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We study a class of vector minimization problems on a complete metric space such that
all its bounded closed subsets are compact. We show that for most (in the sense of Baire
category) problems in the class the sets of minimal values are infinite.
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1. Introduction

The study of vector optimization problems has recently been a rapidly growing area of
research. See, for example, [1-5] and the references mentioned therein. In this paper, we
study a class of vector minimization problems on a complete metric space such that all its
bounded closed subsets are compact. This class of problems is associated with a complete
metric space of continuous vector functions ${ defined below. For each F from o, we
denote by v(F) the set of all minimal elements of the image F(X) = {F(x) : x € X}. In this
paper, we will study the sets v(F) with F € 9. It is clear that for a minimization problem
with only one criterion the set of minimal values is a singleton. In the present paper, we
will show that for most F € o (in the sense of Baire category) the sets v(F) are infinite.
Such approach is often used in many situations when a certain property is studied for
the whole space rather than for a single element of the space. See, for example, [7, 8] and
the references mentioned there. Our results show that in general the sets v(F), F € 4,
are rather complicated. Note that in our paper as in many other works on optimization
theory [1-6] inequalities are of great use.

In this paper, we use the convention that co/co = 1 and denote by Card(E) the cardi-
nality of the set E.

Let R be the set of real numbers and let n be a natural number. Consider the finite-
dimensional space R" with the Chebyshev norm

llxll = || (x15..o%0) || = max { | x;| :i=1,...,n}, x=(x1,...,%,) € R" (1.1)
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2 A generic result

Let {ej,...,e,} be the standard basis in R™:
e1 =(1,0,...,0),...,en = (0,...,0,1). (1.2)

Letx = (x1,...,%X1), ¥ = (¥15..., ¥u) € R". We equip the space R" with the natural order
and say that

xzy ifx;=y Vie{l,...,n},
x>y ifx=y, x#y, (1.3)

x>y ifx>y Viell,...,n}

We say that x < y (resp., x < y, x < y) if y > x (resp., y >x, y = X).

Let (X,p) be a complete metric space such that each of its bounded closed subsets is
compact. Fix 6 € X.

Denote by o the set of all continuous mappings F = (fi,..., f4) : X — R" such that for
allie {1,...,n},

li f = 0, 1.4
p(x,lgﬂlloof(x) % (1.4)
Foreach F = (fi,..., fu), G = (g1,...,8n) € A, set

d(F,G) = sup{| filx) —gi(x)| :x€ X, i=1,...,n},
o (15)

d(F,G) = d(F,G)(1+d(F,G))

Clearly, the metric space (s4,d) is complete.

Note that d(F,G) = sup{||F(x) — G(x)|| : x € X} for all F, G € s.

Let A C R" be a nonempty set. An element x € A is called a minimal element of A if
there is no y € A for which y < x.

Let F € s. A point x € X is called a point of minimum of F if F(x) is a minimal
element of F(X). If x € X is a point of minimum of F, then F(x) is called a minimal value
of F. Denote by M(F) the set of all points of minimum of F and put v(F) = F(M(F)).

The following proposition will be proved in Section 2.

ProrosiTioN 1.1. Let F = (fi,..., fu) € . Then M(F) is a nonempty bounded subset of
(X,p) and for each z € F(X) thereis y € v(F) such that y < z.

In the sequel we assume that n > 2 and that the space (X,p) has no isolated points.
The following theorem is our main result. It will be proved in Section 4.

THEOREM 1.2. There exists a set & C sl which is a countable intersection of open everywhere
dense subsets of S such that for each F € F the set v(F) is infinite.

It is clear that if X is a finite-dimensional Euclidean space, then X is a complete metric
space such that all its bounded closed subsets are compact and Theorem 1.2 holds. It is
also clear that Theorem 1.2 holds if X is a convex compact subset of a Banach space or if
X is a convex closed cone generated by a convex compact subset of a Banach space which
does not contain zero.
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2. Proof of Proposition 1.1
Let z € F(X). We show that there is y € v(F) such that y < z. Set

Qo={heFX):h=z}. (2.1)

We consider the set Qg with the natural order and show that )y has a minimal element
by using Zorn’s lemma.

