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We deal with the self-similar singular solution of doubly singular parabolic equation with
a gradient absorption term u; = div(|Vu™ [P72 Vu™) — |Vuld for p>1, m(p—1) > 1
and g > 1 in R” x (0, c0). By shooting and phase plane methods, we prove that when
p > 1+n/(1+mn)g+mn/(mn+1) there exists self-similar singular solution, while p <
n+1/(1+ mn)q + mn/(mn+ 1) there is no any self-similar singular solution. In case of ex-
istence, the self-similar singular solution is the self-similar very singular solutions which
have compact support. Moreover, the interface relation is obtained.

Copyright © 2006 P. Shi and M. Wang. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution,
and reproduction in any medium, provided the original work is properly cited.

1. Introduction and main results

In this paper we consider the self-similar singular solution of the doubly singular para-
bolic equation with nonlinear gradient absorption terms

utzdiv(|Vum|P72Vum)—IVqu in R" x (0, 00), (1.1)

where p>1,m >0, m(p—1)>1and g > 1. When m = 1 and p = 2 the corresponding
conclusions have given in [14, 15], respectively. Here by singular solution we mean a
nonnegative and nontrivial solution u(x,t) which is continuous in R” X [0,0)\{(0,0)}
and satisfies

limsupu(x,t) =0, Ve>O0. (1.2)

=0 |x|>e

A singular solution u(x, t) is called a very singular solution provided that it satisfies

lim u(x,t)dx = 00, Ve>0. (1.3)

=0 Jx|<e
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2 Singular solution of doubly singular parabolic equation

By self-similar solution we mean the function u(x,t) which has the following form

u(x,t) = (%)af<|x|(%)aﬁ>, (1.4)

_ P—q _gq-m(p-1)
Um0 ipa-n P -q (1:3)

where

To guarantee the constants « and f3 are positive, here we consider the case

p>q, gq>m(p—-1)>1 (1.6)

Since q(1 —m(p—1))+p(g—1) > (p—q)(qg—1) >0, the self-similar singular solution to
(1.1), if it exists, satisfies the following ODE boundary problem

L P2 + 2L 172 +rf + = 1 =0, vr>0, .
1.7
f(0)=a>0, lirgorl/ﬁf(r) =0,

where f = f(r) with the self-similar variable r = |x|(a/t)*, the prime denotes the differ-
entiation with respect to .
Throughout this paper we set

v=p+(m(p-1)-1)/B=q+@-1/B>1, o=m(p-1)-1,

(1.8)
y=q—-m(p—1).
Singular solutions were first discovered for the semilinear heat equation
ur = Au—ub. (1.9)

Brézis and Friedman [1] proved that (1.9) admits a unique singular solution for every
c € (0,00) when 1 < p < 1+2/n such that

lim u(x,t)dx =c, Ve>0, (1.10)

=0 J|x|<e

which is called a fundamental solution with initial mass ¢, while it has no for p > 1 +2/n.
Shortly, Brézis et al. [2] had proved that (1.9) posses a unique very singular solution when
1 < p < 1+2/n. In recent years, many authors studied the self-similar singular solutions
(see [4,7,9-11, 13] and the references therein) of the following equations:

u=AW") —uP, 0<m<oo, p>1,
ug=AW") = |Vul?, 1<m<oo, p>1, (1.11)

up=div (| Vum |PPVum) —ul, 0<m<oo, p>1,q>1.
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The large time behavior of solutions to the Cauchy problems corresponding to the above
equations with absorption u? or u? (with m = 1) can also be characterized by their corre-
sponding self-similar solutions, singular solutions, fundamental solutions and very sin-
gular solution, see [3, 5, 6, 8, 12, 16] and the references therein.

To study the boundary value problem (1.7), we consider the initial value problem

U P20+ 17 ) +prf + = 11T =0, >0,

f0)=a>0,  f(0)=0.
(1.12)

Let f(r;a) be the solution of (1.12) and (0,R(a)) be the maximal existence interval where
f(r;a) > 0. Our main results read as follows.

TueoreM 1.1. Assume that p >q > m(p —1) > 1, a and 3 satisfy (1.5). For each a > 0, let
f(r;a) be the solution of (1.12). Then the statements hold:

(I) If nB = 1, namely, p < (n+1)/(mn+1))g+mn/(mn+1), then f(r;a) >0, f'(r;a)
<0 for r € (0,00) and lim, . r# f (r;a) = k(a) > 0 for some constant k(a). Moreover, for
r>1,

i e () [ (=551 S5 o)

(1.13)

(I1) If nf < 1. Then there exist one closed set B and two open sets A and ‘€ which are
nonempty and disjoint and satisfy sd U B U € = (0, co) such that the followings hold.
(i) There is a; > 0 such that (0,a;) C A. Moreover, when a € A, then R(a) < o
and f(r;a) >0, f'(r;a) <0 Vr € (0,R(a)), f(R(a);a) =0and f'(R(a);a) <0.
(ii) There exists a; > a such that (a;,00) C €. Ifa € € then f(r;a) >0, f'(r;a) <0
for all r € (0,0), and there is k(a) > 0 such that lim,_.. r'/f f(r;a) = k(a) and
(1.13) holds for r > 1.
(iii) Ifa € B C [ay,a2], then R(a) < o and f(r;a) >0, f'(r;a) <0 for 0 <r < R(a),
f(R(a);a) = f'(R(a);a) = 0. Moreover, the interface relation

(f") (r;a)) = —(BR(a)) """ (1.14)

lim ———=
r—R(a) fl/(pfl) (r;a

holds.

