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We introduce and study a new system of generalized nonlinear relaxed cocoercive in-
equality problems and construct an iterative algorithm for approximating the solutions
of the system of generalized relaxed cocoercive variational inequalities in Hilbert spaces.
We prove the existence of the solutions for the system of generalized relaxed cocoercive
variational inequality problems and the convergence of iterative sequences generated by
the algorithm. We also study the convergence and stability of a new perturbed iterative
algorithm for approximating the solution.
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1. Introduction

Variational inequality problems have various applications in mechanics and physics, opti-
mization and control, linear and nonlinear programming, economics and finance, trans-
portation equilibrium and engineering science, and so forth. Consequently considerable
attention has been devoted to the study of the theory and efficient numerical methods
for variational inequality problems (see, e.g., [2—17] and the references therein). In [15],
Verma introduced a new system of nonlinear strongly monotone variational inequalities
and studied the approximate of this system based on the projection method, and in [16],
Verma discussed the approximate solvability of a system of nonlinear relaxed cocoercive
variational inequalities in Hilbert spaces. Recently, Kim and Kim [14] introduced and
studied a system of nonlinear mixed variational inequalities in Hilbert spaces, and ob-
tained some approximate solvability results. In the recent paper [6], Cho et al. introduced
and studied a new system of nonlinear variational inequalities in Hilbert spaces. They
proved some existence and uniqueness theorems of solutions for the system of nonlinear
variational inequalities. They also constructed an iterative algorithm for approximating
the solution of the system of nonlinear variational inequalities. Some related works, we
refer to 2, 3, 5, 7-10, 12, 13]. Motivated and inspired by these works, in this paper, we
introduce and study a new system of generalized nonlinear relaxed cocoercive variational

Hindawi Publishing Corporation

Journal of Inequalities and Applications
Volume 2006, Article ID 40591, Pages 1-14
DOI 10.1155/J1A/2006/40591


http://dx.doi.org/10.1155/S1025583406405919

2 Nonlinear relaxed cocoercive variational inequalities

inequality problems and construct an iterative algorithm for approximating the solutions
of the system of generalized relaxed cocoercive variational inequalities in Hilbert spaces.
We prove the existence of the solutions for the system of generalized relaxed cocoercive
variational inequality problems and the convergence of iterative sequences generated by
the algorithm. We also study the convergence and stability of a new perturbed iterative
algorithm for approximating the solution. The results presented in this paper improve
and extend the previously known results in this area.

2. Preliminaries

Let H be a Hilbert space endowed with a norm || - || and inner product (-, -), respectively.
Let CB(H) be the family of all nonempty subsets of H and Kj, K, be two convex and
closed subsets of H. Let g1, g2, m, my : H — H and F, G: H X H — H be mappings. We
consider the following system of generalized nonlinear variational inequality problems:
find x, y € H such that g;(x) € Ki(x) fori=1, 2, and

(F(x,y),z—g1(x)) =0, VzeK(x),
(2.1)
(G, y)z—g(y) =0, VzeK(y),

where K;(x) = m;(x)+K; fori=1, 2.

When K; and K, are both convex cones of H, it is easy to see that problem (2.1) is
equivalent to the following system of generalized nonlinear co-complementarity prob-
lems: find x, y € H such that g;(x) € K;(x) fori =1, 2, and

F(x,y) € (Ki(x) - g1 (%)™,
(2.2)
G(x,y) € (Ka(y) —g@(y) ",

where K;(x) = m;(x) + K; and (K;(x) — gi(x))* is the dual of Kj(x) — gi(x) for i = 1, 2, that
is,

(Ki(x) —gi(x))* ={ueH|(uv) =0, VveKi(x)—gx)]} (2.3)

Some examples of problems (2.1) and (2.2) are as follows.
(I)IfG=0and F(x,y) = Tx+ Ax for all x,y € X, where T, A: H — H are two map-
pings, then problem (2.2) reduces to finding x € H such that

Tx+Ax € (Ki(x) —gi1(x)", (2.4)

which is called the generalized complementarity problem. The problem (2.4) was ex-
tended and studied by Jou and Yao [11] in Hilbert spaces, and by Chen et al. [5] in the
setting of Banach spaces.