Assume that D is a nonempty subset of Qg such that for each h;,h, € D either h; = h,
or hy < h;,. Since all bounded closed subsets of X are compact, it follows from (1.4) that
the set F(X) is bounded from below. Together with (2.1) this implies that the set D is
bounded. For each integer i € {1,...,n}, set

h; = inf {1 € R : there is x = (x1,...,x,) € D for which x; = 1} (2.2)
and set

h=(hy,... }). (2.3)

Clearly, the vector /1 is well defined.
Let p be a natural number. By (2.2) and (2.3) for each natural number j € {1,...,n}
there exists

ZPi) = (zip’j),...,zi,p’j)> eD (2.4)

such that
s 0L (2.5)

j = Zj »
It is clear that there is

2P e {ZP1):j=1,...,n} (2.6)

such that
2P <P vji=1,..,n (2.7)

It follows from (2.5), (2.7), (2.2), (2.6), and (2.4) that for each j = 1,...,n,
hj <z sfzj+l. (2.8)
p
By (2.6), (2.4), and (2.1) for each integer p > 1, there is x, € X such that

F(x,) =2, (2.9)

If the sequence {xp};f:l is unbounded, then in view of (2.9) and (1.4) the sequence
{z(f’)};":l is also unbounded and this contradicts (2.8). Therefore the sequence {xp}p-1
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is bounded. Since any bounded closed set in (X,p) is compact, there is a subsequence
{xp,}i21 of the sequence {x,};_, which converges to some point X € X. In view of (2.8)
and (2.9)

F(%) =limF(x,,) = limz'?) = h (2.10)

11— — 00

and h e F(X}. Together with (2.1) and (2.2) this implies that h € Qq. Definition (2.2)
implies that h < h for all h € D. By Zorn’s lemma there is a minimal element y € F(X)
such that y < z. This completes the proof of Proposition 1.1.

3. Auxiliary results

Prorosrition 3.1. Let F = (fi,..., fu) € A and let Card(v(F)) = p, where p is a natural
number. Then there is a neighborhood W of F in (d,d) such that Card(v(G)) = p for each
G=(g1,....80) €W.

Proof. Let
Yis-->Yp € V(F), (3.1)
yi#y; foreach (i,j) € Q:={1,...,p} X {L,...,p} \ {(5i) :i=1,..., p}. (3.2)

Foreachie {1,...,p}, there is x; € X such that

F(x;) = yi. (3.3)
By (3.2) and (3.3) for each (i, j) € Q, there is p(i,j) € {1,...,n} such that
oty (i) > fpiiy (x))- (34)
Choose € > 0 such that
Totip (%) > foiij (%) +4€ (3.5)
forall (4, j) € Q. Set
W ={Gesd:d(GF)=<e). (3.6)
Let
G=(g1,....gn) EW. (3.7)

For each i € {1,...,p}, we have G(x;) € G(X) and it follows from Proposition 1.1 that
there is

yi€v(G) (3.8)
such that

yi < G(xi). (3.9)
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Letie {1,...,p}. By (3.8) there is %; € X such that
G(%:) = ji. (3.10)
In view of (3.7) and (3.6)
|G(x:) — F(x:)|| <e. (3.11)

It follows from (3.1), (3.2), the equality Card(v(F)) = p, and Proposition 1.1 that there is
k(i) € {1,...,p} such that

F(%:) = yk()- (3.12)
By (3.3), (3.12), (3.11), (3.10), and (3.9)
F(xk(,')) = Yk(i) <F(x) < G(J_Ci) +€(1,1,...,1)
(3.13)
< G(x;) +€(1,1,...,1) < F(x;) +2€(1,1,...,1).

