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The embedding theorems in anisotropic Besov-Lions type spaces BZ’Q(R”;EO,E) are stud-
ied; here Ey and E are two Banach spaces. The most regular spaces E, are found such
that the mixed differential operators D* are bounded from Bﬁ,,o(R”;EO,E) to B;)O(R”;E(X),
where E, are interpolation spaces between Ej and E depending on « = (a1, aa,...,,) and
I=(I1,h,...,1,). By using these results the separability of anisotropic differential-operator
equations with dependent coefficients in principal part and the maximal B-regularity
of parabolic Cauchy problem are obtained. In applications, the infinite systems of the
quasielliptic partial differential equations and the parabolic Cauchy problems are stud-
ied.
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1. Introduction

Embedding theorems in function spaces have been studied in [8, 35, 37, 38]. A com-
prehensive introduction to the theory of embedding of function spaces and historical
references may be also found in [37]. In abstract function spaces embedding theorems
have been investigated in [4, 5, 10, 17, 21, 27, 34, 40]. Lions and Peetre [21] showed that
if

uely(0,T;Hy),  u™ €Ly (0,T;H), (1.1)
then
u € L,(0,T;[H,Hy ), i=1,2,...,m—1, (1.2)

where Hy, H are Hilbert spaces, H is continuously and densely embedded in H, where
[Hy,H]p are interpolation spaces between Hy and H for 0 < 8 < 1. The similar questions
for anisotropic Sobolev spaces W}Q(Q;HO,H ), Q C R" and for corresponding weighted
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2 Embedding and B-regular operators

spaces have been investigated in [28—-31] and [23, 24], respectively. Embedding theorems
in Banach-valued Besov spaces have been studied in [4, 5, 27, 32]. The solvability and
spectrum of boundary value problems for elliptic differential-operator equations (DOE’s)
have been refined in [3-7, 13, 28-33, 39, 40]. A comprehensive introduction to DOE’s and
historical references may be found in [15, 18, 40]. In these works, Hilbert-valued function
spaces essentially have been considered. The maximal L, regularity and Fredholmness of
partial elliptic equations in smooth regions have been studied, for example, in [1, 2, 20]
and for nonsmooth domains studied, for example, in [16, 26]. For DOE’s the similar
problems have been investigated in [13, 28-32, 36, 39, 40].

Let Ey, E be Banach spaces such that Ej is continuously and densely embedded in E.
In the present paper, E-valued Besov spaces Béfg(R”;Eo,E) = B;’H(R";Eo) N Béfé(R”;E) are
introduced and called Besov-Lions type spaces. The most regular interpolation class E,
between E; and E is found such that the appropriate mixed differential operators D*
are bounded from Bé,f;(R”;EO,E) to B}, ,(R";Eq). By applying these results the maximal
regularity of certain class of anisotropic partial DOE with varying coefficients in Banach-
valued Besov spaces is derived.

The paper is organized as follows. Section 2 collects notations and definitions. Section
3 presents the embedding theorems in Besov-Lions type spaces

B3t (R™ Ey,E). (1.3)

Section 4 contains applications of the underlying embedding theorem to vector-valued
function spaces. Section 5 is devoted to the maximal regularity (in Bj, ,(R";E)) of the
certain class of anisotropic DOE with variable coefficients in principal part. Then by us-
ing these results the maximal B-regularity of the parabolic Cauchy problem is shown. In
Section 6 these DOE are applied to BVP’s and Cauchy problem for the finite and infinite
systems of quasielliptic and parabolic PDEs, respectively.

2. Notations and definitions

Let E be a Banach space. Let L, (Q); E) denote the space of all strongly measurable E-valued
functions that are defined on Q C R" with the norm

1/p
o = ([IFNEdx) , 1<p<o,
(2.1)

I fllL.up) =esssup [|[f )|z, x = (x1,%2,...,%n).
xeQ

The Banach space E is said to be a {-convex space (see [9, 11, 12, 19]) if there exists
on E X E a symmetric real-valued function {(u,v) which is convex with respect to each of
the variables, and satisfies the conditions

{(0,0) >0, ((u,v) < lu+vll, forllull <1=<|vl. (2.2)
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A {-convex space E is often called a UMD-space and written as E € UMD. It is shown in
[9] that the Hilbert operator

: f(y)
Hf)(x)=lim =—22d 2.3
Hf)) =tim| T dy (23)
is bounded in L,(R;E), p € (1,00) for those and only those spaces E, which possess the
property of UMD spaces. The UMD spaces include, for example, L,, I, spaces and the
Lorentz spaces Lpg, p,q € (1,00).
Let C be the set of complex numbers and let

Sp={hreClargl—n| <m—9juU{0}, O<¢p=m. (2.4)

A linear operator A is said to be a ¢-positive in a Banach space E, with bound M > 0 if
D(A) is dense on E and

