+tlp)+pén<l,

(2.24)
tp) = \/1 —2p(r —s)+p*(yx+ov)2

Proof. By the definition of ¢, for any x,y € H, A € Q, a € ¢ (x) and b € ¢, (y), there
exist 13(x) € Ay(x), ur(y) € Ax(y), wi(x) € Ry(x), wa(y) € Ri(»), z1(x) € Ti(x) and
z1(y) € Ta(y) such that
a=x—Gr(x)+m(x)+ Pk, [Gr(x) — p(pr(ur(x)) — (H(m(x)) =@ (22 (x)))) — m(x)],
b=y—-Gi(y)+m(y) + P [Gi(y) —p(pr(mr () = (L(ma(»)) =g (za()))) —m(»)].
(2.25)

Since projection operator is nonexpansive, we have

lla—bll <2[jx—y - (Gi(x) = Gy(»)|| +2[|m(x) — m(p)|]
+Hx=y+p(ilma(y)) = A(m (1)) —plga(z1(x)) =gl (2.26)
+pl[pr(ur(x)) = pa(wr(»)|]-

Since G is strongly monotone and Lipschitz continuous, we have

llx =y = (Gr(x) = G)I* = (1 —2a+ ) 1x - yl%,
[|m(x) = m(p)|| < pllx =y, (2.27)
oA (pa(x) = pa (i ()] = &lJur(x) —ur(»)|] < €6 (Ar(x),Ar(»)) < &nllx — yll.
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Again
lx=y+p(fi(mi(x) = M) —p&r(21(x) = gr (2]
=llx=yI>+2p(i(ma(x)) = filma(»)).x = ) = 2p(&r(a1(x)) — @ (22(1)),x = ¥)

+p* |l ima(x) = A(m () — (@ (@) - g

<[1=2p(r—s)+p*(yx+0v)*]llx -yl
(2.28)

From (2.26)—(2.28), we have
lla—bll < [q+t(p)+pénlllx—yll <Ollx -yl (2.29)
where
0=q+t(p)+pén,
= \1=2p(r —5) +p2(yx +p)2, (230)

q =2(‘u+\/1—2¢x+ﬁ2).

By the arbitrariness of a and b, we have

8(pr(x),41(»)) < 0d(x, ). (2.31)
By conditions (2.23) and (2.24), we have 0 < 1. This proves that 8 is a uniform 0--set-
valued contraction with respect to A € Q. O

LEMMA 2.8 [6]. Let X be a complete metric space and Ty, T, : X — C(X) be 0-H -contraction
mapping. Then

A(E(T),F(T2)) = | 77 | sup (T 0, o), (232)

xeX

where F(T)) and F(T,) are the sets of fixed points of T\ and T, respectively.

3. Sensitivity analysis

THEOREM 3.1. Assume that Ay(X), Ry(X) and T,\(E) are §-Lipschitz continuous at A Let
R)\(X) be the relaxed Lipschitz continuous with ﬁ at A, and T)(X) the relaxed monotone

with g\(+) at L. Suppose that Gy(%), pa(-), fi(+) ) and Py, (v) are Lipschitz continuous
at A, wherex = (1) € S(1), up(x) € Ay (x) W)L(x) S R)L(E), z;(x) € Ty(x) and
v=Gi(x) = p(pr(ur(®) - (fi(wi(x)) - g1(2:(x)))) — m(). (3.1)

Then for all A € Q, the_solution set S(A) of the problem (2.4) is nonempty and S(A) is §-
Lipschitz continuous at M.

Proof. For each ﬁxed A € Q, ¢1(x) has a fixed point, that is, there exists a x(1) € H such
that x(1) € ¢r(x(1)). From Lemma 2.6, we have x(1) € S(A)ihence S(A) # @ and S(A)
coincides with the set of fixed point of ¢, (x). In particular, S(1) coincides with the set of
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fixed point of ¢5(x). Now we show that S(A) is §-Lipschitz continuous at A Forallx(1) €
S(A) and ®(1) € S(A) there exist uy(x(1)) € Ax(x 9)), wr(x(1)) € Ry(x(A)), za(x(A)) €
Ty (x()), uz(x(1)) € A7(x(1)), wi(x(1)) € Ry(x())) and Z;(%(1)) € T5(x(1)) such that
x(A) = x(A) = G (x(1)) + m(x(A))
+Pi, [Ga(x(D) = p(pa(ua(x(1))) = (i(wa(x(V))) = &r(2a(x(1))))) — m(x(1))],
x(1) = x(1) — Gy (x(1) +m(x(1))
+Pi; [G1 (D) —p (px (@7 (x(V)) = (fr (w3 (x(1))) —gx (21 (x(1))) )) —m (x(

