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We provide explicit formulas in terms of the special function gamma for the best con-
stants in nontensorial multilinear extensions of some classical integral inequalities due to
Hilbert, Hardy, and Hardy-Littlewood-Pdlya.
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1. Introduction and statement of results

In his lectures on integral equations, Hilbert initiated the study of maxima of bilinear
and multilinear forms. The case p = 2 in the following inequality is nowadays known as
“Hilbert’s double series theorem.” ,

Ifp>1,p =p/p—1),Se_alm <A and 3, bh < B, then

> @by S?‘[CSC(E>A1/1)BUP,. (1.1)
m=1n=1 m+n p

Hilbert’s proof, apart from the determination of the best possible constant 7 csc(/p),
was published by Weyl [7]. The calculation of the constant, and the integral analogue of
Hilbert’s double series theorem (for p = 2) are due to Schur [6]. The generalizations to
other p’s of both the discrete and integral versions of this result were discovered later on
by Hardy and Riesz and published by Hardy in [4]. The statement of the integral analogue
of the theorem above is the following.

Ifp>1,p =p/p-1), [, fP(x)dx<F, |, g’ (y)dy <G, then

® fog(y) T\ pup 1y
JO x+y dxdysncsc(p)F G'P. (1.2)

Other proofs and generalizations in different directions were given by several authors; see
the book by Hardy et al. [5, page 227]. Applications of Hilbert’s theorem range from the
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2 Best constants for certain multilinear integral operators

theory of analytic functions to results about the moments of real variable functions [5,
pages 236-247].
Let now K : R’* — R be a measurable kernel such that

J J (Y1seesYm) |y11/P1---y%l/pmdyl---dym<oo; (1.3)

here, 1 < p1, pas..., pm < o0 are some arbitrary (fixed) indices. The m-linear operator T is
defined via

T(ﬁ»--,fm)(x)zj:---J:K(yb-.-,ym)ﬁ(xyl)---fm(xym)dyl---dym, (1.4)

where x >0 and fj,..., f, are measurable functions on R, = [0, o). Note that T is in fact
an integral operator having a homogeneous kernel K of degree —m,

T(fiseeos frn) (x) = Loo - -Jomf(x,yn---,ym)fl (1) -+ fn(ym)dyr - -dym,  (1.5)

where I?(x,yl,. s Ym) =x"MK(x"1y1,...,x7  y). Condition (1.3) can be rewritten as

J J R(Lytscosym) [0 7y Py - -y < o0, (1.6)

We remark also that, if py > 1 is such that 1/py+ 1/p; + - - - + 1/p,, = 1, then
Co= [ [ IR s Ly Py iy, dy (19)

In particular, (1.6) and (1.7) imply that, if R is symmetric with respect to the variables
X, V1. > Ym> then G, is a symmetric expression of the indices po, p1,..., Pm-

The goal of this paper is twofold: to give a proof of the multilinear extension of the
integral inequality (1.2) and to provide some interesting applications of this result.

THEOREM 1.1. Letm = 1and 1 < p, p1,..., pm < 00 besuch that 1/py +1/py+- -+ 1/pp =
1/p. Then

||T(f1"~"fm)||Lp(R+) = Cm||ﬁ||LP1(R+) U ||frrt||me(R+)’ (1.8)

where C,, is the constant defined by (1.3) or (1.6). Moreover, if K(y1,...,¥m) = 0 for all
Yis-eos Ym = 0, then the constant C,, is the best possible in (1.8).

A less general version of Theorem 1.1, which assumes the kernel to be a positive func-
tion and which does not determine the best constant, can be found in [5]. There are
many proofs of inequality (1.8). For the sake of completeness, we will recall one which
to us seems to be the easiest and which is inspired by an idea of Schur [6] in the linear
case; see also [5, page 230]. The determination of the best constant, however, is much
more interesting. In this work, a strong emphasis is placed on obtaining explicit formulas,
in terms of the special gamma function T, of the best constants in multilinear extensions
of certain inequalities due to Hilbert, Hardy, and Hardy-Littlewood-Pdlya which do not
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seem to be in the literature. These formulas are presented in Section 3. We prove the
main result, Theorem 1.1, in the following section. The elementary, yet nontrivial, proof
is a nice application of the Dominated Convergence theorem.

Remark 1.2. An alternate way of finding an upper bound for the norm of a positive mul-
tilinear operator is via the so called multilinear Schur test in the work of Grafakos and
Torres [2, Theorem 1]. In particular, for an m-linear operator T with positive and sym-
metric kernel on R, the multilinear Schur test gives the following implication.

