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Copyright © 2006 Der-Chen Chang et al. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction
Let Q C R" be a Lipschitz domain in R”. Consider the Dirichlet space Hj (Q) which is the

collection of all functions in the Sobolev space L3(€)) such that

n

Hy (Q) = {u € L*(Q) :ulag = 0, ullz + >
k=1

<oo}. (1.1)
L2

The famous Poincaré inequality can be stated as follows: for u € H{ (Q), then there exists
a universal constant C such that

ou
Oxx

2
dx. (1.2)

- ou

Y(x)dx < C J —

Jyemax=cx | 150

One of the applications of this inequality is to solve the modified version of the Dirichlet
problem (see, John [5, page 97]): find a v € H{ (Q) such that

() = L) [Z ou ﬂ]dx - L) u(x) f(x)dx, (13)

= OXi OXk
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2 Poincaré inequality and Kantorovich method

where x = (x1,...,x,) with a fixed f € C(Q). Then the function v in (1.3) satisfied the
boundary value problem

Av=—f, inQ

vy=0, onodQ. (1.4)

In this paper, we will use the Poincaré inequality to study the extended Kantorovich
method, see [6]. This method has been used extensively in many engineering problems,
for example, readers can consult papers [4, 7, 8, 11, 12], and the references therein. Let us
start with a model problem, see [8]. For a clamped rectangular box Q = [T;_, [—ak, ax],
subjected to a lateral distributed load, P (x) = P(x1,...,x,), the principle of virtual dis-
placements yields

]‘[J ' (V4D — P8O Dx =0, (1.5)
=1""

ag

where O is the lateral deflection which satisfies the boundary conditions, # is the flexural
rigidity of the box, and

v4=ia—4+22a—4 (1.6)
= ox; prri ij2~ oxi’ ’

Since the domain Q is a rectangular box, it is natural to assume the deflection in the form

D(x) :(Dkl"'kn(x) = nsz(xt’)’ (1.7)
=1
it follows that when fi, (x2) - - - fx, (x4) is prescribed a priori, (1.5) can be rewritten as
J []‘[ J (VD — P) fi, (xg)dxe} 8 fi, (1 )dx1 = 0, (1.8)
“hLe=2 "%

Equation (1.8) is satisfied when
n a,
]‘[J (V4D ...k, — P) fi, (x¢) dxe = 0. (1.9)
e=2" "%

Similarly, when [Tj_, 4., fx, (x¢) is prescribed a priori, (1.5) can be rewritten as

f: [ l_[ Ja; (nVidk...k, — P) fr (X@)ng:|6fkm(xm)dxm =0. (1.10)

0=1,0+#m"”

It is satisfied when

I JW (VA ...k, — P) fio, (x¢) dxe = 0. (1.11)

0=1,6+m"
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It is known that (1.9) and (1.11) are called the Galerkin equations of the extended Kan-
torovich method. Now we may first choose

n xz 2
foo(x2) - -+ fao(xn) = Hw(—ﬁ—l) . (1.12)
=2 \%
Then @g...0(x) = fi1(x1) fro(x2) - - - fuo(x,) satisfies the boundary conditions
Dqp...0 =0, aqgl;)eo =0 atxy==*ap, x1 € [—al,al], (113)
for £ =2,...,n. Now (1.9) becomes
n ap 2
HCgJ (V4q)10...0—9))<x€—1) ngZO, (1.14)
t=2 J-a n/\a
which yields
d*fi d
Cy d}{ +C df;l +C0f11 = (115)

After solving the above ODE, we can use fi;(x1) [1p_5 feo(xe) as a priori data and plug it
into (1.10) to find f1(x2). Then we obtain the function

D110...0(x) = fi1(x1) for (x2) fro(x3) =+ * fuo (xn)- (1.16)

Continue this process until we obtain ®;...; = fi(x1) f21 x2) -+ fu1(x,) and there-
fore completes the first cycle. Next, we use f21 xz) » fm(x,) as our priori data and find
fi2(x1). We continue this process and expect to find a sequence of “approximate solu-
tions.” The problem reduces to investigate the convergence of this sequence. Therefore, it
is crucial to analyze (1.15). Moreover, from numerical point of view, we know that this
sequence converges rapidly (see [1, 2]). Hence, it is necessary to give a rigorous mathe-
matical proof of this method.

2. A convex linear functional on HZ(Q)

Denote
_ JQ{|A¢|2_2@(X)¢(X)}61X (2.1)
for O € R" a bounded Lipschitz domain. Here x = (x1,...,%;,). As usual, denote
P’ 9
D = Sf; ang{ (22)

dyox  0y2
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For ) C R?, we define the Lagrangian function L associated to I[¢] as follows:

L:OXxRXxR*xR*— R,

2.3
(65X, YU, V,SSW) — (U+ V)2 =2P(x,y)z, (2:3)

where P (x, y) is a fixed function on Q which shows up in the integrand of I[¢]. With the
above definitions, we have

L(x,y;¢; Vs D*¢) = |A¢|> = 2P (x, y)(x, y), (2.4)
where we have identified
9¢ 9¢
Z‘_"p(xa)’)’ X — ax> Y‘_’ay) (25)
A S i i wo. 2¢ .
ox2’ ay?’ dyox’ 0xdy’