This theorem shows that when nf < 1 and a € B, the solution f(r;a) of (1.12) has
compact support, hence lim, .., #/# f(r;a) = 0. Moreover, we have the following.

TaeoOREM 1.2. Let the conditions of Theorem 1.1 fulfill. Then the sufficient and necessary
condition that (1.7) has at least one nonnegative and nontrivial solution is nf3 < 1. In case
of existence, the function u(x,t), defined by (1.4), is a self-similar very singular solution to
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(1.1) and satisfies

J u™(x,t)dx = constant, lim u(x,t)dx = 00, Ve>0. (1.15)

=0 J|x|<e

In fact, applying (1.4), for every t > 0 and & > 0, we have

J u(zx, t)dx = (oc/t)““‘”ﬁ)J f(lyhdy,
|x|<e lyl<e(ast)h

(1.16)
J u"/j(x,t)dx=f f”ﬁ(lyl)dy.
Ril RYL

Recall that (1.6) and f has compact support, the integrands at the right-hand side of
(1.16) are integrable as t — 0. Then the result follows. Therefore, the condition p >
((n+1)/(mn+1))q+mn/(mn+ 1) implies that the self-similar very singular solution of
(1.1) exists and has compact support.

The organization of this paper is as follows. In Section 2, some properties of the solu-
tions of (1.12) are studied. In particular, the behavior of the positive solution is obtained.
In Sections 3 and 4, we prove the first part and the second part of Theorem 1.1, respec-
tively.

2. Preliminary

In this section we consider (1.12). Let z = f™, a™ = b, it follows from (1.12) that

-1 ’ ,
n |Z/|p—221+ﬁr(zl/m) +Zl/m_ |(Zl/m) |q:0) r>0)
r (2.1)
20)=b,  Z(0)=0.

(|Z/|p722,)’ +

Writing initial value problem (2.1) as an equivalent integral equation and using the stan-
dard Picard’s iteration, we may prove that for each b >0, (2.1) has a unique solution
z(r) = z(r;b), at least locally. In addition, (2.1) can be rewritten as

7 = |v|_(P_2)/(P_1)v,

(2.2)

ym L B w21y, pym L 0emam 0o,
r m m1

For each ry >0 and z(ry) = 2z > 0, v(r9) = vy, the above first order system admits an

unique local solution at ry by the locally Lipschits continuous condition. Let (0,R(b))

be the maximal existence interval where z(r;b) > 0, it is easy to see that R(a) = R(b).

Lemma 2.1. Let p>q>1, m >0, and q > m(p — 1) > 1. Equation (1.5) holds. For every
b >0, let z(r) be the solution to (2.1), then the following statements hold:

(1) 2'(r) <0 for all r € (0,R(D));

(ii) If R(b) = oo, then lim,_.. z'(r) = 0.

Proof. (i) Since (|2'|P722") = (p — 1)|2/|P722" and lim,_o(12'[P722") = —=b""/n < 0, we
deduce that there is 7 > 0 such that z”(r) < 0 for each r € (0,7). By z/(0) = 0, we get



P. Shiand M. Wang 5

Z'(r) < 01in (0,7). If there is r; € (0,R(b)) such that z'(r;) = 0 and z’(r) < 0 in (0,77),
we have lim,_,, (|z'|P722")" = —z"™(r;) < 0. It follows that there exists § > 0 such that
Z'(r) >01in (r; — 8,r1). This is a contradiction.

(ii) Since z(r) is strictly decreasing in (0,R(b)) and 0 < z(r) < b, we see that

li = 2.
rj}g?h)z(r) ¢ (2.3)
for some € > 0. We claim that
li ! =—¢ 2.4
Jim 2 (r) 1 (2.4)
with €; > 0. In fact, we set
_ L_l / P A (m+1)/m
E(r) = ’ |z (r)|" + 17 (r), (2.5)

then it follows from (2.1) that

Z,(V) | P /"lz(lfm)/;'n(r) |Z,(7') | 2 Lz(lfm)q/m(r) |Z,(7') |q+1 <0
m m4

(2.6)

, n—1
E(f)=—7|

for all » € (0,R(b)). Thus, E(r) is strictly decreasing in (0,R(b)) and 0 < E(r) < m/(m +
1)b(+™/m From (2.3) and the existence of lim, .z E(r), (2.4) follows. Moreover,

’ mp (m+1)/m Ve
|z(r)|s(7(m+l)(p_l)b ) re [0,R®). 2.7)

If R(b) = o0, by (2.3) and (2.4), it is easy to see that £; = 0. This completes the proof. [

LEMMA 2.2. Assume that p >q>q>m(p—1) > 1, m >0 and R(b) = oo, « and f satisfy
(1.5). Then, for each u satisfying 0 < u < f3, there exists a ry(u) depending on y such that
(W/m)rz (r) +z(r) >0 when r > ry ().

