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We consider the singular nonlinear integral equation u(x) = [pv g(x, y,u(y))dy/ly — x|°
for all x € RN, where o is a given positive constant and the given function g(x, y,u) is
continuous and g(x, y,u) = M| x| Iylﬁ(l +1x)(1+ |yl)Yu® forall x,y € RN, u > 0,
with some constants «,3,81,,y1 = 0 and M > 0. We prove in an elementary way that if
O<sa<(N+B—-p)/(oc+y1—=p1), W/2)(N+B+p1—y—y1) <o <min{N,N+ S+ —
y =y}, 0 +y1 — 1 >0, N = 2, the above nonlinear integral equation has no positive
solution.

Copyright © 2006 Hindawi Publishing Corporation. All rights reserved.

1. Introduction

We consider the nonexistence of positive solutions of the following singular nonlinear
integral equation

o) = by [ 82Uy N (1.1)
RV ly —x|o

where by = 2((N — 1)wy+1)~! with wyy being the area of unit sphere in RN, N > 2,
o is a given positive constant with 0 < 0 < N, and g: R?N x R, — R is given continuous
function satisfying the following.

There exist the constants «, 3,51,),y1 = 0 and M > 0 such that

g, y,u) = MlxPyF(1+1x)) " (1+1y]) "u® Vx,y RN, u=0, (1.2)

and some auxiliary conditions below.
In the case of 0 = N — 1, g(x,y,u(y)) = g(y,u(y)), the integral equation (1.1) is a
consequence of the following nonlinear Neumann problem
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N+1
Ay = Z Vi =0, X€E RN, xn41 >0, (1.3)
i-1
Ve (6,0) = g(x,v(x,0)) =0, x€RY, (1.4)

of which the boundary value u(x) = v(x,0) together with some auxiliary conditions will
be a solution of the equation

gru)dy N

(1.5)
RV |y —x|?

u(x) = by

In [3] the authors have studied a problem (1.3), (1.4) for N = 2 with the Laplace equa-
tion (1.3) having the axial symmetry

1
ur,+;u,+uu:0 Vr>0, Vz>0, (1.6)
and with the nonlinear boundary condition of the form
—u,(r,0) = Iyexp ( — r*/r) +u®(r,0) Vr >0, (1.7)

where I, ry, a are given positive constants. The problem (1.6), (1.7) is the stationary case
of the problem associated with ignition by radiation. In the case of 0 < « < 2 the authors
in [3] have proved that the following nonlinear integral equation

m do
0 Vr2+s?—2rscosf

+00
u(r,0) = %L [Ioexp(—sz/rg)+u°‘(s,0)]sds Vr >0,

(1.8)

associated to the problem (1.6), (1.7) has no positive solution. Afterwards, this result has
been extended in [8] to the general nonlinear boundary condition

—u,(r,0) = g(r,u(r,0)) Vr>0. (1.9)

In [7] the problem (1.3), (1.4) is considered for N = 2 and for a function g continuous,
nondecreasing and bounded below by the power function of order «a with respect to the
third variable and it is proved that for 0 < & < 2 such a problem has no positive solution.

In [1, 2] we have considered the problem (1.3), (1.4) for N > 3. The function g : RN x
[0,+00) — [0,+00) is continuous, nondecreasing with respect to variable u, satisfies the
condition (1.2) with y = 0 and some auxiliary conditions. In the case of 0 < & < N/(N —
1), N = 2 we have proved that the problem (1.3), (1.4) has no positive solution [1, 2].

In [5, 6] the authors have proved the nonexistence of a positive solution of the problem
(1.3), (1.4) with

gle,u) = u®. (1.10)

In [6] itis proved with 1 < a < N/(N —1),N > 2,and in [5] with  <a < (N +1)/(N —
1), N = 2. We also note that the function g(x,u) = u* does not satisfy the conditions in
the papers [1, 7, 8].
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In this paper, we consider the nonlinear integral equation (1.1) for (1/2)(N +f+f; —
y—y1)<o<min{N,N+B+p —y—y}, o+y —pi >0, N = 2. The function g(x, y,u)
is continuous, satisfies the condition (1.2) of which (1.10) is a special case. By proving
elementarily we generalize the results from [1-10] that for 0 <o < (N + S —y)/(o+y1 —
B1) (1.1) has no continuous positive solution.

2. The theorem of nonexistence of positive solution

Without loss of generality, we can suppose that by = 1 with a change of the constant M
in the assumption (1.2) of g. We rewrite the integral equation (1.1):

u(x) = Tu(x) = . g(x]i’f%)dy Vx e RN (2.1)

Then we have the main result as follows.