(II) Let T: H X H — H be a mapping. If F(x, y) = pT(y,x) +x — y, G(x,y) = nT(x, y)
+y—xforallx,y e H,m =m;=0,K, =K, =K, and g; = ¢, = I, where I is an identity
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mapping and p >0, # > 0, then problem (2.1) reduces to finding x, y € K such that

(pT(y,x) +x—y,z—x) =0, VzeKk,
(2.5)
(HT(x,y)+y—x2-y) =0, VzeKk,

which is called the system of nonlinear variational inequality problems considered by
Verma [16]. The special case of problem (2.5) was studied by Verma [15]. The problem
(2.5) was extended and studied by Agarwal et al. [1], Kim and Kim [14], and Cho et al.
[6].

(II) If my = my = 0,and g; = & = I, then problem (2.1) reduces to finding x € K; and
y € K; such that

(F(x,9),z—x) 20, VzeK,,
(2.6)
(G(x,y),z—y) 20, VzeK,,

which is just the problem considered in [12] with F, G being single-valued mappings.

Definition 2.1. A mapping N : H X H — H is said to be
(i) a-strongly monotone with respect to first argument if there exists some & > 0 such
that

(N(x,-) =N(y,-),x—y) = allx—yll>, V(x,y)€HXxH; (2.7)

(ii) &-Lipschitz continuous with respect to the first argument, if there exists a constant
& > 0 such that

INCGe, ) =Ny, )l < &llx = yll, V(xy) e HxH (2.8)

Similarly, we can define the strong monotonicity and Lipschitzian continuity with re-
spect to the second argument of N.

Definition 2.2. A Mapping N : H X H — H is said to be relaxed (a,b)-cocoercive with
respect to the first argument if there exists constants a > 0 and b > 0 such that

(N(x,-) =N(y,-),x—y) = (—a)llx— ylI>+bllx— yl*>, V(x,y) € HxH. (2.9)

If a = 0, then N is b-strongly monotone. Similarly, we can define the relaxed (a,b)-co-
coercivity with respect to the second argument of N.

LEmMa 2.3 [4]. If K C H is a closed convex subset and z € H is a given point, then there
exists x € K such that

(x—z,y-x)=0, VyekK (2.10)

if and only if x = Pxz, where Py is the projection of H onto K.

LEmMA 2.4 [4]. The projection Pk is nonexpansive, that is,

[|Pxu—Pxv|| < llu—vll, VuveH. (2.11)
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LEmMMA 2.5 [18]. Let {K,} be a sequence of closed convex subsets of H such that H(K,,K) —
0 as n — oo, where H(-, -) is the Hausdorff metric, that is, for any A,B € CB(H),

H(A,B) = max{sup inf [[a — bl|, sup inf [la — bl} (2.12)
ac€A beB beB acA
Then
[|Pk,v—Pxv|]| — 0 (n— o), Vv € H. (2.13)

LemMA 2.6 [4]. IfK(u) = m(u) + K for all u € H, then
Pxyv = m(u) + Px (v — m(u)). (2.14)

From Lemmas 2.3 and 2.6, we have the following lemma.
LemMmA 2.7. If K1, K, C H are two closed convex cones, and Ki(-) = m(-) + K; (i = 1,2),
then x,y € H solve problem (2.1) if and only if x, y € H such that

x =x—gi(x) +m(x) + Pk, (g1 (x) — pF(x, y) — mi(x)),
(2.15)
y =y -8y +m(y)+ P, (&(y) - pG(x,y) — my(y)),

where p >0 is a constant.
LemMa 2.8 [17]. Let {y,} be a real sequence of nonnegative numbers and {v,} be a real
sequence of numbers in [0,1] with 3.,;_yv, = oo. If there exists a constant n; such that

pnir < (1= )ty + 0y, V1= ny, (2.16)

where 8, = 0 for alln = 0, and §, — 0 (n — o), then lim, . p, = 0.