Proof. Set h(r) = (u/m)rz'(r) +z(r), we first show that there is a 74 () > 0 such that h(r)
does not change signs for all ¥ > r,. (). In fact, if there is 7y > 0 such that h(ry) = 0, namely,
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Z'(rg) = —(m/ury)z(ry). As 0 > 0, we have
K (ry) = (% + l)z’(ro) + %roz”(ro) = (% + l)z'(ro)

T n—1, 7 —mV/m , ’ -
- “—[— (ro) + £ 20 (1) 2 (1) | (1) | 7
0

2 (10) 2 (10) P77 = 2 20-mm (1) |2 (1) |2*”] 28)

— lzla/m(ro)[/’lp 2 ﬁ /’l) (m/[,l+1) a/m( ):|

1o ( l)mp l
n—1 1 AN p=a-1_1+y/m
T *m(;) 2 () >0
provided that
m' PP —p)rf — (p — 1)(1+m/u)z"™ (ro) = 0. (2.9)

Hence, when rg > 1, () := [(p — 1)((m+p)/(B— ) (m/u)?~1b/™]VP  we have h' (ry) > 0.
This implies that there is a § > 0 such that h(r) > 0 in (ry, 7o + ) whenever h(ry) = 0 and
1o > (). If there exists a r; >y such that h(r;) = 0, we may assume that r; is the first
one. It follows that A(r) > 0in (rg,r1). On the other hand, from /' (r;) > 0 we see that there
existsa 8’ >0 such that h(r) < 0in (r; — 8’, 7). Itis a contradiction. The above arguments
show that, for r > r4 (),

either h(r) <0 or h(r)>0. (2.10)

In the following we prove that it is impossible for the case of h(r) < 0 to occur. In fact,
if h(r) < 0 then z(r) < (w/m)r|z’ (r)| or 2™ (r) < ur|(zV™) (r)], it follows that

zZ(r) < Cr ™¥, qe,z(r) — 0 asr— oo. (2.11)

By the first equation of (2.1) and Lemma 2.1, we have

(I21722) () = 2 20|77+ 1) (0] = Br(2m) (1) = 27 (r)
(2.12)

>=(B—w) (=" ))’=ﬁ—r;”rz“*m>/m|z'|.

(@) If m > 1, then z="/"(r) > ((w/m)r|2' (r)|)1=™/™ By (2.12), we have

_ (1=m)/m
(12'1P722") (1) > u(%) Pm 2 () | (2.13)

m
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This implies that

rio/m—1_7\" 0(/3_/’{) ﬁ (=mym /m ._ 1/m
(IZ'] Z)(r)>7m2(p—1)<m> rl/m.= §rt/m,

Integrating (2.14) over (r«(u),r) gives

(121712 ) (r) > (1217712 (rs (W)

+

o 15(1’(’"“)/’” - r,(km“)/m(y)) — 00 asr — 0o,

which contradicts to Lemma 2.1(ii) since o > 0.
(b) If 0 < m < 1. Since r|2’ ()| > (m/u)z(r), applying (2.12), we have

(|Zr|p—2zr)’ S ﬂ;“zl/m(r).

It follows that
(12 1P712) > —MZl/m(r)z’(r) = —8,2Y"M(r)2 (r).
Using (2.11) and Lemma 2.1(ii) and integrating (2.17) from r > r, () to co gives
|2/ ()] > nzn—fllz(”‘“)/m(r), r>rie(p),

that is,

m51

/p
m+1> , Vr>re(p).

g g (mt 1)/ mp) (

Since (m+1)/(mp) < 1, integrating (2.19) from r, () to r gives

) > 2 )+

It is a contradiction. This completes the proof.

m81
m+1

For 0 < u < 3, the following estimates are the direct conclusion of Lemma 2.2

|z'(r)] < ‘%Z(r), z2(r) > Cor™™#  Vr> 1.

1/p
) (r—rs(u)) — 0 asr — oco.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

LEmMA 2.3. Assume that the conditions of Lemma 2.1 fulfill. Then lim,_.g)z(r;b) = 0.

Proof. The conclusion is obvious when R(a) < co. We only prove the result for R(b) = oo.
By Lemma 2.1(ii), we have lim,_, |2’ |P~2z" = 0. We divide the proof into four steps.

Step 1. We first claim that

liminf | (12'17722')"|(r) = 0.

(2.22)
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In fact, if (2.22) is not true, there must exist 8y > 0 and ry > 0 such that |(|z'|?722")"| > &
for r > ry. We will obtain a contradiction from the following two facts.

(a) If there is a 7 > ro such that |2/ |?=22/(r) is monotonic in r > £, then it must be in-
creasing (because 2’ <01in (1, 0) contradicts with R(b) = o). Therefore, (p—DIz'|P727" =
(12'1P722') = |(2'|P~22')"| > & in (£, ). Integrating the above over (%, ) gives

(1Z1P722) (r) > (1Z1P722") () + 8(r =) — o asr — oo, (2.23)

It is impossible.

(b) If |z’ |P~2Z’ (r) is not monotonic in 7>t for any t>ro, which implies that (|2’ |7 ~22")(r)
ultimately oscillates infinite times. Let {¢;} be the sequence realizing the minima and sat-
isfying lim;_ o t; = co. Then (|2'[?~%z)'(t;) = 0, which contradicts to what we assume
previously.

Step 2. We will show that lim,_« [(zm) (r)] = 0. In fact, if 0 < m < 1, it is a direct con-
clusion of Lemma 2.1(ii). While m > 1, using Lemma 2.2 yields

) (1)] = 20 () 2/ (0)] < !%zl/m(r) < ib“m 0 asr— oo, (224)

Step 3. We claim that

;g%r(zl/m)’(r) =—e""/B, (2.25)
where ¢ is defined in (2.3). To prove this, we consider the following two cases.