We also set HZ(Q) to be the class of all square integrable functions such that

H3(Q) = {v/ eL*(Q): >

k| <2

o~
BTIHU <00, Ylaa =0, Vl//|aQ=0}- (2.6)

Fix (x, y) € Q. We know that

VL% y;5X, YU, V,8W) = [ -2P(x,y) 0 0 2U+V) 2(U+V) 0 o]T.
(2.7)

Because the convexity of the function L in the remaining variables, then for all (5;)? ,Y; 0,
V,5, W) € R x R? x R*, one has

NN N NN~

N N (2.8)
+2U+V[(T-0)+(V-v)].
In particular, one has, with Z = $(x, V),
L(x,y:¢: V$D*§) = L(x, y3 ¢ Vs D*¢) + 2A¢[ V$ — V] o)

—2%(x%,9)(¢ — ).

This implies that

|AG|” =22 (x,9)$ = |A§|” = 2P(x,7)$ + 280 [Ad — Ap] - 2P(x,y)[$ - ¢].  (2.10)

If instead we fix (x, y;2) € Q X R, then

N N (2.11)
+2(U+V)[(U-U)+(V-V)].
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This implies that
L(x,y;¢;V$; D*¢) = L(x, y;; Ve D*) +2A¢[V — V] (2.12)
Therefore,
IAGI? = 2P(x,9)¢ = |A|? — 2P (x,y)b + 2AP[A — A). (2.13)
LEmMMA 2.1. Suppose either
(1) ¢ € HZ(Q) N C*HQ) and n € CL(Q); or

(2) ¢ € HZ(Q) N C3(Q) N CHQ) and n € HE(Q).
Let 81[¢sn] denote the first variation of I at ¢ in the direction , that is,

o11¢s7) =lim w (2.14)
Then
otlgsn] =2 | (8% - P(xy)ndxdy. (2.15)
Proof. We know that
Ip+en] —I[¢] = ZeJQ[N/)Aq —Pyldxdy+ ¢ JQ(AU)dedy. (2.16)
Hence,
ellsn] = ZJQ[Aquq—?Pn]dxdy. (2.17)

If either assumption (1) or (2) holds, we can apply Green’s formula to a Lipschitz domain
Q to obtain

0 0
JQ(A¢Aq)dxdy = J;) n(A*¢)dxdy + LQ [a—gAqﬁ - qa—ﬁAgb]dxdy, (2.18)

where /07 is the derivative in the direction normal to 9Q. Since either 7 € C}(Q) or
ne Hg(Q), the boundary term vanishes, which proves the lemma. O

LEmMMA 2.2. Let ¢ € HZ(Q). Then
1ll20) = 1Al 12(0).- (2.19)

Proof. The function ¢ € H§(Q) implies that there exists a sequence {¢} C C*(Q) such
that limg_. ¢x = ¢ in H3-norm. From a well-known result for the Calderén-Zygmund
operator (see, Stein [10, page 77]), one has

o3

ox j a.Xg

SC”Af”Lp, j,€= 1,...,1/1 (2.20)
Lr
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forall f € C2(R")and 1< p < co. Here C is a constant that depends on 7 only. Applying
this result to each ¢, we obtain

0%y Lol 0P

> > < Cl||A 20 2.21
‘ 0x? |2y 10x0y 12y 1| 0¥% 2 || ‘/’k”L Q) ( )
Taking the limit, we conclude that
¢ ¢ 0%*¢
‘ 0x? |2 I10x0y |12y 110y 120 Pl ( )

Applying Poincaré inequality twice to the function ¢ € HZ (), we have

Pl ) = CilI VOl

¢ H ) ‘ ¢ >
<C — + — 2.23
2( 8x2 12(Q) axay 12(Q) 8y2 12(Q) ( )
< CllAdllr2()-

Hence, [|$ll12() < ClIA¢II12(q). The reverse inequality is trivial. The proof of this lemma
is therefore complete. O

Lemma 2.3. Let {¢x} be a bounded sequence in H3(Q)). Then there exist ¢ € H3(Q) and a
subsequence {¢kj} such that

I[¢] <liminfI[¢y,]. (2.24)

Proof. By aweak compactness theorem for reflexive Banach spaces, and hence for Hilbert
spaces, there exist a subsequence {¢x,} of {¢x} and ¢ in Hj(Q) such that ¢, — ¢ weakly
in H3(Q). Since

H3(Q) c Hy(Q)ccL*(Q), (2.25)
by the Sobolev embedding theorem, we have
¢k, — ¢ inL*(Q) (2.26)

after passing to yet another subsequence if necessary.
Now fix (x, y, ¢k, (x, y)) € R2 x R and apply inequality (2.13), we have

| Adk, |2 = 2P (x, )¢k, (x, ) = |AG1> = 2P (x, )k, (x, ) + 200 [Agy, — Ag).  (2.27)

This implies that
Iy = L [1AGI2 - 29 (x, y) s, | dxdy + zL2 A [Ady, - Apldxdy.  (228)
But ¢, — ¢ in L*(Q), hence