THEOREM 2.1. Let g: R?N X [0,4+00) — R be a continuous function satisfying the following
hypothesis. There exist constants M >0, o, 5, 81,7, y1 = 0 with

1 .
E(N+ﬁ+ﬁ1—y—y1)<0<m1n{N,N+ﬁ+ﬁ1—y—y1}, (2.2)
o+y—p1>0, N=2,
such that
gle, y,u) = MlxPrylB(1+1x)) 7" (1+1y) 7u® Vx,y e RN, u=0. (2.3)

IfO0<a<(N+pB—yp)/(o+y —pi1) then, the integral equation (2.1) has no continuous
positive solution.

Remark 2.2. The result of theorem is stronger than that in [1, 7]. Indeed, corresponding
to the same equation (1.5), the following assumptions which were made in [1, 7] are not
needed here.

(G1) g(y,u) is nondecreasing with respect to variable u, that is,

(g,u)—g(y,v)(u-v)=0 Vuv=>0, yecRN. (2.4)

(G,) The integral [y (g(y,0)dy/(1+|y|)N 1) exists and is positive.

Remark 2.3. In the case of N = 2, we have also obtained some results concerning in the
papers [2, 7, 9] in the cases as follows:
() f=PB1=y=Pf=0,0=N-1,0<a<N/(N-1) (see [2]).
(b)B=B1=y=B=0,0<a=<N/o (see[7].
() Bi=y=0,0<o<min{N,N+S—y1},0<a < (N+p)/(c+y1) (see [9]).

First, we need the following lemma.
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LEMMA 2.4. Forevery p>=0,g>0,0<0<N,x€ RN, Put

ly1P(1+1yl) "dy

Alp,q](x) = J{RN -l (2.5)
we have
Alp,q](x) =+, ifg—p<N-o, (2.6)
Al p,q](x) convergent and A p,q](x)
(2.7)

1 1 “N p+N-o -4 o _
Z<N+p+q>2" XIPN o (14 x)) % ifg—p>N—o,
where wy is the area of unit sphere in RY.

The proof of lemma can be found in [9].

Proof of Theorem 2.1. We prove by contradiction. Suppose that there exists a continuous
positive solution u(x) of the integral equation (2.1). We suppose that there exists xo € RY,
such that u(xy) > 0. Since u is continuous, then there exists rq > 0 such that

1
u(x) > EU(XO) =L VxeRY, |x—xl <. (2.8)

It follows from (2.1), (2.3), (2.8) and the monotonicity of the integral operator

. L, u*(y)d
u(x) = Tu(x) = M|x|Pr(1+|x])” J{RN IyIF(1+1y]) yly(i/—)xlf)’/
> M|x|P(1+ le)_ylL“J IylP(1+1y)™ 24
ly—xol<ro ly —xl[°
> MLE(1+ | xo| +70) “1xlP (14 |x]) 77" L ‘ yIF(1+1yD) " dy,
Y—Xol=ro

(2.9)

for all x € RN.
Using the inequality

ly—xl < lyl+Ixl < (1+ x| +r0) (1+1x]) Vx,y €RN, |y —x0| <10, (2.10)
we obtain from (2.9), (2.10) that

u(x) = uy(x) =m x| (1+|x]) " VxeRN, (2.11)
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where

P1:,31> QI:U+Y1)

-0 _ 2.12
my = ML*(1+ | xo| +70) L ‘ lylP(1+1y])7dy. (2.12)
y—xol<ro
Using again the equality (2.1), it follows from (2.3), (2.11) that
_ B N B —yui(y)dy
u(x) = Tu(x) = M|x|P (1+[x]) yIF(L+1yl) T
RN ly —xl|o
B - B -y p —a\*_dy
> M|xlF (1+|x]) B+ 1y]) 7 (mlyl?r (14 1)) ———
R y=xI7" (3.13)

_ ~y-aq_dy
- Mm® B 1+ )ﬁj Brap, 1+ y-eq %)
mifxlP (L) |y (L ly )

= Mm|x|P (1+]x]) VA[B+api,y+aq](x) VxeRY,

Now, we consider separately the cases of different values of a.

Casel. 0 <a < (N—-o0+S—y)/(0+y —p1). We obtain from (2.6), (2.13) with p = S+
ap,g=y+aq,q—p=y-PB+alqi—p1)=y-P+alc+y —pi) <N —o, that

u(x) =+ VxeRY. (2.14)

It is a contradiction.