(a) If there is 7 > 0 such that 7(z"/")'(r) is monotonic in r € (7, ), then it must be
increasing (if it decrease then r(zV™)'(r) < #(z"™) (¥) := —Cy < 0 for all r > 7, which
gives zV/"(r) < zV/"™(7) — CoIn(r/T) — —o0 as r — o). Since r(z"™)’(r) < 0, we see that
lim, . 7(2"/™)'(r) exists. From (2.22) we can take {7;} such that lim;_.7; = c and
lim;_«(|2'[P722")' (7;)=0. Applying (2.1), we get lim,_.o, (z!/™) (r)=1lim;_ o 7; (z"™)" (F})
— _gl/m/ﬁ‘

(b) If r(zV™)"(r) oscillates infinite times in (7, o) for each 7 > 0, then we take the
sequences {r;} and {?j} realizing the minima and the maxima, respectively, such that
lim;_«(rj,7;) = (c0,00) and rj < 7; <141 < Fj41 for all j. Therefore, 0 = (r(z"/™)")'(r}) =
(2Y™)'(r;) + rj(2"™)" (1)), that is, 2" (rj) = =2 (rj)/rj + ((m —1)/m)(2' (r}))*/2(r}). In
view of (2.1), we have

(p—mZ [P~ (rj)/ri+ (p— D)(m—1)| 2 (r;) | P/ (mz(r;)) + Brj(z™) (r;)

, (2.26)
+2"(rj) = [ (z)" | *(r;) = 0.
By Lemma 2.2, we get |2/ (r)|?/z(r) < (m/ur)PzP~1(r) — 0. Putting j — oo, it follows from
(2.26) and Lemma2.2 that limj_ . rj(z"™) (rj) = —€Y™/B. In the similar way,
lim;_. 7j(z"™)'(7;) = —€"™/B. Since for each sufficiently large r, either r; < r <7 or
7j <1 <rj1, we obtain (2.25).

Step 4. We prove € = 0. Assume by contradiction that € > 0, then from (2.25) there is
r1 >0 such that r(z"™) (r) < —€™/(28) < 0 in r € (r;,). Integrating this inequality
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gives
bl/m > Zl/m(f’l) _ Zl/m(l’)
r , gl/m (2-27)
:J (= (zYm™) (s))ds>ﬁln(r/r1)—»oo asr — .
It is impossible. The proof is completed. O

LeEMMA 2.4. Assume that the conditions of Lemma 2.1 fulfill and R(a) = oo. Then
}iﬁrg rZ' (r)/z(r) = —m/p. (2.28)
Moreover, for each small € >0,
2(r) < Crr B |2 ()| < Cur T B s, (2.29)

where Cy and C, are positive constants.

Proof. We first prove that H(r) = (u/m)rz'(r) + z(r) does not change signs as r > 1 for
every p > f3. Using the arguments of Lemma 2.2, if there is a y > 1 such that H(ry) = 0, it

follows that z' (rg) = —(m/ury)z(ry). Then we have
H,(To) = <% + 1>Z/ (1’0) + %roz”(ro)

1 P=1_1-¢/m

=—15 %2 T
p\P? _ 2q-p
- m+#Z(T’0) <0
Uro
(2.30)

provided that

2— 2+g—
(ﬂ—y)(%) p+(n—l)mropz”/m(ro)-f—ym_q(;) “r—qz<q—1>/*"(ro)<0. (2.31)

Recall that p >g>m(p—1) >1landry > 1, set
1/q

) = [ﬁ(%)zp(m— 1)m+qu(%)z+w)wm} SRS

Let r*(u) = max{1,7(u)}. We see that H'(ry) < 0 whenever H(ry) = 0 and ry = r* (),
which implies that there exists a § > 0 such that H(r) < 0 in (rg,7o +8). If thereisar; >y
such that H(r;) = 0, we may assume that | is the first one. Then H(r) < 0 in (rg,71).
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On the other hand, by H'(r) < 0 we see H(r) >0 in (r; — §’,7;) for some §" > 0. Itis a
contradiction. Thus,

either H(r)<0 or H(r)>0, Vr>r*(u). (2.33)
If H(r) >0 then |2/ (r)| < (m/ur)z(r) and Br(z"™) (r) + (B/u)z"™(r) > 0. By (2.1), w
have
(121722) () = T2 20|77 1) (0] = Br(2m) (1) = 27 ()
(2.34)
n—1(m\""' L ym P 1m
<[ pr (‘u) z (r)+(w)qzq +‘u—1]z .

Since 0 >0, g > 1 and u > 3, we see

_ p-1
lim [” ! (ﬂ) 2 4 LZWW] -0. (2.35)
r—o rp U (‘ur)‘i

It follows from (2.34) that there is 7 > r*(u) such that (|z'|?~22")'(r) < 0, that is, 2’/ (r) <
0 in (7,0). It contradicts to R(b) = oo. This implies that for each ¢ > 0, there exists a
r*(B+¢€) >0 such that

%rz'(r) +2z(r) <0, Vr>r*(f+e). (2.36)

Integrating (2.36) over (r* (5 +¢),r) and applying (2.21), we obtain (2.29).
Using Lemma 2.2 and (2.36), we have, for each ¢ > 0,

m rz' (r) m
ﬂ—€< o) S Bie Vr>max {r«(—¢), r*(f+e)}. (2.37)
This completes the proof. O

3. Thecaseof nf5 > 1
In this section, we will prove the following lemma.

LemMa 3.1. Assume that p >q>m(p —1) > 1, a and f satisfy (1.5). Then for each b >0
there exists a k(b) > 0 such that when nf > 1, R(b) = o and lim,_., r'/BzV"(r) = k(b).
Moreover, forr > 1,

