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We find bounds for a Gronwall-Bihari type inequality for piecewise continuous functions.
Unlike works in the prior literature, here we consider inequalities involving singular ker-
nels in addition to functions with delays.
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1. Introduction

In this paper, we are concerned with the following impulsive integral inequality:
t
u(t) <a(t)+ b(t)J ki(t,s)u™(s)ds
0

+c(t)J;k2(t,s)u”(s—T)d5+d(t) S opulty), t=0, (L.1)

O<tr<t

u(t) < o(t), tel[-1,0],7>0,

where a(t), b(t), c(t), and d(t) are nonnegative continuous functions, m,n > 1, i > 0, the
points # (called “instants of impulse effect”) are in the increasing order, and limy_.« tx =
+00. The kernels k;(t,s), i = 1,2, are of the form

ki(t,s) = (t— )P 1" Fi(s), i=1,2, (1.2)

where 3; >0, y; > —1, Fi(t), i = 1,2, and ¢(t) are nonnegative continuous functions. For
this reason, we say that we are in the presence of an impulsive nonlinear singular version
of the Gronwall inequality with delay.

We would like to find bounds for solutions to this inequality in the space of piecewise
continuous functions#: X — Y (X ¢ R,Y ¢ RN), with points of discontinuity of the first

Hindawi Publishing Corporation

Journal of Inequalities and Applications
Volume 2006, Article ID 84561, Pages 1-12
DOI 10.1155/J1A/2006/84561


http://dx.doi.org/10.1155/S1025583406845613

2 Animpulsive Gronwall-Bihari type inequality

kind at the points #; € X. Our functions will also be assumed to be left continuous at the
points ti. This space will be denoted by PC(X,Y).

Integral inequalities are an important tool to investigate some qualitative and quan-
titative properties of solutions to differential equations such as existence, uniqueness,
boundedness, and stability. Among these integral inequalities, we cite the famous Gron-
wall inequality and its different generalizations (see [3, 13]).

Impulsive integral equations, impulsive integro-differential equations, and impulsive
differential equations arise naturally in various fields such as population dynamics and
optimal control (see the monographs [2, 9, 15]). It seems that the first treatment of im-
pulsive systems goes back to the monograph by Krylov and Bogolyubov [8].

The following impulsive integral inequality:

u(t)sa+fb(s)u(s)ds+ > meult), t=0, (1.3)

c<tp<t

has been first used by Samoilenko and Perestyuk [14] to investigate problems of the form

X' = f(tx), t#t,

Ax =TI (x), t=t. (1.4)

Then, a similar inequality with constant delay was considered by Bainov and Hristova in
[1]. Recently, Hristova in [5] treated a more general inequality with nonlinear functions
in u. However, in all previous works, the functions (kernels) involved in the integrals are
regular, even in the case of integrals of convolution or nonconvolution types (see [3, 13]).

In this work, we consider the case of singular kernels of the form (1.2). The type of
inequalities we are going to discuss arise for instance when we study impulsive evolution
problems of the form

d
—u+Au:f(t,u,ut), t>0, t# ty,

dt
u(0)=up e X, (1.5)
Au(ty) =u(tf) —u(ty), k=1,2,...,

where A is a sectorial operator (see, for instance, [17] where the case without delay and
with globally Lipschitzian right-hand side is treated).

We point out here that nonlinear singular versions of the Gronwall-Bihari inequality
have been already considered by the present author in [6, 7, 10, 16] and Medved in [11,
12] to investigate problems of the form (1.5) and perturbed problems of (1.5) but without
impulse effects.

The plan of the paper is as follows. In the next section we present some lemmas and
notation which will be needed in the proof of our result. Section 3 contains the statement
and proof of our theorem. It is ended with some important remarks.

2. Preliminaries

In this section, we prepare some lemmas and notation which we will use in the next
section.
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LEmMa 2.1. Forallf>0andy > -1,
t
| a—9pivas—cin, =0, (2.1)
0

where C = C(B,y) =T(B)T(y+ 1)/ T(f+y+1).
LemMA 2.2. If B,y,0 >0, then for any t > 0,

t
tlfﬁj (t—s)fle-le%ds < C, (2.2)
0
where C = C(f3,y,0) is a positive constant independent of t. In fact,

C:max{l,zl’ﬁ}r(y)<l+%)8”’. (2.3)

See [6] for the proof.