—~ =

)]
3.2)
Write x = x(1) and X = X(1). Taking any u(X) € A, (%), wa(X) € Ry(X) and z,(X) €
T)(x), we have
llx — x|l < ||x— Gyr(x) + m(x)
+ P [Ga(x) = p(pa(ta(x)) = (fi(wa(x)) —ga(22(x)))) — m(x)]
—[*¥ - Gi(%) + m(%)
+ P {GL(X) = p(pr (1 (%)) = (Lh(Mm (X)) — @1 (21(x)))) — m)}H]]]
+||F - Gi(®) + m(x)
+ P [Gr(%) — p(pa (i (%)) = (i(ma (%)) — @1 (22 (%)) — m(%)]
- [x = Gz(%) + m(%)
+ P {Gi(®) — p(p1(1(%) — (fi(wy(3)) — g1(22(%)))) — m(D)} ]
<Ollx =%l +||Gr(x) — Gz ()|
+|Pk, [GL(X) = p(pr (2 (3) = (L(m(F)) - @1 (21(X)
= P [Gr(®) — p(pr(#3(%)) — (fr(Wr(%)) — g1 (23
+]|P, [G1(®) = p(pr (#3(%)) = (fL (W3 (X)) — g1 (Z2(%
= P [Gi(®) = p(py (@) = (fr(W:(%) - g1(z;: &
< Ollx -l +2[|GL(X) = G@[ +pl[pr (r (X)) - px
+pllfi(wa(®) = fi(w: @)
+pll9r (22(®)) — g1 (Z: () [+ [|Pr,(v) — P, (v)]],
(3.3)

where, v=_G;( X) — p(p,\ up(x)) — (f1(w3(x)) — g7 (z1(%)))) — m(x). Since, x =x(A) € S(A)
andx = x(1) € S(1) are arbltrary it follows that

B(S.SM) = | 775 | [21G1® = G|+ pllpa (@) ~ pa (@) +pll i (12 )

- @@+ pllgr (210) — g1 (E )+ 1P (v) = P W)
(3.4)
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From the §-Lipschitz continuity of A, R, T at A; Lipschitz continuity of G and Pk, (v) at
A, it follows that S(A) is §-Lipschitz continuous. O

THEOREM 3.2. If we assume the hypothesis of Lemma 2.7, then
i) ¢ : Hx Q — C(H) defined by (2.15) is a compact valued uniform 0- H-contraction
mapping with respect to A € C;
(ii) for each A € Q, (2.4) has nonempty solution set S(A), closed in H.

Proof. (i) For each (x,A) € H X Q; Aj(x), Ry(x), Ta(x) € C(H) and Px, are continu-
ous, follows from (2.15) of ¢)(x) € C(H). Now, we show that ¢)(x) is a uniform 6-

H-contraction mapping with respect to A € Q. For any a € ¢(x), there exist uy(x) €
Ay(x) € C(H), wi(x) € Ry(x) € C(H) and z)(x) € T)(x) € C(H) such that

a=x-Gx)+m(x)+ Pk [Gr(x) — p(pr(ma(x)) = (L (ma(x)) —g@a (21 (x)))) — m(x)].
(3.5)

Note that (y,4) € H x Q; Ay(y), Ri(y), Ta(y) € C(H), then there exist uy(y) € Ay(y),
wa(y) € Ri(y) and 23 (y) € Ta(y) such that

||P)L(UA(X)) — (i) < ElJur(x) — wa(y)]| < EA (Ar(x),A0(y)),
1A (W) = A (wa)]] < xllwa(x) = wa(p)]| < xH (Ru(x),Ra(»)), (3.6)
||g)L(Z/\(x)) —a ()|l < ollzax) - 21(p)|| < oH (Ta(x), Ta ().

Let

b=y—Gi(y)+m(y)+Pg[Gi(y) - p(pr(ua(y)) = (i(wa(»)) —ga(2a(»)))) — m(y)],

(3.7)
then
b e or(y). (3.8)
By using the similar argument as in the proof of Lemma 2.7, we can obtain
lla—bl < [2(y+\/1 —2a+p?) +\/1 —2p(r —s)+p(yx+ov)? +pf;1] llx — yll
< [g+t(p) +pEnllx -yl < Ollx - yl,
where
0 =q+tlp)+péy,
t(p) = \/1 =2p(r—s)+p*(yx+ov)?% (3.10)

q:2(y+1/1—20c+ﬂ2).
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By conditions (2.23) and (2.24), 0 < 1, and hence we have

sup d(a,¢r(y)) < 0llx—yll. (3.11)

acg(x)

By the similar arguments, we have

sup d(¢r(x),b) <0llx— yll. (3.12)
bepr(y)

Hence, by the Hausdorff metric H, we obtain
H($1(x),1(7)) = 6llx = yl. (3.13)

Therefore ¢, (x) is a uniform 6-H-contraction mapping with respect to A € Q.