If for all B > A > 0, there exist measurable functions u1,...,u,,w on R, with 0 <
Uls...,Um, W < o0 a.e. such that

T(ufi,...,ulyﬁ") <Bw? ae., (1.9)

then T is a bounded operator from L' (R;) X - - - X LP=(R,) into LP(R+), with norm less
than or equal to A.

In the case of the multilinear nontensorial extension of the Hilbert operator P (see
Section 3.1 for its definition), it was shown in [2] that an appropriate choice of the func-

tions uy,. .., Uy, w gives in fact equality in (1.9). Furthermore, it is easy to see that the same

choice of weights u;(y;) = y;l/pjpj, w(x) = x VPP’ |1 < j < m, gives equality in (1.9) for

all m-linear operators T of the form (1.4). In this case B = C,,, where C,, is defined by
(1.3). Therefore, by the implication above, we see that the operator norm || T|| < C,,. We
would like to point out, however, that in order to show || T|| = C,, one needs to either
trace back where equality holds in the inequalities proving the main result of [2] or go
through a similar computation to the one presented here in the next section.

2. Proof of Theorem 1.1

We let g € LY (Ry), 1/p+1/p" =1 and denote by (-,-) the dual (LP,LF") pairing. For
simplicity, we will write L? for LP(R;). Note that, for i = 1,...,m, fooc | fi(xyi)|Pidx =
yi ' fo" 1 fi(x)|Pidx. Using this fact and Holder’s inequality, we obtain the following se-
quence of inequalities:

(T (foenos fn)o8) |

< Loo .. .JOOO | K(y15e.5Ym) | J:o [gG) || filey) | - | fn(xym) | dxdyr - - - dym

00 ) m o l/p,‘
< IR O gl TT( [ L) 17ax) dyn -y

i=1
= Caullgl 1Al = = 1 fonll -
(2.1)

This proves the first part of our theorem.
For the second part, we will show that if the kernel K is nonnegative, then the operator
norm ||T|| of T is exactly C,,. For n a positive integer and i = 1,...,m, we define the
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sequences of functions g, fi, by
gn(x) =x PR (), fun(x) = VPR 1 (). (2.2)

Clearly, IIgnlli’ I fionllPo = Igall e Il finllio - = = | frunllLom = n. We have

(T(fin--e> fnn)&n)

J A nJ;) o Kyt ym) frn(xyn) = =+ fon (xym)dyr - - - dyndx
! —1/ "+1/p'n 1 1 il =1/pi+1/pin
e , KOmeym) [T Ge) dyr+ - dymdx
i=1
1 1/x l/x m
= j x71+1/nJ' .. j )’b ,ym 1_[ 1/P1+1/P1 s dymdx
0 0 0

m

N —nL (x—l/”)'<J0 N .J() K(yl"-->ym 1—[ 1/p,+1/p, 'dym>dx

1 1 m
= nJO .. .IO K(yl’---))/m) 1_[yi—l/PiJrl/Pindy1 . 'd)/m‘f'zli,
i=1

i=1

(2.3)
or
<T(f1,m---)fm,n))gn>
||gn||Lp’ Hfl,nHLm T ||fm,n||me (2.4)
1 1 m m .
=J’0 JO K(yli"-3ym 1_[ 1/P1+1/Px dym+zll/n
i= i=1
Fori=1,...,m, we have denoted
oo Vi yi m —
L’:”L y"_WL s ] KO m) 1_[ STy dy s dyadys(25)

here, 3)7, means that we do not integrate with respect to the variable y;. In the transition
from the fourth to the fifth line in the sequence of equalities above we made the change of
variables x — 1/x. The last equality follows from integration by parts and the observation
that, if we let

S(z1,.. r2m) J J K(yiyeeosym) [ 17 7252 dyy - - - dy, (2.6)

i=1
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then
diS(x,...,x) = Z g— ZJ J K(J1reeor ooy Y)x~ VPV pin
' Voo _ 27)
Xl_[y] Pi pin dyl...dyi...dym’
j#i

where the upper index (i) means that x replaces the variable y; in the ith position. Let
now D; denote the domain of integration in the integral I; above, that is,

Di={(y15..»ym) ERY:1<y; <00, 0<y; <y, j#il. (2.8)