Case 2. (N—o+B—y)/(o+y1—=p1) <a<(N+B—y)/(o+y —p1). Using (2.7) with

p=prap,g=ytaqg,q-p=y-pralq—p)=y-p+alo+y —p)>N-o,
we deduce from (2.13) that

u(x) = up(x) = my|x|P>(1+ |x])™? VxeRY, (2.15)
where
pr=ap1+p+p1+N—o,
AR ARE (2.16)
= Mm‘f(N+ﬁ1+ ap y+1(xq1 ) wN’
Suppose that

u(x) = up_1 (x) = m_q |x|21 (14 |x]) %" VxeRN, (2.17)
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If y+aqr-1 — B — apr—1 > N — 0, then, using (2.1), (2.3), (2.7), and (2.17), we obtain

) —y u(y)d
u(x) = Tu(x) = M|x|P (14 |x])” IRNIyIﬁ(IHJ’\) ! w
B -n B -y U (y)dy
> M|x|P (1+]x]) IylP(A+1yl) 7 =
RN ly —xl|o
. Ly Iylerer (L4 Ly D) ()dy
[yt P

=Mmf_, IxPr(1+[x]) " A[B+apr_1,y +agi_1](x)

1 1 wWN _ oy — _
> Mm® < + )_ Pi+p+api-i+N—o 1+ V1—aqk-1=y
o\ N praps tyran) 2 (1+1x])
(2.18)
Hence
u(x) = up(x) = melx|P(1+1x]) " * VxeRN, (2.19)

where the sequences {pr-1}, {gk—1} and {my_,} are defined by the recurrence formulas

prk=api1+B+p1+N —o,

qk = &qk-1 1ty t Y1, (2.20)

1 1 WN
= Mm“ < + )—, k=>2.
Mk M1 N+B+api1 y+agei/ 2°

Note that (N—og+B—p)/(c+y1 —B1) <1 < (N+S—y)/(c+y — 1), hence we obtain
from (2.16), (2.20) that

((B+B1+N—0)(k—1)+Bi, ifa=1,
1—ak! o
Pk =1 (ﬁ+ﬁ1+N_0)< i )+ﬁ10€ > (2.21)
oN—-o+f-y N+B—y
f <a< , 1,
! o+y1—p * o+y—p o
(k=1 (y+y1) +o+y, ifa=1,
1 —ak! .
q":‘(y”l)( -« )”‘”YW ’ (2.22)
N—-0o+B-y N+B—vy
f <a< Sy
! oty —p * oc+y - oF

It follows from (2.1), (2.3), and (2.18) that

u(x) = Mm&|x|P (1+|x]) " A[B+apr,y+ag](x) VxeRY. (2.23)
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So, from (2.22), (2.23), we only need to choose the natural number k > 2 such that
ytaq—P—api <N -o<y+aq1—f—apii, (2.24)

since A+ apk,y + agi](x) = +oo.
On the other hand, by (2.21), (2.22) the inequalities (2.24) equivalent to

o

k_1<N—U+[3+,31—)/—)/1Sk’ ifa=1, (2.25)
or
1 ~B)-(N-c+B~y)
k 1<1nocln< oty —P) —(N+B—y) <k, (2.26)
if
N-o+p- y N+B—-y
< s 1. 2.27
o+y — /31 < 0+y1—ﬁ1 oF ( )

By (2.23)—(2.26) we choose k as follows.
(i) If « = 1, we choose k satisfying /(N —o+f+p1—y—y1) <k <1l+o/(N-0c+f

=y =)
(i) If (N—a+B—p)/(c+y1—B1) <a<(N+B—p)/(c+y;—p1) and a # 1, we
choose k satisfying ko < k < ko + 1, where

1 —-Ba—(N—-c+p—-y)
ko_ln(xln< (0+y1—Pr)a— N+[3—y))' (2.28)

Case 3. a = (N+p—7y)/(c+y —f1). Note that by f+ap; = f+af; and y+ag, = N +
B+ afy, we rewrite (2.13) as follows

lylFree (1+[y)) " *“"dy
ly —x|o
ylBradi (141 y)) NPy (2.29)
ly —x|o
= Mm¢1x|Pr(1+|x]) " A[B+aB, N + B+ ap](x)

u(x) = MmxB (14 |x]) " J
RN

:Mm?|x|ﬁ1(1+|x|)’ylj
|RN

for all x € RN,
On the other hand, for every x € RV, |x| > 1, we have

Brafi ~N-p-ap, d
Alp+ o N+ i) = [ )

+o0 rPrapi+N-1 1,
NJO (1+r)NtFtapi (r +|x])°
x| rBrapitN-1 1,
>
wNL (L+r)N*Brab (r + [x])°

(2.30)

= wyB(x).
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Notice that for every r such that 1 < r < |x| we have

< r )ﬁ*“ﬁl*N> 1 1 _ min{1,2"7}
1+r T 2frapN” (r+lx) T Ixle!
Then
B( ) J\x\< r )ﬂ+aﬂ1+N 1 dr
x) = _r
1 \l+47r (r+|x|)071 r(r+1x|)

1 min{1,2"-9} (I gr

= 2ptapi+N |x|o-1 1 1‘(1’+ |x|)
1 min{l,Zl“’}l <1+|x|>
= 2/5+oc/51+N \x|0 n > .