3. Existence and convergence

In this section, we construct an iterative algorithm to approximate the solution of prob-
lem (2.1) and study the convergence of the sequence generated by the algorithm.

Algorithm 3.1. For any given xo, yo € H, we compute

Xnt1 = X — g1 (%) +m1(x4) + P, (g1 (%n) = pF (X5 yn) — m1(x4)),
(3.1)
Y1 =Vn— ()/n) +m2(}’n) + Px, (gz ()’n) _PG(xm)’n) - m2()’ﬂ))~

TueOREM 3.2. Let g : H — H be n;-strongly monotone and (;-Lipschitz continuous and
m; : H — H be y;-Lipschitz continuous (i = 1,2). Let F: H X H — H be I}, L,-Lipschitz con-
tinuous with respect to the first, second arguments, respectively, and relaxed (a,b)-cocoercive
with respect to the first argument. Let G: H X H — H be ny, ny-Lipschitz continuous with
respect to the first, second arguments, respectively, and relaxed (c,d)-cocoercive with respect



Ke Dingetal. 5

to the second argument. If

241+ (% =211 + 2y, +\/1+p2112+2pal%—2pb+pn1 <1,
2m+2yz+\/l+p2n§+2pcn§ —2pd+pl < 1.

then there exist x*,y* € H, which solve problem (2.1). Moreover, the iterative sequences
{x,} and { y,} generated by Algorithm 3.1 converge to x* and y™*, respectively.

(3.2)

Proof. From (3.1) and Lemma 2.6, we have

[[xn1 = xn]] = |[xn — g1 (%u) +m1(x4) + Px, (g1 (xu) = pF (X, yu) — m1(x))
— [%n-1 — &1 (Xu- 1) +my (xn-1)

(
+ Pk, (g1 (xn-1) = pF (xn—1, Yn-1) — m1(xn-1)) ]|

(3.3)
< [|xn = 201 — (g1 (2n) — g1 (1)) ||+ [|1121 (x0) — 1 (30-1) ||
+||Px, (gl (xn) — PF(xm}’n) —my (%))
— Pk, (g1 (xn-1) = PF (Xn-1, yn-1) — m1(xa-1))]|-

Since g; is (;-Lipschitz continuous and 7, -strongly monotone,

[0 = 01 = (@1 (%) = @1 - ))II” = (148G =200 [ln = [ (34)
From the y,-Lipschitzian continuity of m;, we have

(1 () = my (xu-1) || < p1llxn = 201 ] (3.5)

Lemma 2.4 implies that P, is nonexpansive and it follows from the strong monotonicity
of g that
||PK1 (gl (xn) —PF(xm)’n) —m (Xn)) - PK1 (gl (xn—l) _PF(-xn—lryn—l) m, xn 1 ||
< |1(g1(xn) = pF (x> yn) = m1(xn)) = (g1 (¥n-1) = PF (Xn-1, yn-1) = m1(xa-1))
< [Joen = 20-1 = (g1 (%) = g1 (xn=1)) ||+ [[1m1 (x) = 111 (261 ||

+ ||x,, — Xn-1 _P(F(xm)’n) _F(xn—ly)’n))” +P||F(xn—1’)’n) _F(xn—h)’n—l)H-
(3.6)
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Since F is relaxed (a,b)-cocoercive and [;-Lipschitz continuous with respect to the first
argument,

||Xn — Xn-1 _P(F(xn:)’n) _F(xnfl)}’n))Hz
=[x = xn1 ]2+ P2 F (s yn) = F (1 y) ||

—2(xn _xnfl’P(F(xn’)’n) _F(xnfla)’n)))