L} [1AG1 — 2%(x, y)y, |dxdy — L (A2 - 2P(x, y)pldxdy = I[¢].  (2.29)



Der-Chen Changetal. 7

Besides ¢, — ¢ weakly in Hg (Q) implies that

J AG - [Ady, — Apldxdy — 0. (2.30)
Q
It follows that when taking limit

I[¢] < liminfI[¢y,]. (2.31)
j

This completes the proof of the lemma. O

Remark 2.4. The above proof uses the convexity of L(x, y;z;X,Y; U, V,S, W) when (x, y;
z) is fixed. We already remarked at the beginning of this section that when (x, y) is fixed,
L(x,y;z;X,Y;U,V,S,W) is convex in the remaining variables, including the z-variable.
That is, we are not required to utilize the full strength of the convexity of L here.

3. The extended Kantorovich method

Now, we shift our focus to the extended Kantorovich method for finding an approximate
solution to the minimization problem

min I[¢] (3.1)
$eH} (Q)

when Q = [—a,a] X [—b,b] is a rectangular region in R2. In the sequel, we will write
d(x, y) (resp., pr(x,y)) as f(x)g(y) (resp., fi(x)gk(y)) interchangeably as notated in Kerr
and Alexander [8]. More spec1ﬁcally, we will study the extended Kantorovich method for
the case n = 2, which has been used extensively in the analysis of stress on rectangular
plates. Equivalently, we will seek for an approximate solution of the above minimization
problem in the form ¢(x, y) = f(x)g(y) where f € Hi([—a,a]) and g € H([-b,b)).

To phrase this differently, we will search for an approximate solution in the tensor
product Hilbert spaces Hg ([—a,a])®Hg ([—b,b]), and all sequences {¢}, {¢, } involved
hereinafter reside in this Hilbert space. Without loss of generality, we may assume that
Q= [-1,1] x [-1,1] for all subsequent results remain valid for the general case where
Q = [—a,a] X [-b,b] by approximate scalings/normalizing of the x and y variables. As in
[8], we will treat the special case P(x,y) = y, that is, we assume that the load P (x, y) is
distributed equally on a given rectangular plate.

To start the extended Kantorovich scheme, we first choose go(y) € H5([—1,1]) N
C®(-1,1), and find the minimizer f;(x) € Hj([—1,1]) of the functional:

I[fgl = JQ [1A(fgo)|* = 2pf (x)g0(y) |dxdy
- L)[ S +2f F gogt + £2(g5) — 2y fao|dxdy

Jll( " de gody+2J g('))zdyj1 (f')dx

+J11 dyj frdx - Zyj godyj fdx,

(3.2)
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where the last equality was obtained via the integration by parts of f f” and gog". Since
go has been chosen a priori; we can rewrite the functional I as

1 1
f1=llly: | (r2av gl | (s

o 1 1 (3.3)
+lgo'll1: L frdx— ZVLgo(y)dy L fdx
for all f € HZ([—1,1]). Now we may rewrite (3.3) in the following form:
1
JUF1= | TG+ Calf )2+ Caf + Caf dx
| (3.4)
= [ Keosf i
with K: RX R X R X R — R given by
(623 V3 W) — CIW? + C, V2 + C32° + Cyz, (3.5)

where

1
2 7112 (12
Ci=llgolle,  G=lglls  G=lgll  Ci= —ZYJ_lgo(y)dy- (3.6)
Aslong as gy # 0, as we have implicitly assumed, the Poincaré inequality implies that
0<Ci<aC < ﬂC3 (37)

for some positive constants « and f3, independent of gy. Consequently, K(x;z; V; W) is a
strictly convex function in variable z, V, W when x is fixed. In other words, K satisfies

K2 V; W)= K(gz Vi W)

K (52 Vs W)W — W)

~ d
(6 VW)V = V) + W
(3.8)

JK oK
> —(x zZVW)Z-2)+— P

for all (x;z; V; W) and (x;2; V; W) in R%, and the inequality becomes equality at (x;z; V;
W)onlyifZ=z,orV=V,or W=W.

ProPOSITION 3.1. Let L:RXR X R XR — R be a C* function satisfying the following
convexity condition:

Plsz+25 VAV, W+ W) = L(x;2 VW)

3.9
aaig(x,z,V W)z +—(x z VW)V’ +%(x z VW)W’ (3:9)
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for all (x;z;V; W) and (x;z+2;V+ Vs W+ W') € RY, with equality at (x;z; V; W) only
ifz =0,0r V' =0, or W =0. Also, let

1= [ e 0, £ D, VS H P, 610)
Then
JUf +nl=Jf1=0]1f.nl, VneCZ(ap) (3.11)

and equality holds only if y = 0. Here 8] [ f, 1] is the first variation of ] at f in the direction ».