2" (r;b) = k(b)r 1//5<{1+ﬁ2 (k(ﬁb)) [mP1<1 - nﬁﬁ;l) —i(k(ﬁa))y]r”+o(r”)}

Proof. By (2.1), we have

(rl/ﬁ—1|z'|p—2zf +ﬁr1/ﬁzl/m) 7’1— 1/‘8)’,1/[3 2|Z |p 1+r1/ﬁ 1| l/m | > 0. (3.2)
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So the function G(r) := r'/B=1|z'[P=2z' + BrV/Bz/™ is strictly increasing in (0,R(b)). In the
proof of Lemma 2.1(i) we see that |2/ (r)|?~! = O(r) as r < 1. Thus lim,_(G(r) = 0 and
G(r) >01in (0,R(b)), which implies R(b) = 0. Consequently,

rl/,Bfl ( |Z’ |p—227)(r) +ﬂr1/ﬁzl/m(r)

—(n- 1/B)Lr51/ﬁ—z 12/(s) |P*1d5+ L:SV;H | (27 (s) | Uds. (3.3)
It follows from (2.21) and (2.29) that
@ e, () (0] < (3.4)
with
m1:1+v—m(p_1)8, my=1+v— q¢ . (3.5)
B(B+e) B(B+e)

Hence, lim, .o, r'/A=1(|2’[P722")(r) = 0 and the integrals at the right-hand side of (3.3)
make sense over (0, o) if ¢ is suitably small. Therefore, from (3.3) we derive

lim rBzV™ ()

- . . (.6)
= (=1 [ 21201 s | Y ()| s ) /8= k(D).
0 0

Consequently, by Lemma 2.4 we have

Kb)

2 (r;b) = k(b)r P (1+0(1)), (™) (r;b) = — r B (140(1)), Vr> 1

(3.7)
Moreover, applying the first equation of (2.1) yields

1

B () = 1) ()] T+ B2 |2 0|7 = (1202 ()]

m(p—1)
=<%)qr_l_”(l+o(l))+(n—l)mp_l<%> ! r177(1+0(1))
—r (|2 (0P ()
(3.8)
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Integrating (3.8) over (r, %) we obtain
Bk(b) — Br/BzY/m(r)

q
= %(%) r " (1+0(1)) +

—J sYB=1(12'1P722")  (s)ds.

(n—1)mP=1 (k(b)\" PV
f(?) r”(1+0(1)) (3.9)

Since lim,— r'/A=1(]2'|P=22")(r) = 0, it follows that

J sYBL(12'1P722") (s)ds = rB 12 [P () + (1/B — 1) J sVB=212/ [P~ 1 (s)ds

m(p—1)
:mP‘l<%> ! r(1+0(1))
k(b \"PD (3.10)
+(1/B - 1)mP~ 1( (b) ) J 1 (1+0(1))ds

B
- (k(b )m(p ! (1+ ) (1+0(1)).

By (3.9) we see
q
Bk(b) — Br/2m (1) = {% (%) b

Hence, we have

2 (r) = k(b)r”ﬁ{l ‘3 (";3")) [mw (1- ”‘;;1) - i(k(ﬁb))y]ﬂ(l +o<1>)}
(3.12)

«%) (”@;1_1)} (14 0(1)).
(3.11)

This completes the proof. O

Lemma 3.1 gives the proof of the first part of Theorem 1.1, which indicates that when
nfB > 1 there is no self-similar singular solution.

4. The caseof nff < 1
In this section we will prove the second part of Theorem 1.1.

LemMa 4.1. Assume that p > q >m(p — 1) > 1, equation (1.5) holds. Let b >0, z(r) be the
solution of (2.1). Then

(i) If mq+1—g >0, then |2/ (r)| < mbmat1-9/(ma) vy € (0,R(b)).

(i) If mq+1—q <0, then |2/ (r)| < mzmat1-9/ma)(y), Vr € (0,R(D)).
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Proof. Notice that lim,_o(1z'|?722")'(r) = =b"™/n < 0, it is easy to see that there is a 7

such that (|z'|P722")'(r) < 0, namely, z”(r) < 0 in (0,7). Combining (2.1) with z'(r) < 0
yields zV™(r) — [(zV™)(r)|9 = 0 in (0,7). Therefore,

|2/ (r)| < mzmati=2/ma () Vre(0,7). (4.1)
If (|12|P722)'(F) > 0 for some 7 > 0, then there exists ry < 7 such that (|2’ |?722") (ry) = 0
and (|z'|P722")'(r) > 0, that is, 2/ (r) > 0 in (ro,7). So z'(ry) < 2 (¥) < 0, and |2’ (rp)] <
mz(mat1-9/(ma) (y), which implies

|2/(F)| < |2 (ro) | < mzlmati=2/(ma) (y,), (4.2)

If mg+1—¢q >0, then for every r € (0,R(b)) combining (4.1) with (4.2) gives (i).
While mq+1 — g < 0, since z(r) is strictly decreasing, it follows from (4.2) that

|2/ (F)| < mzmari-aV/ma)(F). (4.3)

Hence, (ii) follows from (4.1) and (4.3). This completes the proof. O

Ifmg+1—-¢g>0,then0< (mg+1—-q)/(mq) <(m+1)/(mp)<1and 1/[m(p—1)] <
(m+1)/(mp) since 1 <m(p—1) < g < p. We can choose 8 such that

max{mq-l—l_q, ! 7S,<9<m7+1 (4.4)
mq m(p—1) mp

whether or not mq+1— g > 0. It follows from that (4.4) that 1 -0 > (p — 1)0 — 1/m. We
define, for each A >0 and 7 > 0,

Py =1z7)10<z<ny, —A% <2/ <0},

(4.5)

P =1(z7)]2>0, -1z <2/ <0}.