1A =AD"y = M(1+1A]) (2.5)

with A € Sy, ¢ € (0,7], I is identity operator in E, and L(E) is the space of all bounded
linear operators in E. Sometimes A + Al will be written as A + 1 and denoted by A). It is
known [37, Section 1.15.1] that there exist fractional powers A? of the positive operator
A. Let E(A%) denote the space D(A?) with the graphical norm

Vi
lull gaey = (||u||P+||A‘9u||P) L | <p<oo, —00< < 0. (2.6)

Let Ey and E be two Banach spaces. By (Eg,E),,p, 0 <0 <1, 1 < p < co we will denote
the interpolation spaces obtained from {Ey,E} by the K-method (see, e.g., [37, Section
1.3.1] or [10]).

Let S(R";E) denote a Schwartz class, that is, the space of all E-valued rapidly decreasing
smooth functions ¢ on R". E = C will be denoted by S(R"). Let §'(R"; E) denote the space
of E-valued tempered distributions, that is, the space of continuous linear operators from
S(R") to E.

Let o = (@1, q2,...,ay), a; are integers. An E-values generalized function D f is called
a generalized derivative in the sense of Schwartz distributions of the generalized function
f € S (R",E) if the equality

(D*f,9) = (-1)%(f, D) (2.7)

holds for all ¢ € S(R™).
By using (2.7) the following relations

F(DSf) = (i)™, (i6) " f,  DEF() = F[(—ixa)™.o(—ixa) ™ f]  (2.8)
are obtained for all f € S'(R%;E).
Let Lj (E) denote the space of all E-valued function spaces such that

00 0dt 1/60
Hqu=<LHMﬂM7> coo, 1=0<00,  lulleir = sup [[u®ll, (2.9)

0<t<oo
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Lets = (s1,82,...,5,) and s > 0. Let F denote the Fourier transform. Fourier-analytic rep-
resentation of E-valued Besov space on R” is defined as

50 (RGE) = {u € S'(RE), llullp o)

> (2.10)

n
) HF S s (1 ] e € Fu
L (Ly(R™E))

k=1

pE (1100)) 0 [1700]) Ik >5k}~

It should be noted that the norm of Besov space do not depend on 5. Sometimes we
will write IIuIIB;ﬁ in place of IIuIIB;’a(Rn;E).

Let!= (I1,12,...,1n),s = (51,825...,5,), where [; are integers and s are positive numbers.
Let WZB;’H (R™;E) denote an E-valued Sobolev-Besov space of all functions u € B;,G (R™E)

such that they have the generalized derivatives fo u=0oh u/axff €B, o(R5E), k=1,2,...,n
with the norm
I

n
ol wigs yrese) = Nl By o (rese) + Z ||Du
k=1

By o (R%SE) < 00, (2.11)

Let Ey is continuously and densely embedded into E. WIB;,G(R”;EO,E) denotes a space of
all functions u € B;,Q(R”;EO) N WIB;)Q(R”;E) with the norm

< oo, (2.12)

n
_ _ I
Nl wegs, = Nl wigs o(reseo,py = 1l B p(RrsED) +k§ HDk u By (RiE)

Let I = (I1,h,...,14), s = (81,52,...,S4), where si are real numbers and [ are positive num-
bers. Bgé(R”;EO,E) denotes a space of all functions u € B;,Q(R”;Eo) N Bi;fg(R”;E) with the
norm

|u||B;fé(R”;Eo,E) = ||u||B;‘9(R”;E0) + Hu”Blpfg(R”;E)' (2.13)

For Ey = E the space ng(R”;EO,E) will be denoted by B;fé(R”;E).

Let m be a positive integer. C(Q; E) and C™ (s E) will denote the spaces of all E-valued
bounded continuous and m-times continuously differentiable functions on (, respec-
tively. We set

Cy(QE) = {u € C(QE), lim u(x) exists}. (2.14)

|x|— o0

Let E; and E, be two Banach spaces. A function ¥ € C"(R";L(E;,E,)) is called a multi-
plier from B;’Q(R”;El) to B;‘G(R";Ez) for p € (1,00) and g € [1, 0] if the map u — Ku =
F"W(&)Fu, u € S(R™;Ey), is well defined and extends to a bounded linear operator

K : B} 5(R"E) — B (R Ey). (2.15)
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The set of all multipliers from B;,Q(R”;E 1) to B;’Q(R”;Ez) will be denoted by Mg:g(s,E b

E,). E; = E; = E will be denoted by MZ:Z(S,E ). The multipliers and operator-valued mul-
tipliers in Banach-valued function spaces were studied, for example, by [25], [37, Section
2.2.2.],and [4, 11, 12, 14, 22], respectively.