Proof. Condition (3.9) means that at each x,
L fmf 40" +0") =L fif5 )
o< . o 0¥ P 0L R (3.12)
> a—z(x;f;f;f )n(x)+ﬁ(x;f;f;f n (X)+W(x;f;f s (x)

forall y € C(a, ) with equality only if #(x) = 0, or " (x) = 0, or " (x) = 0. Equivalently,
the equality holds in (3.12) at x only if #(x)#n’ (x) = 0 or "’ (x) = 0. In other words,

1 () =0 (3.13)
Integrating (3.12) gives
B
JUf+nl-T1f1= | (2 2+ 2L = ay1 4o (3.14)

Now suppose there exists # € C2(«, 3) such that (3.14) is an equality. Since £ is a smooth
function, this equality forces (3.12) to be a pointwise equality, which implies, in view of
(3.13), that

104 (@) =0, v (.15)

If " (x) = 0, then 7’ (x) = constant which implies that #'(x) = 0 (since n € C®(a,)).
This tells us that # = constant and conclude that # = 0 on the interval (a, 3).

If 4" (x) #0,set U = {x € (a,8) : 7' (x) # 0}. Then U is a non-empty open set which
implies that there exist xo € U and some open set Oy, of xy contained in U. Then "' (&) #
0forall{ € Oy c U. Thus

d

5(172) =0 on Oy, (3.16)

Hence, #(&) = constant on O,,. But this creates a contradiction because " (§) = 0 on Oy,.
Therefore,

JIf +nl=J1f1=46]1fn] (3.17)

only if #(x) = 0, as desired. This completes the proof of the proposition. O
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COROLLARY 3.2. LetJ[f] be asin (3.4). Then f; € H([—1,1]) is the unique minimizer for
J[f1if and only if f; solves the following ODE:

4t o ,
ol 52~ 2llgg 1 T4 + g

1
2. f = yJ_lgody. (3.18)

Proof. Suppose f is the unique minimizer. Then f; is a local extremum of J[ f]. This
implies that 8 [ f,#] = 0 for all € HZ([—1,1]). Using the notations in (3.4), we have

0=20J[f,n]
_Jl |:a_K +a_K ’+a_K ”:|d
Sl T e Taw ™ | (3.19)

_f [a_K_i<a_K)+d_2<a_K)] (x)d
)l ez " dx\av) T axe \ow ) [T

for all € HZ([—1,1]). This implies that

oK d(BK) d2<8K>:0,

o “ax\ov) Taelow (3.20)

which is the Euler-Lagrange equation (3.18). This also follows from Lemma 2.1 directly.

Conversely, assume f; solves (3.18). Then the above argument shows that §7[f,%] =0
for all # € HZ([—1,1]). Since K satisfies condition (3.9) in Proposition 3.1, we conclude
that

JUA+nl =T Al =8I fisnl, YyeCr([-1,1]). (3.21)

This tells us that J[ fi +n] = J[ fi] for all y € CZ([—1,1]) and J[ i +n] > J[ fi] if n # 0.
Observe that J : Hj([—1,1]) — R as given in (3.4) is a continuous linear functional in
the Hg-norm. This fact, combined with the density of C*([~1,1]) in HZ([~1,1]) (in the
Hg-norm), implies that

Jla+nl=TlA] VreCe([-1,1]). (3.22)

This means that for all ¢ € H3([—1,1]), we have J[¢] > J[fi] and if ¢ # f; (almost ev-
erywhere), then ¢ — f; # 0 and hence, J[¢] > J[fi]. Thus f is the unique minimum
for J. O

Reversing the roles of f and g, that is, fixing f; and finding g; € H{ to minimize I[ fog]
over g € H}([—1,1]), we obtain the same conclusion by using the same arguments.

CoRrOLLARY 3.3. Fix fo € H{([—1,1]). Then g1 € H3([—1,1]) is the unique minimizer for

Tlg) = 11 fog] = 1 ol 72 J_l(g”)zdyﬂllfdlliz J_l(g’)zdy

o | (3.23)
R | gy =20l | gdy
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if and only if g1 solves the Euler-Lagrange equation
) dig 2 dPg i 1
Il 55 = 2185 5+ 155 g = 20| S (3.24)
Now we search for the solution f; € H3([-1,1]) in (3.18), that is,

5 d4f 2 dzf 2 1
ol 5 — 2l 75 + g5 1o =27 | so(r)dy. (325)

Rewrite the above ODE in the following form:

2

lig 17 g 112, lg'll% !

||g0||iz <D— g é) + g ZL _ 8 i f=2yj 2o(y)dy, (3.26)
llgollz2 llgollz2  llgollz2 -1

where D = d?/dx?.

Remark 3.4. In general when g € H?, that is, ¢ needs not satisfy the zero boundary con-
ditions for function in Hg, then the quantity

<||g5'||iz . ||g<;||iz> (3.27)
lgoll:  Ilgollz

can take on any values. However, if g € H? and go # 0, as proved below, this quantity is
always positive.