LemMa 2.3. Let a, b, K, v be nonnegative continuous functions on the interval I = (0, T)
(0< T < ), let w:(0,00) — R be a continuous, nonnegative, and nondecreasing function
with w(0) =0 and w(u) >0 for u>0, and let A(t) := maxo<s<;a(s) and B(t) := maxp<s<; b(s).
Assume that

w(t) < a(t) + b(t) L:K(s)w(w(s))ds, el (2.4)

Then
y(t) <H [H(A(t)) +B(D) ﬂK(s)ds], re (0,T)), (2.5)
where H(v) := [!. dt/w(z) (v = v > 0), H-) is the inverse of H, and Ty >0 is such that

H(A() +B(t) [{K(s)ds € D(H) forall t € (0, Ty).

See [4] or [3, 13].

In order to lighten the statement of our result, we adopt the following notation. Let
V(1) :=1+ [y F3(s)9*' (s — 1)ds, r := max{m,n} > 1, t := 0.

For p and g such that 1/p +1/q = 1, we define

fp(t) :=sup {al(t),CVP (pB, — p+ 1,pyl)bq(t)tq(ﬁ1+y1)fl)

2.6
CVP (pBy — p+1,py2) c(t)ta Py~ ga()}, (26)

with C(pB1 — p+1,py1) and C(pBs — p + 1, py>) the constants from Lemma 2.1, and T,
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to be the sup of all values of t for which

k-t i—1
> [ G2 @ L0+ G+ 2r il (5)
i=1 7t j=1
X {Fq (s)f™(s) + FL(s) f"(s — 1) }ds + (k+3)a-1r

V(T)lfr
(r=1"

xl_[ 1+(j+2)7! f(tj)) J {FL(s) f™(s) + Fi(s) f"(s — 1) }ds <
j=1

If p=q =2 put f(t):= fo(t) and T:= T

3. The bounds

Without loss of generality, we will suppose that the #; are such that 7 < ) — tx < 27,
k =0,1,2,.... For the general case, see Remark 3.2 below.

THEOREM 3.1. Let the above assumptions on the different parameters and functions hold.
Suppose that u is in PC([—71,+],[0,+0c0]) and satisfies (1.1), then
(a) if Bi > 1/2 and y; > —=1/2, i = 1,2, it holds that for t € (tx,t.1],

k 1/q
u(t) < [k+3 ]_[ (14 (k+2 mf(tz))]

i-1

x[V(T)H 1)2 D T+ G s ()

iy ]'71

X {FF(s) f™(s)+F3(s) f"(s—1)}ds — (r —1)(k+3)"

:|1/2(1—r)

k
<1+ G [ O+ RO 6 nlds

j=1
(3.1)

as long as the expression between the second brackets is positive, that is, on (0, T);
(b) if 0< Bi < 1/2 and —1 < y; < —1/2, then it holds that for t € (tx,t,1],

k
u(t) < [(k+3)T £ (t ]‘[ (1+(k+2)17 'yl £ (1 ))]l/q

i—1
><[V(T)H 1)2 (1+2)(‘1’Wn L+ +2)7 'yl f (1))
j=1

tio1

X {F1(s) f(s) + F(s) fy (s = T)}ds — (r — 1) (k +3)\1r

k 1/g(1-r)
<[T+ G2 () [[ tF 50+ B - 0)as]

(3.2)

as long as the expression between the second brackets is positive, that is, on (0,T).
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Proof. We will use a mathematical induction.

(a) Step 1. We start by proving the validity of (3.1) in the interval [0,;] (in fact, the
argument we present is valid within the interval (0,T'), this fact will be mentioned in
every occasion by indicating the right interval over which the estimate is valid). For t €
[0,7] C [0,11] (see assumptions on f), we have

u(t) < a(t) + b( t)J P E, ()1 (s)ds
(3.3)

+c(t) Jot(t — )P I By (s)u (s — 7)ds.

