EXTENSIONS OF HARDY INEQUALITY
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We study extended Hardy inequalities using Littlewood-Paley theory and nonlinear esti-
mates’ method in Besov spaces. Our results improve and extend the well-known results
of Cazenave (2003).
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1. Introduction

A remarkable result of Hardy-type inequality comes from the following proposition, the
proof of which is given by Cazenave [2].

ProrosiTioN 1.1. Let 1 < p < o0. If g < n is such that 0 < q < p, then |u(-)|P/| - |1 €
LY (R™) for every u € WHP(R"). Furthermore,

N a
L

for every u € WHP(R™).

It is easy to see that the proposition fails when s > 1, where s = g/p. In this paper we
are trying to find out what happens if s > 1. We show that it does not only become true
but obtains better estimates.

The described result is stated and proved in Section 3. The method invoked is different
from that by Cazenave in [2]; it relies on some Littlewood-Paley theory and Besov spaces’
theory that are cited in Section 2.

2. Preliminaries

In this section we introduce some equivalent definitions and norms for Besov space
needed in this paper. The reader is referred to the well-known books of Runst and Sickel
[5], Triebel [6], and Miao [4] for details.
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2 Extensions of Hardy inequality

We first introduce the following equivalent norms for the homogeneous Besov spaces
B,
pm

1/m
+o00 dt
llullg,, = > (J t=mo sup||Ay8"‘u|{';t) , (2.1)
lal=(s] \*'0 lyl<t
where
A},uéryu—u, Tyu(-) = u(- +y),
- p) . (2.2)
0% =910y ---9%, a,-:a—xi, i=1,2,...,n.

a = (a1,00,...,a,) and s = [s] + 0 with 0 < 0 < 1, namely, ¢ = s — [s], where [s] denotes
the largest integer not larger than s. In the case m = co, the norm |[lul|g; . in the above
definition should be modified as follows:

lullg, = > supt ™ sup layo%ull,, seR™. (2.3)
lal=[s] t>0 [yI<t

We now introduce the Paley-Littlewood definition of Besov spaces.
Let ¢ € CZ(R") with

$o(§) = boRIsT (2.4)
P 0, e '

be the real-valued bump function. It is easy to see that
$j&)=9o(277¢), jeuz,
~ ~ ; . ‘ ) (2.5)
¥i(§) =90 (2778) =90 (277718), jez,

are also real-valued radial bump functions satisfying that
sup 21|99 (§)| <0, jeEZ,
EeRrn

sup 2111 9°9;(&) | < 00, jELZ
EeRrn

(2.6)

We have the Littlewood-Paley decomposition:
Go@)+ X 95 =1, {er,
j=0

Syie) =1, £erM{0}, 2.7)

jez

lim ;) =1, EcR".

]t
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For convenience, we introduce the following notations:
Aif=F 9 Ff=yixf, jEL
Sif=F"'9;Ff=9;xf, jEL

Then we have the following Littlewood-Paley definition of Besov spaces and Triebel
spaces:

(2.8)

1/m
B - {f e S (R") |1l fll,, = (Z 2j5’”||Ajf||;1>

jez

(5 2l 17) < oo},

JEZL

1/m
E,. = {f eS (R") | lIfls, = H ( > 20| Affl’”)
jez

P (2.9)

<m},
p

H(sz'mwj*fw)vm

jez

B = {f € L (R") |1 fllg,,. = sup2”||2;fll, = sup2”[[y; * fl], < 00}7
jez jez
F;,m = {feﬂ”(lR”) [fllgs, = gup2jS|Ajf|" = sup2j5|1pj >I<f|‘ < oo}.
jez p JEZ P

Remark 2.1. We have the identities (equivalent quasinorms) L, = Fg,z, Hs = Fiz = Bi,z-

3. Main result

THEOREM 3.1. Let 1 < p<oo. If 0 <s<n/p, a constant C exits such that for any u €
3 n
p,l(lR ))

|u(x)|” P
< 0 .
| - dx < cllull, (D)
Remark 3.2. (i) If s = 0, the result will be more precise replacing B} , by F} ,. .

(ii) Noting interpolation inequality in [1] by Bergh and Lofstrom between H%? and
H"'P, the theorem implies the proposition when 0 < s < 1.

(iii) If s = 1, the result will be more precise replacing By, by F,, = H"P.

(iv) If p = 2, we have more precise proposition substituting Fﬁ,? =Bj, for B .

(v) The Hardy-type inequality will be excellent substituting F, , for By, but it fails
using this method, in fact we obtain this estimate:

P
u\x _
jn| L g < Cllul il (3.2)

| x[<P

where F; , is a Triebel space.



4  Extensions of Hardy inequality

In order to prove the theorem, we need the following two lemmas, the first of which
was easily proved using Littlewood-Paley theory in Lemarié-Rieusset [3] and the other
will be proved here.

LEmMa 3.3. Lets be in 10,n[. Then for any p in [1,00], |- |7* € Bn/p %,

LeEMMA 3.4. Let 1 < p < oo, If 0 < s<n/p, then uf € B, for every u € B, |, where q' =
q/(q—1) and q = n/sp.

Proof of Lemma 3.4. By equivalent definition and norms for Besov space, it is sufficient
to establish that

?l|. p
[l {l, < Ml - (3.3)
Hence
4o
| F1l 50, EJ sup||A F|| . (3.4)
9,1 0yt

Let F(u) = |u(x)|?. Using Newton-Leibniz formula and inequality (|a|+|b|)? < 2¢(|al? +
|b]?), we deduce that

1
| 7,F(u) — F(u)| = 'L dF(97y|u|+(1—9)|u\)‘ <C(|‘ryu|P_1+IuIP*1)|Tyu—u|,

(3.5)
where C is a constant.
By definition of A, and thanks to the Hélder inequality, we have that
12l <l ey =, (6)
where 1/x; = (p— 1)(1/p —s/n) and 1/x> = 1/p — s/n.
Note that
B, (R") < LP"Un(R"), (37)
B, (R") < B | (R"). ’
Thus we infer that
9o, < Nl Nl < Clul, (3.8)
implying the lemma. O

Proof of Theorem 3.1. Let us define

P
Ly [ O e o i), (3.9)

[x[sP
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Using Littlewood-Paley decomposition, we can write

Lyw)= > (217,05 ulP)

[i=j"1<2
< Csupl|Aj1- 172, D Ay lul?ll, (3.10)
j jez
<clll- 17711yl
where g = n/sp > 1. Lemma 3.3 claims that | - |~*? belongs to BO,oo and Lemma 3.4 claims

in particular that [|u?|| s, 1 <l ul\‘-’s - Thus I , (1) < Cl| ull% K which implies the theorem.
a- 13 s
O
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