Lemma 3.5. Let Q be a Lipschitz domain in R", n > 1. Let g € HZ(Q) be arbitrary. Then

IVglt < lighe - IAgle, (3.28)

and equality holds if and only if g = 0.
Proof. Integration by parts yields

)
Vg2, = I Vg-Vgdx = —J gAgdx+J g—‘g_f.da = —J gAgdx. (3.29)
Q o 20" on Q
By the Cauchy-Schwartz inequality, we have
IVglt < lighe - 1Agle, (3.30)

and the equality holds if and only if (see Lieb-Loss [9])
(i) lg(x)] = A|Ag(x)| almost everywhere for some A > 0,
(if) g()Ag(x) = ¥ [g(x)]| - [Ag(x)].
Since g is real-valued, (i) and (ii) imply

g(x)Ag(x) = M(Ag(x))’. (3.31)
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So, g must satisty the following PDE:
1
Ag— 8= 0, (3.32)

where g € H3(Q). But the only solution to this PDE is g = 0 (see, Evans [3, pages 300~
302]). This completes the proof of the lemma. O

Remark 3.6. 1f n =1, one can solve g’ — 17! g = 0 directly without having to appeal to the
theory of elliptic PDEs.

ProrosriTioN 3.7. The solutions of (3.18) and (3.24) have the same form.

Proof. Using either Lemma 3.5 in case n = 1 to the above remark, we see that

g1 llg'lI:
2 4
llgollz: llgollz:

>0 ifgy #0. (3.33)

Hence the characteristic polynomial associated to (3.26) has two pairs of complex con-
jugate roots as long as gy # 0. Apply the same arguments to the ODE in (3.24) and the
proposition is proved. 0

Remark 3.8. The statement in Proposition 3.7 was claimed in [8] without verification.
Indeed the authors stated therein that the solutions of (3.18) and (3.24) are of the same
form because of the positivity of the coefficients on the left-hand side of (3.18) and (3.24).
As observed in Remark 3.4 and proved in Proposition 3.7, the positivity requirement is
not sufficient. The fact that fy,go € Hi must be used to conclude this assumption.

4. Explicit solution for (3.26)
We now find the explicit solution for (3.26), and hence for (3.18). Let
llg' Il . lg" I 2

r = =
lgoll.” llgoll”

o t+r? o t—r2
P=\ "2 Vo2

(4.1)

Then from Proposition 3.7 and its proof, the 4 roots of the characteristic polynomial
associated to ODE (3.26) are

p +ix, p —ix, —p —iK, —p +ik. (4.2)
Thus the homogeneous solution of (3.26) is

fn(x) = ¢y cosh(px) cos(kx) + c; sinh(px) cos(xx)

+ c3 cosh(px) sin(kx) + ¢4 sinh(px) sin(xx). (4.3)
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It follows that a particular solution of (3.26) is

£ ) = 2l1800)dy

= (4.4)
|lgo' Iz
Thus the solution of (3.18) is
f(x) = ¢y cosh(px) cos(xx) + ¢, sinh(px) cos(xkx)
+ ¢3 cosh(px) sin(xx) + ¢4 sinh(px) sin(xx) + cp, (4.5)
where ¢, =2y [, 80(»)dy/Ilgy I3 is a known constant. This implies that
f'(x) = pcy sinh(px) cos(xx) — xc; cosh(px) sin(xx)
+ pc cosh(px) cos(xx) — xcy sinh(px) sin(xx)
+ pcs sinh(px) sin(xx) + xc3 cosh(px) cos(xx) (4.6)
+ pca cosh(px) sin(xx) + ey sinh(px) cos(xx).
Apply the boundary conditions f(1) = f(=1) = f'(1) = f'(-=1) = 0, we get
c1 cosh(p) cos(x) + ¢z sinh(p) cos(x) + c3 cosh(p) sin(x) + ¢4 sinh(p) sin(x) = —c,,
¢y cosh(p) cos(x) — ¢z sinh(p) cos(x) — ¢3 cosh(p) sin(x) + ¢4 sinh(p) sin(x) = —c,,
c1[psinh(p) cos(k) — xcosh(p) sin(k) | + c2 [ p cosh(p) cos(k) — xsinh(p) sin(k)]
+ ¢3[psinh(p) sin(x) + kcosh(p) cos(x) | + c4[ p cosh(p) sin(k) + xsinh(p) cos(x)] = 0,
c1[ — psinh(p) cos(k) + xcosh(p) sin(k) | + c2 [ p cosh(p) cos(k) — xsinh(p) sin(k)]
+ ¢3[psinh(p) sin(x) + kcosh(p) cos(x) | — ca[p cosh(p) sin(x) + ksinh(p) cos(x) | = 0.
(4.7)
Hence,
c1 cosh(p) cos(x) + ¢y sinh(p) sin(x) = —cy, (4.8)
¢z sinh(p) cos(x) + ¢3 cosh(p) sin(x) = 0, (4.9)
c2[pcosh(p) cos(k) — xsinh(p) sin(k)|
+ ¢3[psinh(p)sin(x) + kcosh(p) cos(x) | = 0, (4.10)
c1[psinh(p) cos(x) — kcosh(p) sin(x)| (411)

+ ca[pcosh(p) sin(x) + ksinh(p) cos(x) | = 0.