Together with (3.5) this implies that k(i) = i. Combined with (3.13), (3.10), and (3.3) this
equality implies that

yi < ji+e(l,1,...,1) < yi+2€(1,1,...,1). (3.14)
It follows from this inequality, (3.5), and (3.3) that
yi#y; ifije{l,...,p} satisfy i # j. (3.15)

This completes the proof of Proposition 3.1. O
ProrosITION 3.2. Assume that F = (f1,..., fu) € A, p is a natural number, Card(v(F)) =
p and that

V(F) = {yi,..oyp}s  x€X, F(x)=yi i=1..,p,
o (3.16)
yi#yi Vi je{l,...,p}satisfyingi# j.

Then for eachi = 1,..., p the inequality F(x;) < F(x) holds for all x belonging to a neighbor-
hood of x;.

Proof. Tt is sufficient to consider the case with i = 1. Clearly, for each j € {2,...,n}, there
is s(j) € {1,...,n} such that f;)(x1) < fyj)(x;). Choose € >0 such that

ﬁ(j>(x1)<ﬁ(j)(xj)—2€ Vje{2,...,n}. (3.17)
There is § > 0 such that for each x € X satisfying p(x,x;) < § we have

|[F(x) = F(x1)|| < (3.18)

o m
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Let x € X satisfy p(x,x;) < J. Then (3.18) is true. By Proposition 1.1 there exists y € v(F)
such that

y < F(x). (3.19)

In order to complete the proof it is sufficient to show that y = F(x;).
Let us assume the converse. Then there is j € {2,...,n} such that y = y; = F(x;). By
this relation, (3.18), and (3.19)

F(xj) =yj=y<F(x) <F(x1) + (%)(1,1,...,1),
(3.20)

Fp (%)) = fugjy (1) + %

This contradicts (3.17). The contradiction we have reached proves Proposition 3.2. [
ProrosITION 3.3. Assume that F = (fi,..., fu) € , € >0, p is a natural number and that
Card (v(F)) = p, Xl xp € X, yi=F(x;), i=1,..,p,
, (3.21)
v(F)={yi:i=1,...,p}.

Then there exists G = (g1,...,gn) € S such that

filx) <gilx), xeX,i=1,..,n gi(xj) = filxj), i=1,...,n,j=1,..,p,

(3.22)
d(F,G) <¢, (3.23)
v(G) = {G(xj) :j=1,...,p} (3.24)
and that for each x € X \ {x1,...,x,} thereis j € {1,..., p} for which
G(x) = G(x;) +emin {Lp(x,x;) :i=1,...,p}(1,1,...,1). (3.25)
Proof. Foreachx € Xandi=1,...,n, set
gi(x) = filx) +emin{l,p(x,x;) : j = 1,...,p} (3.26)
and set G = (g1,...,gn). Clearly, G € A,
gilx) = filx), xe€X,i=1,...,n,
(3.27)

gi(xj) = fi(x;) foreachie {l,...,n} and each j € {1,...,p}

~

and d(F,G) < €. Therefore (3.22) and (3.23) hold.
Let j € {1,..., p}. We will show that G(x;) € v(G). Assume that x € X and

G(x) < G(x;). (3.28)
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By (3.22), (3.26), and (3.28)

F(x) < F(x)+emin {1,p(x,x;) :i=1,...,p}(1,1,...,1) = G(x) < G(xj) = F(x;).

(3.29)
Together with (3.21) this relation implies that
F(x)=F(xj), xe€{xi:i=1,..,p}, x=x;. (3.30)
Thus
{G(xj):j=1,...,p} Cv(G). (3.31)
Assume that
x € X\ {x1,...,%p}. (3.32)
By Proposition 1.1 and (3.21) thereis j € {1,..., p} such that
F(xj) < F(x). (3.33)