Let

Hy = {¥4 € MPG(5,En,E), h = (..., hy) € K] (2.16)

be a collection of multipliers in Mgzg(s,El,Ez). We say that H is a uniform collection of
multipliers if there exists a constant M, > 0, independent on h € K, such that

||F~'¥),Fu

B y(RrsEy) < Mollull o(roiey) (2.17)

forall h € K and u € S(R";E,).
Let 8 = (B1,p25...,Px) be multiindexes. We also define

Vn = {f = (fl){b-'-:fn) ER”) Ei 7/: 01 i= 1,2,...,1’1},

(2.18)
U= {B: 18l <n}, &=l e =11

Definition 2.1. A Banach space E satisfies a B-multiplier condition with respect to p, g,
0, and s (or with respect to p, 8, and s for the case of p = q) when ¥ € C"(R";L(E)),
1<p<g=<o,feUy,and& eV, if the estimate

& P16 P, 6 P IDPR(E) |y < © (2.19)

implies ¥ € Mg:g(s,E).

Remark 2.2. Definition 2.1 is a combined restriction to E, p, ¢, 8, and s. This condition
is sufficient for our main aim. Nevertheless, it is well known that there are Banach spaces
satisfying the B-multiplier condition for isotropic case and p = g, for example, the UMD
spaces (see [4, 14]).

A Banach space E is said to have a local unconditional structure (l.u.st.) if there exists a
constant C < oo such that for any finite-dimensional subspace E; of E there exists a finite-
dimensional space F with an unconditional basis such that the natural embedding E, C E
factors as AB with B: Ey — F, A: F — E, and ||A||||B|| < C. All Banach lattices (e.g., L,
Ly 4, Orlicz spaces, C[0,1]) have Lu.st.

The expression |[ullg, ~ [lullg, means that there exist the positive constants C; and C,
such that

Cillullg, < llullg, < Callullg, (2.20)

forall u € E; N E,.
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Let a1, a,...,a, be nonnegative and let [}, ,...,1, be positive integers and let

l<p<g<o, 1<6<oc, |a:.l|=2%, %:Zw,
k=1

hlll I
(2.21)
o a1 a2 o a\(x\ S
D" = DI DE D = S 1= 2%
Consider in general, the anisotropic differential-operator equation
L+Mu= > au(x)Du+Ay(x)u+ > Au(x)D*u=f (2.22)

lasll=1 lacl]<1

in B;’Q(R”;E), where a, are complex-valued functions and A(x), A,(x) are possibly un-
bounded operators in a Banach space E, here the domain definition D(A) = D(A(x)) of
operator A(x) does not depend on x. For l; =, =,...,=I,, we obtain isotropic equations
containing the elliptic class of DOE.

The function belonging to space B;TGZ(R”;E(A),E) and satisfying (2.22) a.e. on R" is
said to be a solution of (2.22) on R".

Definition 2.3. The problem (2.22) is said to be a B-separable (or B;’Q(R”;E)-separable) if
the problem (2.22) forall f € B;,G(R”;E) has a unique solution u € B;fé(R”;E(A),E) and

[ AullB; ,(rr:E) +| % ||D“H||B;’9(Rn;E) < Cll fllB; y(resE)- (2.23)
all=1

Consider the following parabolic Cauchy problem

ou(y,x)

3 +(L+MNu(y,x) = f(y,x), u(0,x)=0, y€R,:, x€R", (2.24)

where L is a realization differential operator in By, 5(R";E) generated by problem (2.22),
that is,

D(L) = Bj}(RSE(A)E),  Lu= Y ax(x)Du+AXu+ D Au(x)D*u. (2.25)

| l]=1 | l|<1

We say that the parabolic Cauchy problem (2.24) is said to be a maximal B-regular,
if for all f € By, 4(R*';E) there exists a unique solution u satisfying (2.24) almost every-

where on R?*! and there exists a positive constant C independent on f, such that it has
the estimate

3. Embedding theorems

ou(y,x)
dy

+ ||LMHBS RTLE) = C” ||BS RE)- (226)
B ¢ o (RIE) Fllgs yrevisy

In this section we prove the boundedness of the mixed differential operators D* in the
Besov-Lions type spaces.
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LEmMMA 3.1. Let A be a positive operator in a Banach space E, let b be a positive number,
r =12 tn), & = (a1,0Q2,...,0,), and | = (I, h,...,1,), where ¢ € (0,7], rr € [0,b], Ik
are positive and oy, k = 1,2,...,n, are nonnegative integers such that » = [(a+7r):1] < 1.
ForO<h <hy< oo and0 <y <1 — s the operator-function

"E AR [A+ ()] (3.)