(3.7)
< [t = 20+ 271 Con ) = Bl )|
+2pa| [F (x y) = F (5u1, ) |I” = 200l [ — 21|
= (1+Bp?+2pal} = 2pb) ||, — x|,
Since F is l,-Lipschitz continuous with respect to the second argument,
[|F (%=1, ) = F(xn—1, yn-) || < L|lyn — yn-1l]- (3.8)
It follows from (3.3)—(3.8) that
[|xns1 = x|
< (2\l1 +0-2m 42y +\/1 +p213 +2palf — Zpb) %0 = xu-1l| + pL||yn = yn-1l|-
(3.9)
Similarly, we have
[lyns1 = yll
< (2148 ~ 212+ 2y2 41+ P23 + 2pen} —20d) ||y = yuca |+ pr 5 — 0 |
(3.10)
Now (3.9) and (3.10) imply
[lxne1 = 2l + [ yner = yall
< (2“1 +( - 2m 42y +\/1+pzlf+2palf —2pb+pn1>||x,, = Xp1]]
3.11
+(2w1+(22—2112+2y2+\/1+p2n%+2pcn%—2pd+plz), o
[y = ynall < @([ln = xua ||+ llyn = ynall),
where
@ = max {2m+ 2y + \/1 +p2f +2palf — 2pb + pny,
(3.12)

2m+2y2 +\/1 +p2n3 +2pcn3 — 2pd+plz}.
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It follows from (3.2) that w < 1. Thus (3.11) implies that {x,} and {y,} are both Cauchy
sequences in H, and {x,} converges to x* € H, {y,} converges to y* € H. Since m,, m,,
21> @5 Pk, Pk, F, G are all continuous, we have

x* = x* — g (xF) +my (xF) + Px (g1 (x*) — pF(x*, y*) —my (x¥)),
(3.13)
Y=y  —o(y*) +m(y*) + Px(g(y*) —pG(x*,y*) —may(y x)),

The result follows then from Lemma 2.7. This completes the proof. O

Remark 3.3. Let p >0 be a number satisfying the conditions.

‘ Cb—ali - (1-e)m
R

) (1-e)* =1+ ((b—al - (1-e))m)*) /(B —n})

pny <l-—e,m <ll,

B—n? ’
d—cni—(1-e)l
‘Pi ni—B
31—k
(1-e)’ =1+ ((d—cmd - (1-e))*)/(n3 - B)
< s plz<1—€2, lz<1’lz,
ni—1B

(3.14)

where e; = 24/1+(} — 211 +2y; and e, = 241+ {3 — 215 + 2y,. Then (3.2) holds.

4. Perturbed algorithm and stability

In this section, we construct a new perturbed iterative algorithm for solving problem
(2.1) and prove the convergence and stability of the iterative sequence generated by the
algorithm.

Definition 4.1. Let T be a self-map of H, xo € H and let x,,4; = f(T,x,) define an iteration
procedure which yields a sequence of points {x,},_, in H. Suppose that {x e H: Tx =
x} # @ and {x,};_, converge to a fixed point x* of T. Let {u,} C H and let €, = [ltt41 —
f(T,u,)ll. If lime, = 0 implies that limu, = x*, then the iteration procedure defined by
Xp1 = f(T,x,) is said to be T-stable or stable with respect to T. Some results for the
stability of various iterative processes, we refer to [1, 10] and the references therein.