Taking into account that 1/p; + - - - +1/p,, = 1/p, we can bound the integrand of I;/n on
D; as follows:

m m
y, U”K )/b Y 1—[ =1/pj+1/pjn _yi—l/n+1/p1n+-~~+l/pm )’1, o Vm 1—[ —1/pj
1/p’ w“ 1/p; n -1/p; (2.9)
~1/p'n
=y K (yieoym) [ 1y; 7 <K (s ym ]_[ I,
j=1 j=1
Also, on [0,1]™ we obviously have
o _upil/ ooy
K(y1,.. ,ym)]_[y PP < K (y1yes Yim 1_[ b (2.10)

1

-
Il

Now, assumption (1.3) on the kernel K allows us to use the Dominated Convergence
theorem to infer that

m

Vi Vi
%Lrlolcll/n_J J . K }’1: 5 VYm 1_[ /p}dy 'dym;
. 1 1 m 1/p1+1/p,
lim | -+ OK(yl,...,ym ]_[ Y1+ dym (2.11)

m

1 1
-1/
:L...LK(M’_”M l—[ Pidy, - dym.

Furthermore, we have

[0,1] U(UD) =R", (2.12)

and for i, j = 1,...,m, any of the intersection sets [0, 1]\ D;, D;(1Dj, i # j, has Lebesgue
measure 0 in R™. Consequently, (2.4), (2.11) imply that

< (flm fm,n)>gn> _
= el Ufallin - ol (213)

The proof is now complete.
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3. Applications

In this section we wish to revisit some important inequalities due to Hilbert, Hardy-
Littlewood-Pélya, and Hardy. We will discuss the possible multilinear extensions of these
inequalities and provide formulas for the best constants in a closed form via the gamma
function. The formulas we present here do not seem to be in the literature. Let us first
recall a few basic facts about the gamma and beta functions. For more details and further
references on special functions, see the book by Andrews et al. [1]. For a complex number
z with Rez > 0 define

M) = | et (3.1)
0
It follows from the definition that the gamma function I'(z) is analytic in the right half-

plane Rez > 0. Two fundamental properties of the gamma function are that

T

[(z+1)=2I(2), T(I(1~-2)= sin(mz)’

(3.2)

In particular, we also have I'(n) = (n — 1)! for all positive integers n. The second formula
above is known under the name of Euler’s reflection formula. Next we define the beta
function. For z and w complex numbers with positive real parts,

Bz, w) = Ll #1111t (3.3)

We have the following relationship between the gamma and beta functions:

_ T(2)I(w)
B(z,w) = 7F(z+w) . (3.4)

3.1. Hilbert’s operator. Consider the linear operator
Pf(x) = Mdy (3.5)

0o Xty

with the kernel K (x,y) = 1/(x+ y) which is symmetric in the variables x, y and homo-
geneous of degree —1. By duality, we see that the integral analogue of Hilbert’s theorem
(1.2) is equivalent to the best constant inequality

n
IPfllrrr,) < mesc (p) 1 fllzewy).- (3.6)

The operator P is usually referred to as Hilbert’s operator and inequality (3.6) as Hilbert’s
inequality. On our quest for multilinear extensions of (3.6) we would like to preserve the
features of the operator P. In particular, we wish to extend its kernel K1) to kernels K™
that fit the framework of our main result, Theorem 1.1. One such extension is provided
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by the m-linear operator

fl )’1 fm(}’m) .
Pe(fise s fn) (x) = J x+y1) x+ym)d Aym (3.7)
having the kernel
Ry = ! = nl%(l)(x,y,-). (3.8)

(x+y1) - (x+ym)

Although I?ém) is symmetric X, y1,..., ¥, and homogeneous of degree —m, and thus it
preserves the properties satisfied by its one dimensional counterpart KW, the multilin-
ear extension Pg is not very interesting due to its tensorial character. Throughout the
remaining of this paper, we let 1 < p, p1,..., pm <  be such that 1/p = 1/p1 + - - - 1/pp,
and denote by py = p’ the dual exponent of p. We will also write L? for LP(R,). Since

Ps(fiseesfn) =(P® -+ ®P)(fir.ee fm) =P(f1) - - P(fm), (3.9)

using Holder’s inequality and (3.6), we obviously have

||P® (fl)--"fm)”LP = ﬂmUCSC (;)”fl”un Tt ||fm||me- (3.10)

The constant on the right (the operator norm || Py || of Py ) is the best possible.
A much more interesting situation arises when we consider the nontensorial extension

* i) fu(ym)

(x+yi+- ety

P (fiseees fn) (x) = J dy1 -+ dym (3.11)

having the (symmetric in variables x, y1,..., ¥, and homogeneous of degree —m) kernel

R = ! - (3.12)
(x+y14+-+ym)

Noting that K2 g < I%é,m), we know that the operator P- is bounded from LP* X - - - X LPm
into L?. Nevertheless, the a priori constant || Pg || is not the best possible in this case.