Y(E) =¥nu(®) = [& 1" &7 &

is a bounded operator in E uniformly with respect to & and h, that is, there is a constant C,
such that

¥hu (Ol = Cu (3.2)
forall & € R", where
n=n@=> & +n". (3.3)
k=1

Proof. Since —1(&) € S(¢), for all ¢ € (0,7] and A is a -positive in E, then the operator
A+7(&) is invertiable in E. Let

u=h"tA+nE] " f. (3.4)
Then

Aptty

1) fllg = (A #ul[gh= 8 [ RV [ RV,

(3.5)
Using the moment inequality for powers of positive operators, we get a constant C,, de-
pending only on g such that

aytry

) fllp < Cah™ O I RAul = #{|ul|>H | RVIE | L RVRE,

(3.6)

Now, we apply the Young inequality, which states that ab < a*1/k; + b*/k, for any positive
real numbers a, b and k;, k, with 1/k; + 1/k; = 1 to the product

”hAqu—%—y[”u”%+y | hl/ll El |lX1+f|’.”’ | hl/l"fn

] (3.7)
with ky = 1/(1 — 3¢ — ), ky = 1/(5c+p) to get
%) fllp=Cuh™ 179§ (1 = 3¢ = o)l [hAu]|

et [V & 1 V6 |1 )
(3.8)

Since

i o+ i _ 1 Z(X,"I—Ti: » <1 (39)



8 Embedding and B-regular operators

there exists a constant M, independent on &, such that
n
|51 |(a|+r1)/(%+/4)"”’ | fn | (etntry)/ (3e+p) <M, (1 + Z |fk | lk) (3.10)
k=1

for all £ € R™. Substituting this on the inequality (3.8) and absorbing the constant coeffi-
cients in C,, we obtain

v fll < Cy [h”(IIAuH + Z | & |lk||u||> +h““)||u||]. (3.11)
k=1
Substituting the value of u we get
o] = G| lata s n®1 71+ 3 16l “a ) 1

k=1

+h 00| [a+n®] £

(3.12)

By using the properties of the positive operator A for all f € E we obtain from (3.12)

M@ fllp =< Cull flle. (3.13D)

LemMa 3.2. Let E be a UMD space with Lu.st., p € (1,0), 8 € [1,00] and let for all k, j €
(1,n)

S, S

lk+$k l]‘ +s;

<1 (3.14)

Then the spaces B;fé(R”;E) and W’B;’Q(R”;E) are coincided.

Proof. In the first step we show that the continuous embedding WZB;,Q(R“;E) C B;fg(R”;
E) holds, that is, there is a positive constant C such that

lull gy < Cllallwisg s (3.15)

forall u € WIB;,(,(R”;E). For this aim by using the Fourier-analytic definition of an E-

valued Besov space and the space WIB;)(,(R";E) it is sufficient to prove the following
estimate:

n
HF S e (L ] )4 Fu
k=1

n
- CHF S e (14 |6 e Fo
k=1

Lop Lop

(3.16)

where

Lop = L} (L,(R™E)), v=F"! (1 +> f,’j)Fu. (3.17)
k=1
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To see this, it is sufficient to show that the function

1

n n -1 n -
¢(§):Z<1+|fk|lk+5k+5><2(l+|€k|5k+5)) <1+Z~£k|lk> , 0>0 (3.18)
k=1 k=1

k=1
is Fourier multiplier in L,(R™E). It is clear to see that for f € U, and & € V,

AN AL

DF&)]| ) = C. (3.19)

Then in view of [41, Proposition 3] we obtain that the function ¢ is Fourier multiplier in
L,(R%E).

In the second step we prove that the embedding B;:g (R E) C WIB;’G(R";E) is contin-
uous. In a similar way as in the first step we show that for si/(lx +sx) +5;/(I; +5;) < 1 the

function

n -1

v~ ( S s &™) (1+ 5 &) S s )| e

=1

is Fourier multiplier in L,(R"; E). So, we obtain for all u € B;f)g(R”;E) the estimate

n n
HF‘ DA (14 &) (1+ Z&i")e“'zw
k=1

k=1 Lop
(3.21)
n
- CHF S e (14 [ &) 190 B
k=1 Lyop
It implies the second embedding. This completes the prove of Lemma 3.2. g

THEOREM 3.3. Suppose the following conditions hold:

(1) E is a UMD space with Lu.st. satisfying the B-multiplier condition with respect to
p>q € (1,0), 8 € [1,00], and s = (s1,525...,4), where s are positive numbers;

(2) a = (a1,a2,...,0,), I = (I, ..., 1), where ay are nonnegative, I are positive integers,
and s such that sp/(Ix +sx) +s;/(lj+s;) <1 fork,j=1,2,...,nand 0 < p <1 -3, »x =
[(a+1/p—1/q):1;

(3) A is a p-positive operator in E, where ¢ € (0,71] and 0 < h < hy < oo.