Let {K!} and {K?} be two sequences of closed convex subsets of H such that
H(K}),K) — 0, H(K?,K) — 0, when n — . Now we consider the following perturbed
algorithm for solving problem (2.1).
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Algorithm 4.2. For any given xo, yo € H, we compute
X1 = (1= tn) Xn + tn (0 — §1(xn) + 11 (xn) + Pir (g1 (%) = pF (X, yn) — m1(x))) + tuen,

Yn+1 = (l_tn)yn + tn()’n _gZ(yn) +my (yn) +PK,§ (gl()’n) _PG('xmyn) —my (yﬂ))) +tﬂj”’
(4.1)

foralln=0,1,2,..., where {e,} and {j,} are two sequences of the elements of H, and the
sequence {t,} satisfies the following conditions

0<t,<1, Vn=0, >t,=oc0. (4.2)
n=0

Let {u,} and {v,} be any sequences in H and define €, = €, + €2 by
6;11 :||un+1 - {(1 - tn)un + tn[un _gl(un) +m1(u,,)

+ Py, (gl(un) _PF(un’Vn) +m1(”n))] + tnen}”
(4.3)
Ei :||Vn+1 - {(1 - tn)Vn+tn[Vn _gZ(Vn) +m2(Vn)

+ P, (gZ(Vn) _PG(umVn) +m2(vn))] + tnjn}||'

TueOREM 4.3. Let gi: X — X be n;-strongly monotone and (;-Lipschitz continuous, and
m; : X — X be 1;-Lipschitz continuous for i = 1,2. Let F: X X X — X be I, L-Lipschitz
continuous with respect to the first and second arguments, respectively, and relaxed (a,b)-
cocoercive with respect to the first argument. Let G : X X X — X be ny, ny-Lipschitz continu-
ous with respect to the first and second arguments, respectively, and relaxed (c,d)-cocoercive
with respect to the second argument. Suppose H(K,,K) — 0 (n — o) and

’ _b—al%—(l—el)nl
P B

(1—e)’ =1+ ((b—alt = (1-e1)m)?)/ (1 - n})

< B —n? , pm<l—ey,n <l
(4.4)
‘ d-a3—(1-e)b
SRR
(1—62)2—1+<(d—61’l%—(1—62)12)2)/(71%—1%)
< nz l2 > Plz<1_62, lz<n2,
21— h

where e; = 241+ (7 — 20+ 2y for i =1,2. Iflim, .« lle,|l = 0 and lim,,—« || jull = 0, then
we have the following conclusions.

(I) The iterative sequences generated by Algorithm 4.2 converge to the unique solution of
(2.1).

(IT) Moreover, if 0 < t < t,, then limu, = x*, limv, = y* ifand only if lim(e} + €2) = 0,
where €} and €2 are defined by (4.3).
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Proof. By Theorem 3.2, problem (2.1) admits a solution (x*, y*). It is easy to prove that
(x*,y*) is the unique solution of (4.1). From Lemma 2.7, we have

X = (1= 1) X" 4t (2% = g1 (%) +m1 (x*) + P, (81 (%) = pF (x™, y*) —mu(x7))),

Y = (1=t)y* +ta(y* —@(y*) + ma(y*) + P, (2 (y*) — pG(x*,y*) —ma(y *))),
(4.5)

Since Pk is nonexpansive and it follows from (4.1) and (4.5) that
[lne1 = x*|

= (1= t) x - [0 =1 (30) +111 () + Pry (€1 (%) = pF (%, y) =111 () ) ]+t
— (L= t)x™ —tu[x* — g1 (x*) +rm1 (™) + P, (g1 (x*) —pF (x*, y*) =y (x*)) ]|

< (L=t [[ G =27 ) [+ | (o =) +.g1 (2n) — g1 () [+t [ (3) = 1 () [+t e |
+tul[Px; (g1 (%n) = pF (xns yn) —m1 (x4)) = Pi, (g1 (x™) = pF (x™, y*) —my (x™) )|

< (1= ta) [ Coen =) [ 8] | Gon —=x*) 1 () =1 (™) ||+ £l 11 () = 1 () ||+ |
+tul[Piy (81 () = pF (s yn) =11 (xn)) = Pry (g1 (x™) = pF (x*, y*) —my (x*) )|
+tal[Pry (81 (x*) —pF (x*, y*) =mi (x*)) = Py, (1 (&™) = pF (x*, y*) —m (x*) )|

< (L= t) || e =) [ 8] | e =) 1 (x0) = g1 () |+ 71 () = 1m0 () ||+
 tal o — 2% = (g1 () — g1 ()| + tal [ 111 (o) — 1 ()|
+ tullxn = x* = p(F (xn, yn) = F (5™, yu) )|+ ptal [F (x*, yu) = F(x*, y*)|

+tu||Pry (g1 (x™) =pF (x*, y*) =my (x*)) = Px, (g1 (x™) = pF (x*, y*) —my (x*) ) [|.