It follows from (2.29), (2.30), (2.32) that

0, if [x| <1,
He0 =m0 = {c2|x|ﬂ10(1 +1xl) 7 (1n (- +2'x' )) if x| = 1,
with
s =1, C, = Mm‘fa)Nmmin{l,Zl_”}.
Suppose that
0, if [x] <1,

> B _ B Sk—1
u(x) 2 Vi1 (x) {ckl|x|ﬁla(1+|x|) Vl(ln(”T"")) ,iflxl > 1,

and Cy_1, sk—1, are positive constants.
Then, using (2.1), (2.3), (2.35), we have

Ly B(L+1y]) v (»)dy
ly —x|°
P+ 1y) e (n)dy
Iyl=1 (Iyl+1x])°
= MlxIPr(1+1x) "' C

XJ P+ 1y)) ylePo (14 1y~ (In ((1+1y1)/2)) " 'dy
lyl=1 (Iyl+1x)e
Bra(pr—0) ASk-1
- Mct et ) (In (1 + 1y1)/2))™"dy
=t (YD (1)

_ +00 ﬁ+(x(ﬁra)+N—1(ln((1+r)/2))ocsk,1dr
=M o Bi(1 yl.[ r
v D) 1 (1 +r)yrren (r+|x|)°

()= Mlxl® (1 Jl) |

> MIxlf (1+1x)) " |

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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Considering |x| = 1, we have

r‘” rPraBi=o)tN=1(1n ((1+r)/2))** " dr
1 (1+r)rren (r+|x])°

. ln<1+|x|> o J”" phralfi-a)eN-1g,
- 2 ik (r+r)VT(r+r)e

2.37)
oSk—1 +oo (
g (M) L
2rran 2 Jxl
RS SRS U ln<1+|x|> o
T goytanto |x|o 2 :
We deduce from (2.36), (2.37) that
0, if [x] <1,
Sk
u(x) = v(x) = _ 2.38
()2 vkl =1 0 Bimo (14 1x]) (m(”z'x' )) L iflxl =1, (2.38)
where
Sk = OSk—1, Ck—l = WMC‘)NCI{:—I’ k= 3. (239)
From (2.34), (2.39) we obtain
sk=sak 2 =ak 2 = (N+ﬂ—y>k2 Cr = l(dC )OCH (2.40)
k= 52 = = T+ _ﬁl > k= d 2 > .
where
1 1/(a—1) (N+/3—)/)
=——M N =——""=>1. 2.41
d (0’27+“V1+0 CUN) « (0'+ Y1 _ﬁl) > ( )
Then, with |x| > 1, we rewrite (2.38) in the form
k—2
1 - 1
u(x) = vie(x) = Elxl’gl*"(l +lx)7" (dCzln <+Tx|)) . (2.42)

Choosing x; such that dC, In((1 + [x1])/2) > 1. By (2.42), we deduce that u(x;) = +oo. It
is a contradiction.

Theorem is proved completely. O

Remark 2.5. In the case of g(x,u) we have not a conclusion about a > N/(N — 1) and
N = 2, yet. However, when g(x,u) = u*,N/(N-1) <a<(N+1)/(N—-1),N =2, Huin
[5] have proved that the problem (1.3), (1.4) has no positive solution. In the limiting
case « = (N +1)/(N — 1), positive solutions do exist (see [4—6]). In particular, for this
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value of a, the authors of [4] gave explicit forms for all nontrivial nonnegative solutions

uec

C2(RY*1) n CY(RY*) of the problem

—Au=auN-D inx e RN, xy4 >0,

2.43
- uxN+1 (X/,O) = bua(x/>0) on xXy+1 = 0. ( )

They proved the following results:

(

(i)ifa>00ra<0,b>B=+a(l-N)/(N+1), then u(x) = C(]x — x°|?> + g)(1-N)"2
for some C >0, B € R and x° = (x},...,x%,;) € RN*!, where x) = (b/(N —
1))C¥W-D and B = (a/(N +1)(N —1))C¥N-D;

(ii) ifa = 0 and b = 0, then u(x) = C for some C > 0;
iii) ifa = 0 and b < 0, then u(x) = Cx; + (—C/b)N-V/N+1) for some C > 0;
(iv) if a < 0 and b = B, then u(x) = ((2B/N — 1)x; + C)1"N/2 for some C > 0;

(v) ifa < 0 and b < B, then there is no nontrivial nonnegative solution of the problem.
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