Relations (3.22), (3.33), (3.26), and (3.32) imply that
G(xj) = F(xj) < F(x) <F(x)+emin{lL,p(x,x;) :i=1,...,p}(1,...,1) < G(x). (3.34)
This relation implies that
G(x) > G(xj) +emin {1,p(x,x;) :i = 1,...,p}(1,1,...,1) (3.35)

and G(x) ¢ v(G). Together with (3.31) this relation implies (3.24). This completes the
proof of Proposition 3.3. O

ProrosrITION 3.4. Assume that F = (fi,..., fu,) € A, p is a natural number,

Card (v(F)) = p (3.36)

~

and that € > 0. Then there exists G € 9 such that d(F,G) < € and Card(v(G)) = p+ 1.
Proof. Let

v(F) = {y1,..pp}s (3.37)
where yy,...,y, € R". Clearly,
yi#y;j foreachi,j€ {1,...,p} such thati# j. (3.38)
For eachi e {1,...,p}, there is x; € X such that

F(xi) = yi. (3.39)
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By Proposition 3.3 there exists F(!) = (fl(l),...,fl(")) € o such that

V@) = fil) VxeX,i=1,..,n, (3.40)
F05) = fils)s = Lm j=1p, (341)
d(F,FV) < Z, (3.42)
v(FD) = {FD(x;):j=1,..., p} (3.43)

and that for each x € X'\ {xy,...,x,} thereis j € {1,..., p} such that
FY(x) = F(l)(xj) +emin {1L,p(x,x) :i=1,...,p}(1,1,...,1). (3.44)

It is clear that there exists a positive number

o < min 1) (3.45)

and that for each i, j € {1,..., p} satisfying i # j there exists s(i, j) € {1,...,n} such that
fiih () < fiih (x7) = 8eo. (3.46)
Choose 8y € (0,1/8) such that
p(xi,xj) >8J, foreachi,je {1,...,p} satisfying i # j. (3.47)

There is 8, € (0,80/2) such that for each x € X satisfying p(x;,x) < 26,

€o

[IFV (1) = FO G| = 2 (3.48)
Put
€ = %. (3.49)
There is xog € X such that
0 < p(x0,x1) < 81. (3.50)
By (3.50) and (3.47)
xo & {xizi=1,...,p}. (3.51)

Choose a positive number

i) | 352

€< min{
4
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Choose a positive number 6, such that

482 <p(x0)xl)) (353)

f,-(l) (x0) ff,-(l)(x)‘ < % for each i€ {1,...,n} and each x € X satisfying p(x,xo) <46,.

(3.54)
Choose a positive number A such that
A8, >2€; +26;. (3.55)
Set
g(x)= fl(l)(x) for each x € X satisfying p(x,x¢) > 265, (3.56)
g1(x) = min {fl(l)(x), Dix) - +Ap(x,x0)} for each x € X satisfying p(x,x0) < 28>.
(3.57)
Forie {2,...,n}, set
gi(x) = f,»(l)(x) for each x € X satisfying p(x,x0) > 265, (3.58)

gi(x) = min {fi(l)(x),fi(l) (x0) —€2+Ap (x,xo)} for each x € X satisfying p(x,x0) < 28,.
(3.59)

Set G = (g1,...,4n)- By (3.54) and (3.55) for each i € {1,...,n} and each x € X satisfying
0 < p(x,x0) < 26,
fi(l) (X()) — € +AP(X,X0) > fil (Xo) — €1 +/182
(3.60)
= f;-l (Xo) +€1+26, = fi(l)(X) —€/4+ € +26€,;.

In view of (3.60), (3.57), and (3.59) for each i € {1,...,n} and each x € X satisfying 6, <
p(x,x0) <28,

g = ). (3.61)

Together with (3.56)—(3.59) this implies that G is continuous. By (3.56) and (3.58) G € .
Relations (3.61), (3.56), and (3.58) imply that for each x € X satistying p(xo,x) = &, we
have

F(x) = G(x). (3.62)
By (3.57) and (3.59) for each x € X satistying p(x¢,x) < 28, we have

G(x) < F'(x). (3.63)
Let x € X satisfy

p(x,x0) < 6. (3.64)
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By (3.56)—(3.59), (3.52), (3.64), and (3.54) for each i € {1,...,n},
fi(l)(x) > gi(x) > min{ﬁ(l)(x),f,-(l)(xo) —€1}

> min{f,-(l)(x),fi(l)(x) _ % _ 61} > fi(l)(x) - (Z)Gl, (365)

FO(x) > Gx) = FO(x) — (§>(1,1,...,1).