LEmMA 4.2. Assume that p >q >m(p —1) > 1, (1.5) holds. Let
g i=m(0(p — 1)/11’17(1’_1)9_1/’” + 171_9)/(/1[3). (4.6)

Then, for any given A >0 and n >0, ¥), is positively invariant for r > ry,, namely, if
(2(rn),2 (1)) € Fny then the orbit (z(r),2' (1)) of (2.2) remains in ¥y, for all v > 1) .

Proof. Since the vector field enters &), from the positive z-axis, we only need to show
that it also enters ¥, , from the parabola

hyi=1z7)0<z<y, 2 = -27%. (4.7)
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On 1y,
(j{;’), _ pi 1 [_ ne—rlzl,g N %|Z/|27pzl/m—0+ %lzfll—pz(erl)/mf@
B ﬁ |Zr|1+q—pz1—e+(1—m)q/m] (4.8)
< 7m(p1— 06 [ — BrA2=PzV/m=(p=10 4 yyAl=p lmelym=p0] o )
provided that
r>m(0(p — DAPZP=DO=Vm 4y 4 21-0(1)) /(AB). (4.9)

Notice that m(p —1)0 > 1, 1 — 60 >0 and 0 < z < . Consequently, (4.8) holds when r >
= m(0(p — 1APyP=D0-Vm 4 1=0)/(A ). This implies that (z' +1z%)' >0 on the
parabola [, when r >r), and that the orbit enters ¥, , again unless the orbit is not
in &), all the time. This completes the proof. O

We define three sets:
A={b>0|R(b) <o andz (R(D)) <0},
B ={b>0]|R(b) < o0 and z' (R(b)) =0}, (4.10)

%€ = {b > 0| the orbit (z,2") starting from (b,0) enters &, eventually}.

Remark 4.3. For any b € 6, the corresponding solution z(r;b) satisfies z’ +z% > 0 when
r < R(b) and close to R(b), which implies R(b) = c. On the other hand, if R(b) = co and
b & 6, by Lemma 4.2 there is ry > 0 such that z’ + z% < 0 for r > . This implies that

270r) <2'%(r)) —(1 - 0)(r —ry) — —o0, asr — oo. (4.11)

It is impossible. Therefore the three sets &, B and € are disjoint with d U B U € =
(0, c0).

LemMa 4.4. Set sd is nonempty and open. Moreover, (0,b;) C A if 0< b < 1.

Proof. Let we(t) = e~ 'z(r;e) with t = re=/("P) applying (2.1), w, satisfies

n

7 p— " -1 7P ’ ’ ’
(|W£|P ZWS) +T(|We|p zwe) +ﬁt(wel/m) +W;/m_801{(wg/m) |q:O’ r>0,

(4.12)
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where 01 = [p(q — 1) —qo]/(mp) >0since p(q—1)+q(l —m(p—1)) >(p—q)(g—1) >
0, we see that o1 > 0. Set E.(£) = ((p — 1)/p)Iw.(£) |2 + (m/(m + 1))w™ V™ (1), then it fol-
lows that

n—1

E(t) = ——

t 01 _
|W;(t) |P _ %ngfm)/m(tﬂwé(t) |2 _ %ng M)q/m(t)|wé(t)|q+l <0.

(4.13)

Consequently, E(¢) <m/(m+1) for each >0, both w,(¢) and w/(¢) are uniformly bounded
with respect to t > 0 and & > 0. Moreover,

) B mp 1/p
()] < (FH)@_ 1)) . (4.14)

Denote by (0, T,) the maximal existence interval where w,(t) >0, then w;(t) < 01in (0, T¢).
Considering the problem

4 _1 !
(1w [P~2w") +n—|W'|p*2w'+ﬁt(W1/’”) +w/m =0, r>0,
t (4.15)
w(0) =1, w' (0) = 0.

We claim that there exists some ty > 0 such that the solution w(t) of (4.15) satisfies w(ty) =
0, w'(tp) < 0 and w(t) >0, w'(t) <0 for every t € (0,%). In fact, by the contradiction that
if the solution w(t) of (4.15) is strictly positive, then we have, since nf3 < 1,

(" [P720 4+ B WYY = —(1 - n)t"w M <0, V> 0. (4.16)
The function "~ 1(|w'[272w")(£) + t"w'/™(¢) is strictly decreasing in (0, ), thus
W' (£) + YDy Vmp=D) ()= <0, V¢ >0. (4.17)
It follows from (4.17) that

1 — w0 () > L UP-D/ (=) . oo a5t — oo, (4.18)
mp

It is a contradiction. Hence, there is some finite t, >0 such that w(t) >0, w'(t) < 0 for
t € (0,ty) and w(ty) = 0. Moreover, we can show w’(ty) < 0. In fact, let tg > t > ty/2 and
integrate (4.16) over (0,t), we have

W' 1P W) () + B wm(t)

‘ " (4.19)
- (- n/3)L S lwlm()ds < — (1 - n[)’)L S lwlm(s)ds:= —Co < 0

for some Cy > 0. Sending t — t; yields t (W [P2w') (ty) < —Cp < 0, namely, w'(t) < 0.
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Let #9 > 0 be so small that when ¢, fulfills 0 < t) — #; < 1, the followings hold