We know, beforehand, that there must be a unique solution. Thus (4.9) and (4.23) force
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¢y = ¢z = 0. We are left to solve for ¢; and ¢4 from (4.8) and (4.11). But (4.11) tells us that

pcosh(p) sin(x) + xsinh(p) cos(x)

psmh(p)cos(;c) — kcosh(p)sin(x) (4.12)

Cl = —

Substituting (4.12) into (4.8), we have

psmh(p) cos(x) — xcosh(p) sin(x)

P psin(x) cos(k) + ksinh(p) cosh(p) ° (4.13)

Plugging (4.13) into (4.12), we have

pcosh(p)sin(x) + xsinh(p) cos(k)

CPPSin(K) cos(x) + ksinh(p) cosh(p)’ (4.14)

1 = —
Therefore, the solution f;(x) can be written in the form
K; K; . .
fix) =c¢p [f cosh(px) cos(kx) + X sinh(px) sin(kx) + 1], (4.15)
0 0

where

¢, = 2L180)dy
llgo” ||L2

’r 7112 2
e _ et Aol + gl
p 2 0\ 2 :

(4.16)

t—r2 | |lg0'll/1lgoll: — llgollz:/lgol Iz
2\ 2 ’
Ky = psin(x) cos(k) + xsinh(p) cosh(p),
K; = —pcosh(p)sin(x) — xsinh(p) cos(x),
K, = psinh(p) cos(x) — kcosh(p) sin(k).

The next step in the extended Kantorovich method is to fix fi(x) just found above and
solve for g1(y) € H3([—1,1]) from (3.24). Lemma 2.2 and the computation above show
that

~ ~

a(y)=2¢ [% cosh(py) cos(ky) + % sinh(py)sin(ky) + 1] , (4.17)
0 0
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where
~ 2y)! filx)dx
Cp = 12 >
AN
o A /A + A NEALALL
P _\ 2 >
o A/ A e LA /1Al (4.18)
\ 2 ’

Ky = p'sin(x) cos(x) + ksinh(p) cosh(p),
K, = —pcosh(p) sin(%) — ®sinh(p) cos(X),

K = psinh(p) cos(k) — Kcosh(p) sin(x).

Now we start the next iteration by fixing g;(y) and solving for f,(x) in (3.18), and so
forth. In particular, we will write

Ja(x) =cn [KI" cosh (pux) cos (k,x) + Ko sinh (p,x) sin (x,x) + 1], (4.19)
K()n KOn
where
ey
n — ’r 2 )
gl
1% ’ 2 2
_ | Ngn=alle/Nlgn-1llze + g T2/ lgn-1I12
Pn \ 2 4
’ ’ 2 2
_ | llgntalle/llgn-1llie = llgn—i|]z2/lgn-11]12 (4.20)
Kn - >
\ 2
Kon = pnsin (x,) cos (k,) + &, sinh (p,) cosh (py),
Kin = —pncosh (p,) sin (k,) — &, sinh (p,) cos (kn),
Kon = pusinh (p,) cos (k) — &, cosh (py,) sin (x,).
Similarly,
~ I’Zvln ~ ~ I?Zn . ~ . ~
&(y) =20, [I?—cosh (Pny) cos (Kny) + e sinh (p, y) sin (K, y) + 1], (4.21)
On On
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where

v 2yf,11 fn(x)dx
1£7117

N—J [ Moe ol + L AL fol
P= 5 ,
e = 1A Al (4.22)

44
~ n
Kn = 2

KOn = pnsin (&,) cos (K,) + K, sinh () cosh (pn),

>

Kyp = —pncosh (p,,) sin (%,) — &, sinh (5,,) cos (¥, ),
&, = pnsinh (p,) cos (k) — Kn cosh (py,) sin (Ky).
In summary, a solution ¢, (x, y) in Lemma 2.3 can be written into the following form:

) = fu(x)g2a(y)

= ¢,Ch [ KI"ISI" cosh (pnx) cosh (py, y) cos (knx) cos (Kny)

OnKOn
KinKan cosh (p,x) sinh (p,, ) cos (knx) sin (K, y)
KOnKOn
+ Msmh (pnx) cosh (pny) sin (kux) cos (Kny) (4.23)
OnKOn ’
+ M sinh (p,x) sinh (p,,y) sin (x,x) cos (K, y)
K()nKOn
+ ST = cosh (p,x) cos (x,x) + Ko sinh (p,x) sin (x,x)
K()n KOn

~ ~

151" cosh (p,y) sin (K, y) + §2n sinh (p,,y) sin (K, y) + l].

On On

+

5. Convergence of the solutions

In order to discuss the convergence of the extended Kantorovich method, let us start with
the following auxiliary lemma.

LemMma 5.1. Let ¢u(x,y) = fu(x)gu(y) and y,(x,y) = fur(x ). Then these two
sequences are bounded in H§(Q).