Together with (3.62) this inequality implies that d(F(),G) < €/2. Combined with (3.42)
this implies that
+

d(F,G) < d(F,FV) +d(F",G) < (3.66)

N M

€
4
Let x € X. We show that there exists j € {0,..., p} such that G(x) = G(x;). There are two
cases:

p(x,x0) = 6, (3.67)
p(x,x0) < 6>. (3.68)

Assume that (3.67) holds. Then by (3.62) G(x) = FV(x). In view of Proposition 1.1 and
(3.43) thereis j € {1,..., p} such that

FY(x;) < FY(x) = G(x). (3.69)
If j = 1, then (3.53) implies that
p(xj,x0) = p(x0,x1) >46,. (3.70)
If j # 1, then by (3.47) and (3.50)
plxj,x0) = p(xj,x1) = p(x1,%0) = 88 — 81 = 78y > 49. (3.71)
Thus in both cases p(x;,xp) > 48,. In view of this inequality and (3.62),
FY(x) = G(x;). (3.72)

Together with (3.69) this equality implies that G(x;) < G(x). Assume that (3.68) holds.
We will show that G(xg) < G(x). Relations (3.57) and (3.59) imply that

G(x0) = (A" (x0) — €1, £ (x0) = €20 1V (x0) — €2) = FV (x0) = (€1, €2...,€2).
(3.73)

By (3.68)

FO(x) = FY(x) = () (1,1,...,1). (3.74)



Alexander J. Zaslavski 11

By (3.68), (3.57), (3.59), (3.74), and (3.52)

g1(x) = min {fl(l)(xo) - %,fl(l)(xo) - 61} = fl(l)(XO) — € (3.75)
andforie {1,...,p} \ {1},
gi(x) > min {fi(l)(xo) - %,fi(l)(xo) - 62} = fi(l)(xo) — €. (3.76)

Together with (3.73) these inequalities imply that G(x) = G(xp). Thus we have shown that
for each x € X thereis j € {0,..., p} such that G(x) > G(x;).
Now assume that ji, j, € {0,..., p} satisfy

G(xj,) = G(xj,). (3.77)
We will show that j; = j,. In view of (3.47) and (3.50) for each i € {2,..., p},
p(xi,x0) = p(xi,x1) — p(x0,x1) = 88 — 81 > 78y > 46,. (3.78)
By (3.53) p(x0,x1) >46,. Therefore, for each i € {1,..., p},
p(xisxo) > 46,. (3.79)
Together with (3.56) and (3.58)
G(x;)) =FY(x;), i=1,...,p. (3.80)

If ji,jo € {1,...,p}, then in view of (3.77), (3.80), and (3.46) FV(x;,) = FV(x;,) and
j1 = j2. Therefore we may consider only the case with 0 € {jj, jo}. Leti € {1,...,p} \ {1}.
By (3.80)

G(x;) = FV (xy). (3.81)
By (3.46)
) 3 M M oy
Jiny (i) < iy (1) — 8eo, Fain (%1) < fiily (xi) — 8€o. (3.82)
It follows from (3.81), (3.82), (3.48), (3.50), (3.49), (3.57), and (3.59) that
) At ) (1) _
&t (%) = fs(i,l)(xl) < fs(i,l)(xl) 8eo
€
< fun (o) + 7 =860 < fiiy) (%) — 261 = g (x0) — €1, (3.83)
€
g () = fiihy () > fiy () + 80 = fi3) (x0) = 57 +860 > g1 (x0) + 76,