Then the following embedding

DB, (R E(A),E) C By o(R:E(A'™ 7)) (3.22)
is continuous and there exists a positive constant C, depending only on u, such that

ID%u

ey (ospat-) < Cul BNl g oy ey + 7 Nl g e (3.23)

forallu e B?j)(R”;E(A),E).



10 Embedding and B-regular operators
Proof. We have
||Dau||BZYB(R";E(A'*%*F)) = ||A17%7”D“”||B;6(R";E) (3.24)
for all u such that
|\Dau”B;’a(R";E(A]”"M)) < 00, (325)
On the other hand by using the relation (2.8) we have
AT DYy = FT'FA =7 D% = F7'(iE)*A' " #Fu. (3.26)

Since the operator A is closure and does not depend on ¢ € R” hence denoting Fu by #,
from the relations (3.24), (3.26) and by definition of the space WZB;,O(R”;EO,E) we have

||Dau||Bf1,g(R”;E(A1-%—M)) “ ||F_I(i£)“A1_”—Ma|

B; o(R"sE)?

(3.27)
el wips o(resEo,B) ~ Il AULB (o) + Z |[F~ lfk “”35 (RME)*
k=1

By virtue of Lemma 3.2 and by the above relations it is sufficient to prove that

I igyeat—+a

B y(RSE)
| I ~ —(1— PN
<C [w(HF Alllpe ez +kz [F~' (&k0)] 5 (Rn;E)> +h UW||[F'a B;e(Rn;E)}.
1
(3.28)
The inequality (3.23) will be followed if we prove the following inequality
[|F~[(i&)* A #q) B y(R1E) < Cul|F'[h(A+n)]u S(RYE) (3.29)
for a suitable C, and for all u € Bs” o(R;E(A),E), where
n=n(E)=> [&"+h". (3.30)
k=1
Let us express the left-hand side of (3.29) as follows:
|[F~[(i&) Al #] B (RSE) (3.31)
=[[F & A= WA+ )] [ (A+n)]a o(R1E)" (3.32)

(Since A is the positive operator in E and —#(&) € S(¢@) so it is possible). By virtue of
Definition 2.1 it is clear that the inequality (3.23) will follow immediately from (3.31) if
we can prove that the operator-function ¥ = (i§)*A' " #[h#(A + )] ! is a multiplier in
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0 Dl . . . . . ..
MZ,Q(S,E), which is uniform with respect to h. Since E satisfies the multiplier condition

with respect to p, g, 0, and s, then by Definition 2.1 in order to show that ¥ MgZZ(s,E),
it suffices to show that there exists a constant M, > 0 with

B |ﬁ1+v 15, |ﬁ2+v)“., &, ﬁﬁv“Df\}'(f)HL(E) <M, (3.33)

forall fe Uy, £ €V, and 0 < h < hy < 0. To see this, we apply Lemma 3.1 and get a
constant M,, > 0 depending only on u such that

L& [ I Oy < My (3.34)

for all £ € R" and v = 1/p — 1/q. This shows that the inequality (3.33) is satisfied for
B = (0,...,0). We next consider (3.33) for B = (fBi,...,8,) where ffx = 1 and f3; = 0 for
j # k. By differentiation of the operator-function ¥(£), by virtue of the positivity of A,
and by using (3.34) we have

<M, &™) k=12...n (3.35)
L(E)

Ha%‘lf(f)

Repeating the above process we obtain the estimate (3.33). Thus the operator-function
Wh,(&) is a uniform multiplier with respect to b, that is,

¥y, € Hy  MIG(sE), K =R, (3.36)

This completes the proof of Theorem 3.3. O

Result 3.4. Let all conditions of Theorem 3.3 hold. Then for all u € Béfg(R";E(A),E) we
have a multiplicative estimate

[|[D%u

1-p I
B g wsar=) = Cullull g gy ) 1lly oy (3.37)

-1

Indeed setting h = HUHB;’B(RW;E) : ”””ng(Rn;E(A),E

) in the estimate (3.23) we obtain the above

estimate.

Remark 3.5. Tt seems from the proof of Theorem 3.3 that the extra condition to space
E (E is UMD space with L.u.st.) and the condition s/(Ix +s¢) +s;/(l; +s;) < 1 for k, j =
1,2,...,nare due to Lemma 3.2 (here the L.u.st. condition for the space E is required due to
using of Marcinkiewicz-Lizorkin type multiplier theorem [41] in L, (R"; E) space). There-
fore, the proof of Theorem 3.3 implies the following.