W(tl) < 7o, W’(l’l) < W,(to)/z,

1

21 (IW1P72w) () + o™ + #((

m+1)(p—-1)

(a-1)/p (4.20)
it ) My <0

with 03 = [(1 —m)g+m]/m > [q—m(p —1)]/m > 0. By the continuous dependence of
the solution on the parameter ¢ we have

Te>t, we(ti) =n<no, wi(ti)<w (f)/2, VO<e<l. (4.21)
It follows from (4.12) and (4.14) that, for ¢ > t1,
(¢ [wy | P2 wi o+ Berwy™)
(q-1) (4.22)
(1 _ n-1, 1/m _ ﬂ( mp ) tn—l (1-m)g/m,,
<—=(1=np)t" w, mi \ G D) (p—1) w W

Let t, > t; and satisfy

(n=1)/0q
p/(p=1) _ p/(p=1) mp “1/(p-1),,0/(m(p=1)) ( h )
t =t + , e< . (4.23
2 ! m(p—l)—lﬁ To t+1 (4.23)

Integrating (4.22) from t; to t < min{ T, t, + 1}, we get,
et (w772 wl) (6 + el (o)

< (wL PP (0) + BEiwl ™ (4)

o1 (g=V)/p rt -
€ ( mp ) J S,,,IWEI m)q/mwéds
(m+1)(p-1) 4

o2, o1 pn—1 (q—1
< (i) ) gl (0) + S Ee (e ) e )

(q=1)/p
St?l{ [wi|P72wl) (1) + Briwl™ (1) + : (%) ng(tl)}

1 , w1 e,
<t g w2 )+ g+ () e <o

It follows from (4.24) that

wl () + (BOV P D! P ) <0, # < t<min{Tetr +1}. (4.25)
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Integrating (4.25) from t; to t,, we have

_ _ m(p—1)—1 _ _
W/mPD) () D) (Pm ) ﬁl/(p71)<t§/(l7 D _ gp/p=D)
p (4.26)

(m(p—l))(tl) . HU/(m(p—l)) <0

o/
< Wg 0

This shows that T, < t,. By (4.24) it follows that, for some constant C,
(W22 W) (1) + Btwlm() < C <0, Ve (1,T.). (4.27)

Sending t — T, gives w,(T:) < 0.

The above arguments show that whenever b = ¢ < 1, (0,b) C s. By the continuous
dependence of the solution on the initial value b, it is easy to see that o is open. The
proof is completed. O

LEMMA 4.5. Set @ is nonempty and open. Moreover, (b,o0) C 6 if b > 1.

Proof. We first show that if the initial value b is suitably large then the corresponding
orbit (z,z") must remain in &; for all > 0. This implies that b € 6.

To do this, let ry > 0 be the first value where the orbit intersects with the boundary of
&1. Then z'(ry) = —z%(ry) because the orbit enters ¥, from the positive z-axis.

(a) Applying Lemma 4.1(i) we have

2(ro) = |2 (ro) | < mVPp(mat1-a/mg®) (4.28)

provided that mg +1 — g > 0. On the other hand,
) o
z(ro) = z(0) + J Z(s)ds=b +J (— mblmati=al/ma)) gs — p — pplmati=a)/ima)y,
0 0
(4.29)

Consequently, we obtain
o > lbl—(mqﬂ—q)/(mq)(l _ ml/ﬂb(mqﬂ—q)/(mqﬂ)—l) = ¢l(b) (4‘30)
m

By Lemma 4.2, 11, = m(1+60(p — 1)bP0=(mt1/m)p1=0/3  According to (4.4) the choice of
0, we have

b
M—»oo asb — oo, (4.31)
TLb
It contradicts to Lemma 4.2.
(b) If mg+1—q <0, then m<1and (q—1)(1 —m) > m. Since |2/ (ro)| = 2%(ro), ap-
plying Lemma 4.1(ii), we have z0+(a~1="9/(m9) (1) < m and

ro > Ll (bla=D/ma) _ Z(a=D/ma) (1)
q-
(4.32)
= (0~ Com) 1= 92(0)
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with C(m) = mala-D-m)/(mqb+q-1-mq) Npotice that

$2(b) .

0 ash— oo, (4.33)
mq b

This also contradicts to Lemma 4.2. This fact shows that when b > 1, (b, ) C 6.

Now, we prove that € is open. By the definition of ¢ and Lemma 4.2, if by € € then
there exists ro > riop, = m(1 + 0(p — 1)(2bo)P0=mtV/my(2py)1=0/8 > 11}, such that
(z(ro3b0),2' (r0; b)) € F1. Hence, by the continuous dependence of the solution on the
initial value there must be a neighborhood N of by such that ro > 14, z(;b) >0 on [0, 7]
and (z(rp;b), 2’ (ro;b)) € ¥ for all b € N. Lemma 4.2 implies that (z(r;b),z' (r;b)) € ¥,
forall rg < r < R(b), and hence b € 6. a

When b € 6, the corresponding solution of (2.1) is strictly positive and R(b) = .