Proof. We will verify the boundedness of {y,} for the arguments which is identical for
the sequence {¢,}. Fix an integer n € Z, and assume that g, has been determined from
the extended Kantorovich scheme when n > 1 or g, has been chosen a priori when n = 0.
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Then f,4, is determined by minimizing
I[fgal =T1f]
=gl [ 2+ 2gill: [ (2 51)
+ gy 117 szdx—Zngndy : dex-

By Corollary 3.2, if f,; is as in (4.19), then f,1; is the unique minimum for J[ f] over
HZ(Q). Thus we must have

I[fn+lgn] :I[fn+l] <I[O] =0. (52)
This implies that
J | Ay |* — yJ Yndxdy <O0. (5.3)
Q Q
Lemma 2.2 then yields
||Wn||irg(o) < CY”V/"H?}(Q) < C)’||Wn||Hg(Q)- (5.4)
Therefore, ||y, Hi(0) < Cy as desired. O

Now we are in a position to prove the main theorem of this section.

THEOREM 5.2. There exist subsequences {¢”1 tjand {I//nj tjof {¢n} and {y,} which converge
in L2(Q) to some functions ¢,y € H3(Q). Furthermore if

1
%—{geH&([—l,l]):Jlg(y)dy—O} (5.5)
and if go & %, then
timlgnlle >0 timllyn >0, mlgyll >0, Timlly >0 (56)

Therefore, the above limits are zero if and only if gy € %.

Proof. From Lemma 5.1, {¢,} and {y,} are bounded in H3(Q). As a consequence of a
weak compactness theorem, there are subsequences {¢,, j} and {y, j} and functions ¢ and
v in H3(Q) such that

$n; — ¢, Wn, — ¥, weakly in Hg (Q). (5.7)

By the Sobolev embedding theorem on the compact embedding of H{(Q) in L*(Q), we
conclude that after passing to another subsequence if necessary,

bn, — @ Y, — ¥, inL*Q). (5.8)



18  Poincaré inequality and Kantorovich method

From (4.19), we see that gy € % ifand only if f; = 0. Hence if gy € &, the iteration process
of the extended Kantorovich method stops and we have y,(x, y) = fi(x)go(y) = 0. Now
suppose go & %, that s, fi # 0. As in the proof of Lemma 5.1, Corollary 3.2 implies that

1[figo] <I[0] =0, (5.9)

since fi is the unique minimizer of I[ fgo] and f; # 0. Applying Corollary 3.2 repeatedly,
one has

I[ fnrigm] < -+ - <I[ o] <I[ figj] <I[figo] <O0. (5.10)
But by Lemma 2.3,

Iy] <liminfI[y,,]:= lim‘ian[f,,ngn].]. (5.11)
j i

In view of (5.10), we must have J[y] < 0, which implies lim; 'y Iz = llwlirz > 0; oth-
erwise, we would have [|y||;2 = 0 which implies that J[y] = 0. Similarly, lim; lpn, llz2 =
ll¢llz2 > 0. Since y,; — y and ¢,,, — ¢ in 12, we also have Vu, — yand ¢, — ¢in L'. Thus

li]r,nIII//njllLl = llyllz >0, li§n||1//n,.||L1 = lyllp >0. (5.12)

This completes the proof of the proposition. O

COROLLARY 5.3. Let gy ¢ % and set

gl s Il lally oy Ul
lgnar I 1l gl 1L

Then there exist subsequences {f,,} and {g,,} such that the following limits exist and are
positive:

by =

(5.13)

limry,, lim7,, limt,,, lim?,,j. (5.14)
j j j j
Proof. In the proof of Theorem 5.2, we showed that for each n,
I[¢n] = L) | gy | dxdy — yn < 0 (5.15)

as long as gy ¢ #. Consequently,

||f ||L2||gn||L2+||g ||L2||fﬂ||L2<Y||fn||L2||gn||L2 (5.16)

This implies that

T

- : 5.17
||fn||iz ||¢n||Lz ( )

[ 12 gl |2 = Il fogall: =
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Combining with the Poincaré inequality, it follows that

il Ay
||fn||L2 ||f"||L2 ”(,anL2

for some universal constants C and C’. With Theorem 5.2, the above string of inequalities
yields

0<C < (5.18)

C, < limsup?,,j <G, C, < limsup?nj <G,
. N (5.19)
C =< hmlnf?n] <Gy, C = 11m1nf tn]. <Gy,

j j

for some positive constants (Nfl and 62. Similar inequalities hold for r,,; and t,, with some
positive constants C; and C,. Thus after further extracting subsequences of {f, ;1 and
{gn,;}, we may conclude that the following limits exist and are non-zero:

I (T -
[ full2 i fallp” i lgallz: i lgnll:
This completes the proof of the corollary. O

CoROLLARY 5.4. If go & %, then there exists a subsequence { f,,gn;}; that converges point-
wisely to a function of the form

Z

O(x,y) = Z ) € H}(Q). (5.21)

Furthermore, the derivatives of all orders of {fu,gn;}; also converge pointwisely to that of
F(x)G(y).