Result 3.6. Suppose the following conditions hold:

(1) E is a Banach space satisfying the B-multiplier condition with respect to p,q €
(I,0),0 € [1,00] and s = (s1,$2,...,5,), Where s; are positive numbers;

(2) a = tlar,a,...,a,), I = (I1, ..., 1,), where ay are nonnegative and I are positive
integers such that >e = [(a+1/p—1/g):l| < landlet0<pu <1-s;

(3) A is a gp-positive operator in E, where ¢ € (0,7] and 0 < h < hy < oo.
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Then the following embedding
D*W'B; 4 (R E(A),E) C B o (R E(AT7#)) (3.38)
is continuous and there exists a positive constant C, depending only on u such that

||[D%u

B g (RIE(A1- 1)) = C,u[h”||u||W’B;’9(R";E(A),E) +h_(l_ﬂ)”u”B;)9(R";E)] (3.39)

for all u € W'B;, 4(R; E(A), E).

Remark 3.7. The condition si/(lx +s¢) +s;/(lj +5;) < 1fork, j = 1,2,...,nin Theorem 3.3
arise due to anisotropic nature of space By, g. For an isotropic case the above conditions
hold without any assumptions.

4. Application to vector-valued function spaces
By virtue of Theorem 3.3 we obtain the following.

Result 4.1. For A = I we obtain the continuous embedding D"‘Bgé(R”;E) C B}, o(R;E)

and corresponding estimate (3.23) for 0 < y < 1 — 5 in space B;fé(R”;E).

Result4.2. For E=R™, A =1 we obtain the following embedding D"‘Bgé(R”;R’”) C B;)Q(R”;
R™) for 0 <y <1 — s and a corresponding estimate (3.23). For E = R, A = I we get
the embedding D“B;fé(R”) C B;)Q(R") proved in [8, Section 18] for the numerical Besov
spaces.

Result 4.3. Letlh =L =---=l,=m,s1=s,=--+ =5, =0, and p = q. Then for all E

€ UMD and |a| < m we obtain that the continuous embedding D"‘Bg’*@m(R”;E(A),E) C
Z)Q(R”;E(Al“"“/ ™)) and a corresponding estimate (3.23) for the isotropic Besov-Lions

spaces B;’J@m(R”;E(A),E).

Result 4.4. Let 0 be a positive number. Consider the following space [37, Section 1.18.2]:

lgz{u;uz{ui},iz1,2,...,00, u; € C} (4.1)

with the norm

o 1/q
lullie = <zziqa|ui|‘1> <00, (4.2)

i=1
Note that lg = l;. Let A be an infinite matrix defined in [; such that
D(A) =15, A=[8;2"], (4.3)

where §;; = 0, when i # j, §;; = 1, when i = j, i,j = 1,2,...,00. It is clear to see that

this operator A is positive in [;. Then from Theorem 3.3 for sp/(Ix +s) +5;/(l; +55) < 1,
k,j=1,2,...,nand 0 < p < 1 — 5, 5c= >} (ax +1/p1 — 1/p2)/lx we obtain the contin-
1(10us )embedding D“Bglfg(ﬂ;l",lq) C B;Z,Q(Q;ZZ(I_%_”)) and the corresponding estimate
3.23).
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It should not be that the above embedding has not been obtained with a classical
method until now.

5. Maximal B-regular DOE in R"
Consider the following differential-operator equation

(L+MNu= Z ac(x)D*u+Ay(x)u+ Z Ay(x)D%u = f (5.1)

lazll=1 | ll<1

inBj, (R";E), where A(x), Ay(x) are possible unbounded operators in a Banach space E,
ay are complex-valued functions, I = (I, b,...,l,) and I; are positive integers. The max-
imal regularity for DOE was investigated, for example, in [12, 14, 30]. Let us consider
DOE with constant coefficients

(Lo+Mu= > buDu+Au=f, (5.2)

lal]=1

where A is a possible unbounded operator in E, Ay = A + A and b, are complex numbers.

THEOREM 5.1. Suppose the following conditions hold:

(1) E is UMD space with Lu.st. satisfying B-multiplier condition with respect to p €
(1,00), g € [1,00], and s = (s1,52,...,5,), where sy are positive numbers;

(2) A is a p-positive operator in E with ¢ € (0,7] and

K(E) == Z ha(i‘fl)m ) (i£2)a2’“-’(ign)an € S(ﬁl’)» |K($)| = CZ |£k|lk’ EE R
k=1

le.l|=1

(5.3)

(3) s/ +sk) +sj/(lj+5sj) <1 fork,j=1,2,...,n.

Then for all f € B;, ;(R™;E), for |argAl < m — ¢ and sufficiently large |A| >0 (5.2) has
a unique solution u(x) that belongs to space B;,f;(R”;E(A),E), and the coercive uniform
estimate

>, MDYl + Nl Aullg, < Clif s, (5.4)

lal|<1

holds with respect to the parameter A.