(4.6)
Since F is l,-Lipschitz continuous with respect to the second argument,
IF(x*s yn) = F (", y) [ = bl [yn = y*]| (4.7)
From the strong monotonicity and Lipschitzian continuity of g;, we obtain
[l = = (1 Gen) = &1 DI = (18 = 270) [ — 7 (4.8)

The Lipschitzian continuity of m; implies

[l () =1 () [ <y floen = 7 - (4.9)
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Since F is relaxed (a,b)-cocoercive and [;-Lipschitz continuous with respect to the first
argument,

[|xn = x* = p(F (x>, yu) — F(x™*, yu))|| < \/1 +p2l +2palf — 2pbl|x, —x*|.  (4.10)

It follows from (4.6)—(4.10) that

[[xns1 — x*]] < <2tm/1 +0 = 2n + 2ty +tn\/1 +p2l +2pal? — 2pb+1 — t,,)||x,, —x*||

t+tapba|lyn = y* {1+ taby + ta|[enl],
(4.11)

where

by = [|Py (g1 (x™) = pF (x*, y*) —my (x*)) — P, (g1 (x*) — pF (x*, y*) —my (x*))][.
(4.12)

From the fact of H(K},K;) — 0 and Lemma 2.5, we know that b,, — 0.
Similarly, we have

[|yne1 — y*|| < (2tml1 +G —2112+2ty,y2+tn\/1+p2n%+2pcn§ —2pd+1- tn>||yn —y*|

+ t,,pn1||xn - x*H +thcn + tn||jn||’
(4.13)

where

cn = ||Prz (&2(y*) = pG(x*,y*) —=my(y™)) = P, (82(y*) = pF(x*, y*) = my(y*))|l,
(4.14)

and ¢, — 0. Now (4.11) and (4.13) imply

[lner = ||+ Ilynes =yl

< <2tm/1 +G -2 A2ty H 1ty + t,,\/l +p2I3 +2pal? — 2pb + tnpn1)||xn —x*||

+ (Ztnm+ 2yt 1 —t,+ tn\/1+p2n§ +2pcn3 — 2pd+t,,plz)||yn Al

+ tnCp + by + tolen ||+ ta] i .

(4.15)
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Let

B = 231+ 82 — 271 + 21 +1+ p2 + 2pal} — 2pb + pry,
hy =241+ (3 —2172+2y2+\/1 +p2n3 +2pcn3 — 2pd + pls.

From (4.4), itis easy to see that 0 < h; < 1and 0 < h; < 1. Let h = max{h;,h,}. Then h < 1
and so (4.15) reduces to

(4.16)

[lner = |1+ |y = =l
= (1= =mta) ([lxn = ||+ |y = y*|1) + tu (b +cut llenl [+ [jul])  (4.17)

= (1= (= hta) ([l = x|+ [lyn = y*|[) + (1 = B}t

where

_ bn+cn+||en||+||jn||

On - (4.18)
From (4.12), (4.14) and Lemma 2.5, we have
by —0, cn—10, &, = b"+c”+1”_6’;l” il (n — o). (4.19)
It follows from (4.2), (4.17), (4.19) and Lemma 2.8 that
Xp — X%,y —y*  (n— o). (4.20)

This completes the proof of Conclusion I.
Next we prove Conclusion II. By using (4.1), we obtain