(ii) Since ¢, (x) is a uniform 6-H-contraction with respect to A € Q, hence by Nadler
theorem [8], ¢ (x) has a fixed point x(1). Since S(A) # @, then let {x,} C S(A) and x,, —
Xo as n — oo. Therefore,

Xn € Pr(xn), n=12,.... (3.14)
From (i), we have
H (§1(xn), $2(x0)) = 0l = 0]l (3.15)
If follows that
d (x0,$(x0)) = [x0 = xal| +d (2, $2 () + H ($1.(xa), 2 (x0)) 16
<(1+0)||xy, —x0|| — 0, asn— oo,
hence xq € ¢1(x0) and xg € S(A). Therefore S(A) is closed in H. O

THEOREM 3.3. Assume the hypotheszs as in Theorem 3.1. Then for all A € Q, the solution set
S(A) of (2.4) is nonempty and S(A) is H- Lipschitz continuous at A

Proof. From Theorem 3.2(ii), the solution set S(A) of (2.4) is a nonempty closed set in
H. Now, we show that S(1) is H- Lipschitz continuous at . By Theorem 3.2(i), ¢ (x) and
¢7(x) are both 6-H-contraction mappings. From Lemma 2.8, we have

H(SO),S(D)) < [ ]supﬁ(@(x),(pi(x)). (3.17)

x€H

1
1-6
Taking any a € ¢y (x), Jup(x) € Ax(x), wa(x) € Ry(x) and z3(x) € Ty (x) such that

a=x—Gy(x)+m(x)+ P, [Gr(x) — p(pr(ma(x)) = (i(ma(x)) — @1 (2a(x)))) — m(x)].
(3.18)
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For uy(x) € Ay(x) € C(H), wa(x) € Ry(x) € C(H), z1(x) € Tr(x) € C(H), there exist
uy(x) € Ay(x), wi(x) € Ry(x) and z3(x) € Ty(x) such that

||ur(x) — ug(x)|| < H(Ar(x),A5(x)),
|lwa(x) — wy(x)|| < H(Ry(x), Ry (x)), (3.19)
llx(x) = 23 ()] < H(Ty(x), Ty (x)).

Let

b =x— Gy(x) +m(x) + P [Gy(x) — p(pr(ux(x)) = (fr(wy(x)) = gx(z1(x)))) — m(x)],
(3.20)

then
be gbj(x). (3-21)

It follows that
lla—bll <||Gi(x) — Gy (x)||
+|[Pr, {Gr(x) = p(pa(ur (%)) = (fi(ma(x)) — @1 (22(x)))) — m(x)}
= P {Gr(x) = p(pr(ux(x) = (fr(wa(x)) — gx(21(x)))) — m(x)}|
+[|Pr {G1(x) = p(pr (ux(x)) = (fr(wi(x)) — g1 (21(x)))) — m(x)}
= P {Gy(x) = p(pr(ur(x)) = (fr(wr(x)) — gz (z3(x)))) — m(x)} |
< 2[[Gr(x) = Gy ()| + pl[pa(ur(x)) = py (3 ()|
+pll fi(wa(x)) = fr(wy(x)) ||+P||gA ZA(x) gr(zx()||
+||PK/\(V)_PK;(V)||<2||G)1(x - Gz(x)||

(3.22)

+pllpa(ua(x)) = py(u ||+P||PA MA(X)) paluz())l
+pll filwa(x)) = fx (WA(X) [+ pll fr(walx )) Fr(wi ()]l
+pllgr(21(x)) — gx(2a(0) || +pllgx (21(x)) — gr(z3(x) |
+ [P, (v) PK,\(V)H

where v = Gi(x) — p(pr(uz(x)) — (fi(wi(x)) — g1(z7(x)))) — m(x).
Write

M =2[Gy(x) = Gz (x)|| +pllpa (ta (%)) — px(wa(x)) ]
+pll fi(ma(x)) = fr(wa(x ||+P||g)t 21(x)) — g1 (21 (x))]|
+pEH (Ar(x),A5(x)) + pyH (Ri(x), Rz (x)) + paH (Ty(x), Ty(x))

+ ||PKA(V) _PKX(V)H'

(3.23)
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Then we have

sup d(a,¢i(x)) <M. (3.24)
acdy(x)

By the similar arguments, we obtain

sup d(¢(x),b) <M. (3.25)
bepi(x)
It follows that
H(pp(x),p7(x)) <M. (3.26)

If A)(x), Ry(x) and T)(x) are uniformly H -Lipschitz continlious at A with respect to x €
H, and G)(x), Pk, (v) are uniformly Lipschitz continuous at A with respect to x € H, then
it follows that: for any € > 0, there exists a § > 0 such that for all A € Q with [[A - A|| <6,

H(gr(x),¢5(x)) =M <e, VxeH. (3.27)

From (3.17), we obtain

€

H(SM).SM) < 15,

(3.28)

hence S(A) is H-continuous at A. If A)(x), Ri(x) and Ty(x) are uniformly 31 -Lipschitz
continuous at A with respect to x € H, and Gy(x), P, (v) are also uniformly Lipschitz
continuous at A with respect to x € H, then by the above arguments, we can prove that
S(A) is H -Lipschitz continuous. O
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