Proof. Let us observe the expression of ¢,(x,y) = f.(x)g.(y) in (4.23). Applying
Corollary 5.3 to the constants on the right-hand side of (4. 23) we can find convergent
subsequences:

{KOnj }3 {Klnj }) {KZHJ- }r {I%Onj }) {I%lnj }) {I%an }’ (5'22)

and {py; }, {xn, }, {ﬁnj 3, {%”f }. In addition, the constants ¢,C, can be rewritten as

v _ Vg (dx [l fix)dx

CnCn

gl 1471172 2 (5.23)
Vo fi®gn 1 (dxdy lgaall: flle:
144 2 ’
| fugn-1ll12 llgnillze 117117

hence Theorem 5.2 and Corollary 5.3 guarantee the convergence of the subsequence
{cu-1Ca—j}. Altogether, after replacing all sequences on the right-hand side of (4.23) with
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either convergent subsequences, we get

O(x,y) = li§n Sn;&n;

= C{ KmISm cosh (px) cosh (pw ¥) cos (Ko x) cOS (Koo )
K()oo Qoo
+ Klw—lfzw cosh (peox) sinh (P ¥) €08 (Koo x) sin (Koo y)
Qoo N0

+ sz[flw sinh (pex) cosh (P ¥) sin (Kewx) cos (Ke ¥) (5.24)
KODOKOOO

+ sz;[fzm sinh (pex) sinh (P y) sin (Kwx) cos (K )
Koo Koo

+ K cosh (pex) cos (Kewox) + Ko sinh (peox) sin (kex)
Koo Koo

+ & cosh (P y) sin (K y) + & sinh (P y) sin (K y) + 1}.
KOoo KOoo

Now if we differentiate f,g, a finite number of times, then from (4.23) we have each
summand scaled by integral powers of p,, py, k, and K,. But we just argued above that
these sequences have convergent subsequences. Hence when x, y are fixed, we conclude
that all derivatives of f, g,; at (x, y) will converge to that of ®(x, y) as k — c0. The proof
of the corollary is therefore complete. O

Remark 5.5. Corollary 5.4 implies that
I[fuign;] — 1[OCx )], (5.25)
by directly using the definition of I[ f g]. Without Corollary 5.4, we can only assert that
1[0(x,y)] < limjinfl[fnjgnj]. (5.26)

Acknowledgments

The authors are grateful to the referee for helpful comments and a careful reading of the
manuscript. The first author was partially supported by a William Fulbright Research
Grant and a Competitive Research Grant at Georgetown University. The fourth author
was partially supported by US Army Research Office Grant under the FY96 MURI in
Active Control of Rotorcraft Vibration and Acoustics.

References

[1] D.-C. Chang, G. Wang, and N. M. Wereley, A generalized Kantorovich method and its application
to free in-plane plate vibration problem, Applicable Analysis 80 (2001), no. 3-4, 493-523.

, Analysis and applications of extended Kantorovich-Krylov method, Applicable Analysis
82 (2003), no. 7, 713-740.

[3] L. C. Evans, Partial Differential Equations, Graduate Studies in Mathematics, vol. 19, American
Mathematical Society, Rhode Island, 1998.

(2]



(4]

Der-Chen Changetal. 21

N. H. Farag and J. Pan, Model characteristics of in-plane vibration of rectangular plates, Journal of
Acoustics Society of America 105 (1999), no. 6, 3295-3310.

E. John, Partial Differential Equations, 3rd ed., Applied Mathematical Sciences, vol. 1, Springer,
New York, 1978.

L. V. Kantorovich and V. I. Krylov, Approximate Method of Higher Analysis, Noordhoff, Gronin-
gen, 1964.

A. D. Kerr, An extension of the Kantorovich method, Quarterly of Applied Mathematics 26 (1968),
no. 2, 219-229.

A. D. Kerr and H. Alexander, An application of the extended Kantorovich method to the stress
analysis of a clamped rectangular plate, Acta Mechanica 6 (1968), 180-196.

E. H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, American Mathe-
matical Society, Rhode Island, 1997.

E. M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathemat-
ical Series, no. 30, Princeton University Press, New Jersey, 1970.

G. Wang, N. M. Wereley, and D.-C. Chang, Analysis of sandwich plates with viscoelastic damping
using two-dimensional plate modes, AIAA Journal 41 (2003), no. 5, 924-932.

, Analysis of bending vibration of rectangular plates using two-dimensional plate modes,
AIAA Journal of Aircraft 42 (2005), no. 2, 542-550.

Der-Chen Chang: Department of Mathematics, Georgetown University, Washington,
DC 20057-0001, USA
E-mail address: chang@math.georgetown.edu

Tristan Nguyen: Department of Defense, Fort Meade, MD 20755, USA
E-mail address: tristan@afterlife.ncsc.mil

Gang Wang: Smart Structures Laboratory, Alfred Gessow Rotorcraft Center,
Department of Aerospace Engineering, University of Maryland,

College Park, MD 20742, USA

E-mail address: gwang@eng.umd.edu

Norman M. Wereley: Smart Structures Laboratory, Alfred Gessow Rotorcraft Center,
Department of Aerospace Engineering, University of Maryland,

College Park, MD 20742, USA

E-mail address: wereley@eng.umd.edu


mailto:chang@math.georgetown.edu
mailto:tristan@afterlife.ncsc.mil
mailto:gwang@eng.umd.edu
mailto:wereley@eng.umd.edu

	1. Introduction
	2. A convex linear functional on H02()
	3. The extended Kantorovich method
	4. Explicit solution for (3.26)
	5. Convergence of the solutions
	Acknowledgments
	References