LEMMA 4.6. Let b € Q. Then there exists a k(b) > 0 such that lim,_ . rEzV/™(r;b) = k(b).
Moreover, forr > 1,

" : 1 k@[, ~1\ k@ L
27 (r5b) = k(b)r l/ﬁ{1+/32(;> [mp 1(1_”/; )_;(7") } +o(r( )})
4.34

Proof. Since the proof of the second part of this lemma is completely similar to Lemma
3.1, we only prove the first part. By the first equation of (2.1), we have

(/b1 12 |2y +ﬁr1/ﬂzl/m)’(r) =(n- l/ﬁ)rl/ﬁ*Z |z’(r)|1071 + /Bt | (Zl/m),(i’) | 1,
(4.35)

Integrating the above over (0,7), we have

rl/ﬁ—l (|Z, |p—2zr) (r) +ﬁrl/[j’zl/m(r)

r r (4.36)
=(n- l/ﬁ)J sYB2| 2 (s) |p71ds+J’ sVBTL| (2m) (s) | Uds.
0 0

Since nf < 1, using the estimates (2.21) and (2.29), the integrals at the right-hand side of
(4.36) make sense over (0, o) and lim, ..o /A~1 |2’ (r)|P~2f(r)=0. Hence, lim, . r /A2 (r)
=k(b) = 0 exists.

Assume that k(b) = 0, it follows from (2.21) that

zry<Cr ™, |Z(r)| <Cr "B, Vr> 1, (4.37)
with some positive constant C. Then integrating (4.35) from r to oo, we have

rl/,Bfl ( Iz |p—zzr)(r) +ﬁr1/ﬁzl/m(r)

. y . / (4.38)
=(1/p- n)L sYB=2| 2/ (s)|P ds — L sYEL (2Ym) (s) | 1ds.
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Applying Lemma 2.2 and (4.37) we have, for r > 1,

B2 () |P < et

>

(4.39)
r1+1/ﬁ| (Zl/m)’(r) |‘1 < Crl/ﬁﬂ—qzm/q(r) < C2r1—v
with some constants C; and C,. Thus we see that
lim 8|2/ (r) |72/ (1)
(4.40)
—hmrj sVB2| 2 ()| ds = hmrJ sYB=T] (2™ (s) | 1ds = 0.
It follows from (4.38) that lim, .. r'*1z"/"(r) = 0 and the following estimates
z(r) < Cr—ma+/p), |2/ (r)| < Cr=t-ma+/p) (4.41)

hold for all r > 1 and some C > 0. Repeating this argument, we have lim,_.., rMz(r
for every positive number M. This implies that there is a constant C such that z(r
Cr~M, which contradicts to (2.21). This completes the proof.

)=0
(r) <
O
Lemma 4.7. B is nonempty and closed. Moreover, if b € B, the corresponding solution

z(r;b) of (2.1) satisfies the following interface condition:
Z'(r;b)

i < \BLY) 1/(p-1)
,Lllrz?h) ZV(m(p=1) (; ) (ﬂR(b)) . (4.42)

Proof. Applying Lemmas 4.4 and 4.5 and the definitions of the three sets s, B and €, we
see that & is nonempty and closed. By the first equation of (2.1) we have

( n— 1|Z ‘p 22’+[3T” 1/m) _ 1_,,[/3 P 1 1/m+rn 1| l/m \‘1. (4‘43)
Integrating the above from r to R(b) yields

(12122 (1) 4 B2
R(b) R(b) ) (4.44)
=(1- n[f)J VM () ds — J s (2Y™) (s) | Uds.
r r
It is easy to calculate that lim,_pg(,)z~ " (r) ff(a)s”‘lzl/”’(s)ds = 0. Divided (4.44) by
zV™(r) and putting r — R(b), by UHospital’s rule we have

(2 P2 2)(r) _ Umy (]9
Jim ST BRO) = lim (27 ()] (445)
In the following we prove that
lim | (z"™) (r)] =1 _ o, (4.46)

r—R(b)
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If m < 1, from the definition of % the conclusion is obviously. Thus we only need to prove
(4.46) form>1.Since l = (m—1)(p—1)=p—m(p—1) >0, namely, (m—1)(p—1) €
(0,1), it follows that

R(b)
tim 2 VD) |tz ds = o (4.47)
r— r

Divided (4.44) by zm=D(=D/m(y) and putting r — R(b), by UHospital’s rule we have

— / 1 mliq , -1
r—~R(b) ()l mlﬂ% | (g () [T, (4.48)

where m; = [1 - (m—1)(p—1)]/[m(q—1)] >0. Denote by [y = (1 —m)/m, [, = Iy + m;.
If I, = 0, by (4.48), then (4.46) holds. If [; <0, since I/m+(p— 1)l >[1 = (m—1)(p —
1)]/m > 0, divided (4.44) by z~(»~Dh and sending r — R(b) and using U Hospital’s rule we
get

o I ’ p-1 _ m—1 lz g-1
Jim |21 (N2 (n|" = “O-Dh Jim | )2 () |17, (4.49)
where
1-m p -1 1 p-
l2 " q—ll 1+ (q—l) —ll+q lml. (450)

If I, > 0, then it follows from (4.48) and (4.49) that (4.46) holds. If , < 0 then repeating
the above method, we obtain a sequence

u=44+(3——> m, k=12, (4.51)
qg-1
such that
: I 4 p-1 — miq lk+l q-1
Jim |24 ()2 ()] - Dk m | Z4(r)Z (r) | (4.52)

provided that x < 0. From p > ¢ > 1 and m; >0, we see [ — oo as k — co. There is kg >0
such that Iy, <0, l,+1 = 0. Then by (4.52) we see that lim, () Izhz'| = 0. By a recursion
relation (4.52), (4.46) follows. From (4.45) and (4.46) the conclusion holds. This prove

(4.42). 0
Proof of Theorem 1.1. Applying Lemmas 3.1, 4.4-4.7, the theorem follows. O
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