These inequalities imply that the inequality G(x;) < G(xo) does not hold and that the
inequality G(xy) < G(x;) does not hold too. Together with (3.77) and the inclusion 0 €
{j1, j2} this implies that

{jj2} € {0,1}. (3.84)
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By (3.80)
G(x1) = F(xy), &) = fl(x1), s=1,..,n (3.85)
Relations (3.79) and (3.44) imply that there is g € {1,..., p} such that
FW(x) = FV (x,) + €min {1,p(x0,x;) 1 = L,..., p} (1, 1,...,1). (3.86)
It follows from (3.50), (3.48), and (3.86) that
FY(x,) < FY(x0) < FY(x1) + (€0/8) (1,...,1). (3.87)

Together with (3.46) this implies that g = 1. Combined with (3.86) this equality implies
that

FW(x0) = FY (x1) + €emin {1,p(x0,%:) 1 i = L,..., p}(1, 1,...,1). (3.88)
By (3.47), (3.50), (3.88), and (3.85) fori € {1,...,p} \ {1},
p(xo,x,-) > p(Xl,X,‘) —p(Xl,XQ) > 860 - 81 > 78(),
) ‘ (3.89)
min {1,p(x,x;) :i=1,...,p} = p(x0,x1),
FW(x0) = FY (x1) + €p(x0,1) (1, 1,...,1) = G (x1) +€p(x0,x1) (1, 1,...,1).  (3.90)
Relations (3.90), (3.59), and (3.52) imply that fori € {1,...,p} \ {1}

g (1) +eplxo,xr) < £ (x0) = gilxo) + €2,

(3.91)
g (1) = gi(x0) + € — €p(x0,x1) < gi(x0) — €.
Relations (3.90) and (3.57) imply that
g1 (x1) +ep(x,x1) < fl(l) (x0) = g1(x0) +€1. (3.92)
By this relation, (3.50), (3.48), (3.49), and (3.85)
i) = w) e = M)+ G e = V) - P =) -G (399)

Then each of the inequalities G(xy) < G(x1), G(x1) < G(xp) does not hold. Together with
(3.84), the inclusion 0 € {jj, >} and (3.77) this implies that j; = j, = 0. Thus we have
shown thatif ji, j, €{0,..., p} and if G(x;,) < G(x},), then j; = j,. Therefore Card(v(G)) =
p+ 1. Proposition 3.4 is proved. 0
4. Proof of Theorem 1.2

LEmMA 4.1. Let Fe o, p =1 be an integer and let € > 0. Then there exists an open
nonempty set

Wc{Hed:dF H) <e} (4.1)

such that for each G € W the inequality Card(v(G)) = p + 1 holds.
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Proof. 1f for each G € o satisfying J(F, G) < € we have Card(v(G)) = p + 1, then put
W={Hed:dFH) <e}. (4.2)

Assume that there is Gy € & such that

~

d(F,Gy) <, Card (v(Go)) < p. (4.3)

By Proposition 3.4 there exists G; € s such that

~

d(F,Gy) <k, Card (v(Gy1)) = p+1. (4.4)

By Proposition 3.1 there exists an open neighborhood U of Gy in & such that

~

Wc{Hed:dH,G) <e} (4.5)

and that for each G € AU the inequality Card(v(G)) = p + 1 holds. Lemma 4.1 is proved.
a

Proof of Theorem 1.2. Let p be a natural number. By Lemma 4.1 for each F € s and each
integer i > 1 there exists an open nonempty set

(F,i,p) C {H € sd:d(F,H) < (2i)"'} (4.6)

such that for each H € WU(F, 1, p) the inequality Card(v(H)) > p holds. Define

F = Ny U {WU(F,i,p): F € s, i > 1 is an integer}. (4.7)
It is clear that % is a countable intersection of open everywhere dense subsets of s{ and
that for each G € F the set v(G) is infinite. Theorem 1.2 is proved. O
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