[[stn1 — x|
= H”n+1 - {(1 _tn)”n+tn[”n —41 (tn) +m1 () + Py, (gl (t4n) _PF(”mVn) +my (”n))] +tnen}||
+||{(1 _tn)un+tn [“n —41 (”n)+ml (un) +Px, (g1 (un) _PF(”n’Vn) +my (“n))] +tnen} _x*”

< || (1= tn) thn+ 1t [ttn — g1 () + 111 () + Pr, (g1 (tin) — PF (b, vir) +1m1 (un)) | +tnen —x*||+€)..
(4.21)
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As the proof of inequality (4.11), we have
||{(1 _tn)”n+tn[”n —41 (t4n) +my (un) +Px, (gl (t4n) _PF(”mVn) +m (”n))]+tnen} _x*”

< (Ztmll +0 = 2n1 + 2ty +tn\/1 +p2li +2palf —2pb+1 - tn>||u,, —x*|

+tnplz||Vn —)/*” +tnbn+ theHH’

(4.22)

where b, is defined by (4.12). From (4.21) and (4.22), we have

[|nsr —x*|] < <2tm/1 +( =21+ 2ty +tn\/1+pzl%+2palf —2pb+1- t,,>||un —x*|

+tapla[ve = y* || + tubu + o] leal| + €5
(4.23)

Similarly, we have

[[Vas1 — y*|] < (2tml1+522 —2112+2t,,y2+t,,\/1+p2n%+2pcn% -2pd+1-— t,,)||v,1 —y*|

+ tnpn1||un —x*” +tnCn t+ tn”jﬂ” +Ei’
(4.24)

where ¢, is defined by (4.14). As the proof of inequality (4.17), and since 0 < t < t,,, (4.23)
and (4.24) yield

[tnsr = x*[| +[[vasr — y*||
< (1= (1 =h)ty) (||ttn = x* ||+ |[va = y*|) + talbn + cu+ lleall + 1 jall) + €} + €5
<(1-( —h)tn)(H”n_x*||+||"n_}’*H)+tn[bn+cn+||en||+||jn||+ (631"'53;)”]

= (1= (1 =mty) (Jtn = x*[[+][ve = y*[|) + (1 = B)t, 80,
(4.25)

where

_ butcnt|len]| +[ljnll + (€5 +€7)/1

On 1-h

(4.26)

Suppose that lime} + €2 = 0, then from b, — 0, ¢, — 0, lle,ll — 0 and [|j,|l — 0, we have
0, — 0 (as n — ). Then from the fact of t, — 0, >, = o0, (4.25) and Lemma 2.8, we
have limu, = x* and limv, = y*.
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Conversely, suppose that limu, = x* and limv, = y*. Then we have

€t €5 = lumer = {(1 = ta)u + [ — @1 (1) + 11 (1)
+ P, (g1 () = pF (s vin) +1m1 () ) ] + tnen ||
Vs = {1 = ) vt ta[ v — g2 (Vi) + ma (v2)
+ Pi, (€2(Va) = PG (thny V) + 3 (Vi) ) ] + i}
< |t =2 [[+[[ (1 = tn) thn + a4 — g1 (1) + 1111 (u1)
+ P, (g1 (un) = pF (ttny V) + 11 (un)) ]
+tuen = x|+ ][vaer = y*||
11— t0) v+ ta[ve — g2 (va) + a2 (v)
+ P (82(va) = pG(tny V) + 12 (va) ) 1+t i = y*||

< lwwrr = x*[[+ [[virs =y ||+ taplallvn = y* ([ + tupm || — 7|

+ (Zt,,wll + 0 —2m + 2tgyr + tn\/l +p2I3 +2pal} —2pb+1 - t,,)Hun —x*|
+ <2tm/1+{22 =21y + 2tyy2 + tﬂ\/l +p2nd +2pcni —2pd+1 — t,,) v — ||

+tnbn+tn||en|| +tﬂcn+t”||jn||

(4.27)

and so €} + €2 — 0 as n — . This completes the proof. 0
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