Proof. By applying the Fourier transform to (5.2) we obtain

[K(E)+Ar &) = f(&). (5.5)

Since K(§) € S(¢) for all £ € R, the operator A + [A+ K (§)] is invertible in E. So, we
obtain that the solution of (5.5) can be represented in the form

u(x) = FUA+A+K(E)] ' f. (5.6)
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By using (5.6) we have

lAullgy, = ||[FA[A+ A+ KE)] ' f

By
(5.7)
ID%ully, = [F68)" - (18)",.... (1) [A+ A+ K@) ]|,
Hence, it is suffices to show that the operator-functions
on(@) = [A+A+K(©)]
(5.8)

on(§) = A1 (GE) ™ - (i6),..,(i6) " [A+ A+ K(©)]

are multipliers in B}, ,(R"; E) uniformly with respect to A. Firstly, by using the positivity
properties of operator A we obtain that the operator function 03 (§) is bounded uniformly
with respect to A. That is,

lon@©llpe <Co j=12. (5.9)

Then by virtue of the same properties of the operator A we obtain from (5.9)
188 DEa ()l ey < Mj, BEUn E€ Vi j=1,2. (5.10)

Then in view of (5.10) we obtain that the operator-valued functions ¢j,(£) are the
uniform collection of multipliers from Bj, . (R"; E) to B;, ;(R"; E). So we get that forall f €
B;, ,(R";E) there is a unique solution of (5.2) in the form u(x) = F'MA+(A+ K(f))]’lf
and the estimate (5.4) holds.

Consider the problem (5.1). Let Ly and L operators in Bj  (R";E) be generated by
problems (5.2) and (5.1), respectively, that is,

D(Lo) = D(L) = B, (R",E(A),E),

Lou = Z aq(x)D*u+ Au,
lasdl=1 (5.11)

Lu=Lou+Liu, Liu= Y Au(x)Du
Ja:l]<1

O

THEOREM 5.2. Suppose condition (1) of Theorem 5.1 holds and let

(1) A(x) be a ¢ positive in E uniformly with respect to x, A(x)A " (xy) € Cp(R;
B(E))3xy € (=00, 00), aq € Cp(R), where ¢ € (0,7];

(2) Ag(x)A~0-lell=) € L (RS L(E)), 0<p< 1—|a:|;

(3) K(%,8) = = X jquti—1 bali&)™ - (i&2)%,...,(i&)* €S(9), IK(x,&)| = C T}, &%, & e
R", x e R",
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Then for all f € B;, ,(R™;E), |argA| < m — ¢ and for sufficiently large |A| (5.1) has a
unique solution u(x) that belongs fo space B”‘(R” E(A),E), and the coercive uniform esti-
mate

>, MDAl + Nl Aulls, < Cllif s, (5.12)

[laIll<1

holds with respect to A.

Proof. Let ¢; € Ci'(R"), j = 1,2,...,00, be a partition of unity such that 0 < ¢; <1 and
supp@; C Gj, 2.;¢j(x) = 1. Let g; € C*(R") such that gj(x) = 1 on supp¢;. Then for all
ue BZ*S(R" E(A),E) we have u(x) = Zj uj(x), where u;(x) = u(x)@;(x). From the equal-
ity (5.1) for u € Bé,f;(R”, (A),E) we obtain

(L+Muj = Z ac(x)D%uj+Ay(y)ui(y) = fi(y (5.13)
| l]=1
where
=fo;i— D baj(x)D%u— > Aa( (5.14)
Ja.l]<1 lal]<1

and b,;(x) are continuous and uniformly bounded functions containing derivatives of
¢;. Choose a large ball B, (0) such that |a,(x) — as(c0)| < 8 for all |x| = ry and Gy =
R"\ B, (0). Cover By,(0) by finitely many balls G; = B, (x;) such that |a,(x) — aa(x;)| < 8
for all |x — x| <rj, j = 1,2,...,N. Define coefficients of the local operators L; as in [12,
Theorem 5.7], that is,

ag(x), x & B,,(0),
ag(x) =
@ Zi —
a(X(TO |x|2)) xEBro(O))
B (5.15)
aq(x), xEBrj (xj)’
j
aa(x) = A -
aa(xj +r§x7x]2>, x ¢ By, (x;)
|x— x|

for each j = 1,2,...,N. Then [a,(x) — aq(x;)| < 6 for all x € R" and j = 0,1,2,...,N.
Freezing the coefficients in (5.13) we obtain that

> aa(x;)Duj + Ay (x;) uj(x) = Fj(x), (5.16)
lal]=1

where

Fi=fi+ > laa(xj) —aa(x)]D%;+[A(x}) — A(x)]u;. (5.17)

lo.l]=1
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By virtue of Theorem 5.1 we obtain that the problem (5.16) has a unique solution u;,
and for |argA| < 7 — ¢ and sufficiently large |A| we get

Z A o ””Da”J”BS (G/iE

lasll<1

26 = ClIF 5 (6.): (5.18)