If ;i > 1/2 and y; > —1/2, i = 1,2, then by the Cauchy-Schwarz inequality and Lemma 2.1,
we obtain

t 172
u(t) < a(t) + CV2 (2B, - 1,2y1)b(t)t/31+w*”2(J F%(s)uz*"(s)ds>
0
(3.4)

¢ 12
+CY2(22 — 1,29;) c(t)tPetr2—1/2 (J F3(s)u*"(s — T)ds> ,
0

where C(Zﬁl —1,2y1) and C(2B; — 1,2y,) are the constants from Lemma 2.1. Squaring
both sides of (3.4), we find

t
u(t) < 3a*(t) +3C(2p1 — 1,2y1)b2(t)t2(ﬂ1+yl)_1j F2(s)u®™(s)ds
0

t (3.5)
+3C (2B, — 1,2y,) A (1) 2Bt J F3(s)u*(s — 1)ds.
0
Therefore
200 < 3£ (1) (1 ; Jth(s)uzm(s)ds+ Jth(s)uZ”(s - T)ds)
0 ’ (3.6)
<3(1) (1 N J F%(s)uzf"(s)dHJ F2(s)p"(s - T)ds).
0 0
Putting
yi(f) =1+ fpg(s)qﬁ"(s ~r)ds+ J’tFlz(s)uzm(s)ds, (3.7)
0 0

we see that v,(¢) is a nondecreasing positive differentiable function on [0,7],v;(0) =
1+ [y F3(s)p*'(s — 1)ds =: V (1),

u* (1) <3f (i (d), (3.8)
vi(t) = FA(Ou?™(t) < 3mF3 () f™ (v (t) < 3TF3(t) f™ (v} (8). (3.9)

An integration of (3.9) (or using Lemma 2.3 directly) leads to

t 1/(1-r)
() < [V(T)H _3(r-1) L F(s) f’"(s)ds] (3.10)
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as long as fOth(s)fm(s)ds < V(1)77/3"(r — 1). Therefore, for t € [0,7],

:|1/2(1r)

ut) < 1/3f(t)[V(T)H _3(r— 1)[0 F2(s) " (s)ds

as long as [y F(s) f™(s)ds < V(2)'"7/3"(r — 1).
Let t € (1,t;]. Then, from (3.6) and (3.7), we have

W (0) < 3£(0) (VI(T) i JtF%(s)uzm(s)ds+ Jth(s)uZ"(s - T)ds).

Let us designate
t t
wi(t) = v (1) + J F2 ()2 (s)ds + J F2(8)u (s — 7)ds.

Then w(t) is a nondecreasing positive differentiable function on (7,1 ],

wi(t) =wi(r) =wi(t),  u*(t) <3f(Omi(t),
wi(t) = FR(O)u*™(t) + F3(H)u*"(t — 7).

Since 0 < t — 7 < 7 (see Remark 3.2) and from (3.7), (3.8), (3.14), and (3.15),
W(t-1)<3f(t—1)ni(t—71) <3f(t—1)ni(7) <3f(t— 1)W1 (1),

and we can write that

wi(t) < FF(O) (B f(Owi())" + () (3£ (t—1)wi(1)"
< 3[F}(0) f7(6) + F3 () f7(t = 1) [ wi (0).

Integrating (3.17) from 7 to ¢ and using (3.10), we obtain

t
T

1/(1-r)
wit) < [WI(T)H (- 1)J [Ff(s)fm(s)+F22(s)f"(s—7)]ds]
< [V(T)H (- I)JTFf(s)f’”(s)ds
0

t 1/(1-r)
35— 1)L [F2(s) £ (s) + F2(s) " (s — T)]ds]

t

1/(1-r)
< [V(T)H 3 1)[0 [F2(s) £ (s) + F2(s) ™ (s — T)]ds]

and hence, for t € (7,t1],

¢ 1/2(1-7)
u(t) < Jsf(r)[vH _3(r— 1)[0 [F2(s) £ (s) + F2(s) (s — T)]ds]

(3.11)

(3.12)

(3.13)

(3.14)
(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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as long as

1-r

t
J, [FOf"(6)+ F0)fr(s = )]ds < 50— (3.20)
We define the function y; : [0,#1] — R by
L Vl(t)) te [O:T]a
yi(t):= {wl(t), te (n,4]. (3:21)

It can be easily seen that (3.1) in the statement of the theorem is satisfied over [0, ]
(recall that ¢, := 0).