Claim 3.1. The following best constant inequality holds:

1 m
1P o £l = G L1057 Nl . 213)

Recall that, due to the homogeneity and symmetry in the variables x, y,..., ¥, of 1?&’1;) R
the formula that computes the norm of the corresponding operator defined by (3.11)
must be a symmetric expression in po, p1,.. ., Pm; see the comments following (1.6). This
is indeed the case in Claim 3.1. Observe that the best “tensorial” constant ||Pg || is sym-
metric only in py, pa,..., Pms in general.
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Proof. By Theorem 1.1, the best constant is given by

:.[0 Jo Lty teetyn) "y Py Py - dy,, (3.14)

Let us denote the integral on the right by I,,,(m,1/p1,...,1/pm). By making the change of
variables y,, = (1+y; + - - - + y,—1)t and integrating first with respect to dt, we get

Im(m,l/pl,...,l/pm)=J (L8t VPndtTyy (m = 1/l Uprsees Upmot). (3.15)
0

Observe that, if we make the change of variables t+1 = 1/s,

Jm(l T r)ebdr = Jls_“_ﬁ_z(l —Pfds = B(—a—f—1,B+1). (3.16)
0

0

Therefore, if we recall the relationship between the beta and gamma functions, we obtain

o o L(m-1/p,,)T(1/p;,)
me=1/pm ¢ — m m
JO (14 1) Vondy L ,

T(m—1/p,,)T(1/p,,) (3.17)
I (M, 1Pty U py) = e Pm) L) 1y 1/l 1 pre s 1 P
I(m)
By a simple induction argument, we obtain from this recurrence that
L(m—1/p,,—---—1/p))L(1/p;,) - - -T(1/p;
I (1,1 Pty ) = = VP r/(frll)) W) - TU/p) (54

Due to the relation on the exponents, the latter equality simplifies exactly to

_wﬂr( ) (3.19)

O

Remark 3.2. One can construct other multilinear extensions of P. For example, consider
the m-linear operator

Palfornsf) ) = | fﬁ“yl"_f";fny)'&)dyl---dym. (3.20)

For m = 1 we clearly recover P from P,,. Note, however, that the kernel of P, is not sym-
metric with respect to x, y1,..., ¥, and we do not have anymore the a priori boundedness
of the operator on products of Lebesgue spaces, since P,, and Pg are not comparable. As
such, the operator P,, does not fall under the scope of our main result, Theorem 1.1. For
the remainder of the paper, we will avoid any further discussion about multilinear opera-
tors that are arbitrary extensions (i.e., which do not preserve the features) of the classical
linear operators considered.
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3.2. Hardy-Littlewood-Pdlya’s operator. We let Q denote Hardy-Littlewood-Poélya’s lin-
ear operator defined by

Qf(x) = Jw &dy. (3.21)

o max(x,y)

Its m-linear nontensorial extension is

Q-s(fi5--. J Al yl f’”(y’")mdyl---dym. (3.22)

[ max (x, Y1,..> Ym) |

Claim 3.3. The following best constant inequality holds:

Q-6 (firwos ) |l = (2 I1 p})llﬁ\lm---||fm||W. (3.23)

i=0 j=0,j#i
Proof. With the notation in the proof of Theorem 1.1, we can decompose R into the

union [0, 1] J(U™, D;) so that the interiors of the sets in this union are pariwise disjoint.
Furthermore, the best constant in the inequality we want to prove is

Co= [+, Tmax(Lopmeay) |3 Py Py dy

) ) . (3.24)
:J yo Py Py Ay + D T
[0,1]m i=1
where
o Y yi _ L —-m—1/p; —1/pm I
= L J .. .L v Vpr y; Vpi | .ym“P dyr---dy;- - dymdy;. (3.25)
Now,
m yl*l/ﬁj m
-1/p —1/pm j 1 4
ey P dyy -y = 1L = 4 (3.26)
me% y yieedy ]1:[1 1-1/p; ° ]._Ulpf
and (recall that p) = p)
1-1/
© wup Y ® Ve
Ji=| i n “1yp; 0 dyi= n pi |, v dyi
1 j=1,j¥-i Pj j=1j#i (3.27)
m )’Tl/Pl—"'—l/Pm ‘
:‘_n pj_l/Pl_..._l/pm 1_[ P]

j=0,j#i

By summing up, we obtain the desired result. O
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In particular, for m = 1, we recover the best constant in the (L?, L?) inequality satisfied
by the operator Q, C; = p+p’ = p*/(p — 1); see [5, page 254]. Furthermore, for the m-
linear tensorial extension of Q,