Step 2. Lett e (t1,1,]. If t € (t1,t; + 7], then

u(t) < a(t)+b(t) Jot(t — )P E (s)u™ (s)ds

, (3.22)
+c(t) I (t— )P 12 Fy (s)u(s — T)ds + md(t)u(t).
0
Squaring both sides of (3.22) after applying the Cauchy-Schwarz inequality and
Lemma 2.1, as in the previous steps from (3.4) to (3.6), we find
t t
u(t) <4f(t) (1 + J F3(s)u*™(s)ds + J F3(s)u*"(s — 1)ds + ﬂfuz(tl))
0 0
t 3]
<4 (1) (vl(‘r) t F%(s)uzm(s)ds+J F2(8)u (s — 7)ds (3.23)

t t
+| Fis)u*™(s)ds+ F%(s)uzn(s—T)ds+rﬁu2(t1)).

t t

Note here that we have used definition (3.7) of v;(t). Thanks to (3.13) and (3.14), we
entail that

t t
W2 (1) < 4f (1) <w1 () + L F2()12 (s)ds + L F2(s)u?(s — 1)ds+ 31 (1) wi (tl))

<4fO[1+352f(1)] (wl(tl) ; L F2(s)u™ (s)ds+ L F2(s)u(s — T)ds).
(3.24)

We define

y(t) 1= w (1)) + J: F2(s)12" (s)ds + Lt F2()12" (s — 7)ds. (3.25)
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It is clear that v,(¢) is a nondecreasing positive differentiable function on (#,,# + 7],
v(t) =wi(t) < (), (1) <4f(O[1+4307f (1) [va(2). (3.26)
Since t — 7 < t;, by (3.6), (3.12), (3.13), and (3.25), we see that
wW(t—-1)<3f(t—1)yi(t—1) <3f(t—1)wi(t1) < 3f(t—T)na(D), (3.27)
and thus from this estimation, (3.25) and (3.26), we get

vy (t) = EF(Ou*™(t) + F3 (O u*"(t — 1)

" 3.28
< W43 f ()] FORO+ Y BOF o, O
An integration of (3.28) from f; to t together with (3.18) leads to
n® =< nm)' - -1
t 1/(1-r)
x| T3 £ ()] FUOFE) + 3 F )£ - 1) el
< [V(T)H—yu—l J“[ (5) f™(s) + F2(s) f"(s — 1) |ds — (r — 1)
t 1/(1-r)
X | T3 ()] PR 6+ 3B G - s
1 (3.29)
and hence, for t € (t1,t + 7], we have
u(t) < 2y[1+373 f (1) 1 £ (1)
X [V(T)H 3 — 1)[01 [F2(s) f™(s) + F2(s) (s — )] ds
t 1/2(1-r)
=) [T ()] FROF )+ 3 ) £ (s~ 1) s |
1 (3.30)
as long as
t
3fj [F2(s) f(s) + F2(s) /(s — 7)]ds
0 (3.31)

1-r

+ Jt {41432 £ (1) ]" f™(s)F3(s) + 3"F3(s) f"(s — 1) }ds < :/_

Now let t € (t; + 1,12 ], then from (3.7), (3.13), (3.14), (3.25), and

W (1) < 4f (1) (1 N J;Flz(s)uzm(s)ds+ J;Fzz(s)uz"(s —1)ds+ (t1)>, (3.32)
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we deduce that

t t

u(t) < 4f(t)(vz (t+7) +J Flz(s)uz’"(s)dﬁj

t 1+T

F3(s)u*(s — 1)ds+ 313 f (t1)v2(fy +T)>

t t

<af(O[1 4321 (1)] <vz(t1 o)+ Pewnds+ | Fsyuns— T)ds)
h+T t+T
(3.33)

because w; (£;1) < v2(t) < v2(t + 7). At this stage, we denote

wi(t) i= vy (t + 1) + t F2(s)u*™(s)ds + t F2(s)u*"(s — 1)ds. (3.34)

h+1 h+1

Then, clearly w,(f) is a nondecreasing positive differentiable function on (#, + 7,1;],
Wz(tl +T) = Vz(tl +T) < Wz(t), and

wiy(t) = Ff(Ou*™(t) + F3 (O u*"(t — 7). (3.35)
Observe that by (3.33) and (3.34), we have the estimates
u? () <4f(O[1+3n1 f (1) ]wa (1), (3.36)
and since t) < t — 7 < f; + 7, it follows from (3.24) that

W (t—1) <4f(t—1)[14357f (1) Ina(t — 1)
<4f(t—0)[1+3n1f(tr) Iva(t1 +7) (3.37)
< 4f(t— T)[l + 311%f(t1)]W2(t).

Consequently,
wy(t) <47 [1+3nf (1) ] {f™(OFF(t) + f"(t — T)F3 (1) }wi (1) (3.38)

Again by an integration of (3.38), we end up with

1/(1-r)

t
wy(t) < [w{’(tﬁr 7) —4"(r—1)[1 +311ff(t1)]’L H{f”’(s)Flz(s)an”(s— T)Fzz(s)}ds]
ty
< [V(T)H (- 1)J0 [F2(s) £ (s) + F2(s) /(s — 7)]ds

t+1
=D | 3R ()" RS + 3 £ - ) s

t 1/(1-r)
-1 +311%f(t1)]rL UmORO+ s T)Fzz(s)}ds]
(3.39)
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or simply

t

w(t) < [V(T)H —3"(r- I)JO [FF(s)f"(s) + F3(s) f"(s —7)]ds

t 1/(1-r)
4= D3RS )] | FOFO+ s - D)} |
1 (3.40)

Hence,

u(t) <2 F(O[1 4373 f (11)]

X [V(T)l” —3"(r— 1)'[0 [F2(s)f™(s)+ E3(s) f"(s—7)]ds

t 1/2(1-r)
4D 3R] | FPOF)+ £ D) ds|

(3.41)

provided that the expression between brackets is positive. We define v, : (t;,£,] — R by

Wz(t) — {Vz(t)> te (tlatl +T]) (342)

wa(t), te (ti+1,6].

It is clear that (3.1) holds on (¢, £,].

Step 3. Finally, suppose that (3.1) is valid over (f, fx+1], then if t € (41, tk42], we define

Vk+2(t)’ e [tk+l>tk+l + T],
Vi () := (3.43)

Wisa(8),  t € (g1 + T, tks2 ],

with

t t

F2(s)u2 (s)ds + J F2(s)u"(s — 7)ds,

Tkt

Vira () = weer () +j
ties1

(3.44)

t t

F2(s)u2 (s)ds+ J F2(s)u?"(s — 7)ds.

Wis2(t) 1= Via (b +7) +J
tee1 +T

tes1 +T

In a similar manner as in Steps 1 and 2, we can see that (3.1) is valid over (t+1, tk+2]-
(b) If 0 < Bi < 1/2 and —1 < y; < —1/2, then instead of the Cauchy-Schwarz inequality
we use the Holder inequality with

1
l<p<min{——,——,i=1,2¢, (3.45)
b {1—/51' yi }
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and g > 1 such that 1/p +1/g = 1. We find

t 1/
u(t) < a(t)+CYP(pBy — p+1,py; ) b(t)tPrn-14 ( L F?(S)u"’"(S)dS) '
(3.46)

t 1/q
+CYP (pBy — p+ 1, pya)c(t) 7271 (J Fi(s)ut(s - T)dS) -
0

Then, we raise both sides to the power g and we use the inequality

n r n
(Zai) < nr_1<Zaf>, neN* rag,eRYi=1,...,n (3.47)
i=1

i=1

The rest of the proof remains the same. The proof is now complete. O

Remark 3.2. Apart from the case treated in the proof, that is, when 7 <t — tx < 27,
k=0,1,2,..., there are several other cases, but each and every one of them can fit in the
one considered above or one of the following cases.

Case 1. There exists an n; > 1 such that 5,1 — tx > ng7, that is, tx < tx + nx7 < tre1. In this
case, we argue in a similar fashion over (tx, tx + 7], (tx + 7, tx +27],..., (tc + (g — )7, tx +
nt] and then over (t + ni7,t] with ¢ > i + n, 7. Therefore the function . () will have
ni + 1 components.

Case 2. There exists ko > 1 such that (tx,, tx,+1] does not contain any t, + nt, n=1,2,...,
that is, t,+1 — fx, < 7. Here we deal with this interval in a single step using only a function
of the form v 11 (¢), that is, Wi,+1(f) 1= Vi1 (1).

Case 3. T € (ty,,tr,+1] with k; >0, that is, 7 & (0,#,] as in Case 1. Again, in this situation,
we consider only functions of the form vk (¢) until we reach the interval (#x,, tx,+1] where
we consider both vy, 41 () and wy, 11 (t).

Remark 3.3. Obviously, if k;(t,s) = (t — s)Pi~lgyie=0sF(s), §; >0,i=1,2..., the proof still
works. However, using Lemma 2.2 instead of Lemma 2.1 throughout the proof, we can
have much larger intervals over which the estimations are valid.

Remark 3.4. It is clear that our result can be easily extended to other nonlinearities than
the polynomial ones, iterated integrals and the case of several variables. One may use the
Gronwall-Bihari lemma (Lemma 2.3) in case of a nondecreasing nonlinearity. See also
[3, 13] for other classes of nonlinearities.
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