Q®(ﬁ,...,fm)(x>=j: jo fl” = fnlym) dycdy, (529

max x,y1 - max (x,ym

the best constant inequality is

1Qe foreo fill < 1T 21 Al DSl

Lpm- (3.29)
i= lp

3.3. Hardy’s operator. In his attempts to simplify the proofs known at the time of
Hilbert’s double series theorem, Hardy introduced in [3] the operator

1 X
= L fy)dy (3.30)

and proved that it is bounded from L? into L? with best constant p/(p — 1). Unlike the
kernels of the operators P, Q considered before, the kernel %(”(x, y) = (1/x)x104(y) of R
is not symmetric with respect to the variables x, y (to emphasize this difference, we use
now the lower case letter k). Here, y; denotes the characteristic function of the set I. The
m-linear tensorial extension

Re(fiseeos fin) (x) = meJ: x J:fl ) fm(ym)dyr -+ - dym (3.31)

is then bounded from L?' X - -+ X LP» into L?, and the best constant is [[}"; pi/(pi —
1). Note that the kernel %F@”’) of Rg is still positive and homogeneous of degree —m,
as required in the hypothesis of Theorem 1.1. In our search for an appropriate non-
tensorial multilinear extension of R, we observed that we could also write %”(x, y) =
(1/x)x1011(y/x) = (1/%)X[14/x,00)(2). This simple observation has suggested that we de-
fine the nontensorial extension via

Res (fiens )0 = 2 | o | ot 14+ ) L)+ fnlym) - -y
(3.32)

It is worth noting that, as in the previous examples, the kernel of the nontensorial ex-
tension satisfies %L”Q < EE@’”). We therefore have the a priori boundedness of R-g from
LPr x - -« x LP» into LP. However, since %(fté) is symmetric in the variables y,..., y,, but
not in x, we expect the operator norm of the nontensorial extension to be symmetric in
P1>... pm but notin py = p’ (the index that “corresponds” to x).

Claim 3.4. The following best constant inequality holds:

Hl lr I/Pz

T(mt 17py) |l Ul (3.33)

IR=6 (fis- s ) |l <
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Proof. By Theorem 1.1, the best constant is given by

J J X[O 1 )’1 4. +ym)y 1/p1 . -y;ll/Pmdyl . dym

1=y L=y1==Ym1 ) Vp
JJ J Py Py dy,

1=y BV B m=1 Vpm
—pmf J J ;i 1/p1,..ymvfml<1_ Zn) dym 1 -+~ dy.

k=1
(3.34)

In the last integral, we make the substitution y,,—1 = tp—1(1 — Z,’(";lz yk) and integrate first
with respect to dt,,—;. This allows us to simplify to an integral over only m — 2 variables
multiplied by the integral in t,_,, fo I/P'” "(1 = ty—1)VPudt,—y = B(1/p,,, 1+ 1/p),).
More precisely, we have

T(1/pw-1)T(1+1/py,)
T+ 1/ppy +1/p)

Lt 1-5i5 -1/ -1/
X,[oj J " Pl... P’“<1—Zyk

0 0

Cn =

Vpp+1/p,
) d)/mfz e d)/l

(3.35)

Since, p.,I(1+1/p,,) = I(1/p.,), by letting successively yp—2 = tm2(1 = S4°7 yi)s...
y2 = t1(1 — y1) and integrating with respect to dt,,_»,...,dt respectively, we obtain

_ [T, T(1/p}) _ (3.36)
r(1+37, (1/p})
Since, >/, 1/p; = m — 1/p, the desired result follows. O

Remark 3.5. The integral inequalities we considered have corresponding discrete ver-
sions. For example, the m-linear discrete versions of Hilbert’s and Hardy-Littlewood-
Pélya’s inequalities are, respectively,

© o o 1/pj
ZZ Z kakakl k) C(Zak)l/pn(zak) ,

k=1k =1 1
© 00 © ardg, * -+ Ak 0 , 1/p m . 1/Pj (337)

1 j < C/ p) ( ) .
k%klzzl Z: (max (k, ki« -+ k)" M(kzl“k ]1_[1 Za

The constants C,, and C,, are the ones obtained in Claims 3.1 and 3.3, respectively. The
proofs of the discrete versions follow from an appropriate discrete analogue of Theorem
1.1, but we will not pursue such a result here; the interested reader is referred to [5, page
232] for further details.
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