Whence, using properties of the smoothness of coefficients of (5.14), (5.17) and choos-
ing diameters of G; sufficiently small, we get that

$ (GiE) = SHMJHB;tq’(Gj;E(A),E) 5 4(GE) (5.19)

where ¢ is a sufficiently small function and C(§) is a continuous function. Consequently,
from (5.18) and (5.19) we get

Z |/1|17|a:'l|||D{X”j||3;,q(cj;5) < ClI f (G555 + Ol[u

lol] <1

syt + COlufllpy 6 p (5:20)

Choosing § < 1 from the above inequality we have

> |,W"““”||D"‘uj||3;,‘q(cj;5) < C[Ilfllcj +

lacl]<1

- (5.21)

Then by using the equality u(x) = 3;u;(x) and by virtue of the estimate (5.21) for u €
B;,fé(R”;E(A),E) we have

z |/1|1—\0c:.l\ ||Do¢uj

lazll<1

s < ClIL+Dully, +lulls, |. (5.22)

Letue B;,qu (R";E(A),E) be a solution of the problem (5.1). Then for |argA| < 7 — ¢ we
have

luallgy,, = [I(L+A)u = Lu _A[||(L+)L gy, + luall gy |- (5.23)

Then by Theorem 3.3 and by virtue of (5.21)—(5.23), for sufficiently large |1| we have

Z M|l—\tx:.l|||D¢x .

lazll<1

By, < Cl[(L+A)u (5.24)

The above estimate implies that the problem (5.1) has a unique solution and the op-
erator (L +A) has an invertible operator in its rank space. We need to show that this rank
space coincide with the space B;’q(R";E). Let us construct for all j the function u;, that
is defined on the regions G; and satisfying the problem (5.1). The problem (5.1) can be
expressed in the form

D aa(xj)D%uj+ Ay (xj) uj(x)
le.l|=1

(5.25)
—{gjf+[A(x) - > Aux)D" uj} i=12,....

lazl]<1
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Consider operators Oj) in Bj, ;(Gj; E) generated by problems (5.25). By virtue of The-
orem 5.1 forall f € B;,)q(Gj;E), for |argA| < m — ¢ and sufficiently large || we obtain

Z |M 1—-|acl] ||D‘xoj_,llf

lazll<1

Bf},q + ||AO]_)Llf B;,q < C”fHB;’q. (5.26)

Extending u; zero on the outside of supp ¢; in equalities (5.25) and passing substitu-
tions u; = Ojj\l v; we obtain operator equations with respect to v;:

vj = Kj,\Uj +gjf) ] =1,2,...,N. (5.27)

By virtue of Theorem 3.3 and the estimate (5.26), in view of the smoothness of the
coefficients of the expression K, for largA| < m — ¢ and sufficiently large |A| we have
IKjrll <&, where ¢ is sufficiently small. Consequently, (5.27) has a unique solution v =
[I -Kj] 'gf and we get

llvillas,, = 11T = Kn] "8 fllg,, =< 1 f g3, (5.28)
Whence, [I — Kji] 'g; are the bounded linear operators from B;’q(R”;E) to B;,q(Gj;E).
Thus, we obtain that the functions u; = U, f = O}AI [I - Kj] 'gjf are the solutions of
(5.25). Consider a linear operator (U +AI) = Zj ¢i(»)Ujrf in B;,q(R”;E). It is clear from
the constructions U; and the estimate (5.26) that the operators U, are bounded linear
from B, (R%E) to B;fé(R”;E(A),E) and

Z |/\|17|a:.l|||DaU]alf

Jall<1

By, T AU, f

in fllg, = ClifliB;, (5.29)

for |argA| < m — ¢ and sufficiently large |A|. Therefore, (U + AI) is a bounded linear
operator from B, to By .. Then the act of (L+A) to u=>;¢;Unf gives (L+A)u =
f+2®pf, where @) are linear combinations of Uj and (d/dy)Uj. By virtue of
Theorem 3.3, by estimate (5.29), and from the expression ®;, we obtain that operators
®;) are bounded linear from B; (R E) to B;,q(Gj;E) and [|®j; || < §. Therefore, there
exists a bounded linear invertible operator

-1
<I+Z®ﬂ> : (5.30)
j

Whence, we obtain that for all f € B;,,q(R”;E) the problem (5.1) has a unique solution

-1

u=(U+M)<I+Zd)jA) £ (5.31)
j

that is, we obtain the assertion of Theorem 5.2. O
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Result 5.3. Theorem 5.2 implies that the differential operator L has a resolvent operator
(L+A)"! for |arghA| < 7 — ¢, and for sufficiently large |A| it has the estimate

D IAII""“'”||D“(L+’1)’l||L(B;,,,,(Rn;E)) + HA(L+A)71||L(3;)4(R";E)) <C (5.32)

lal|<1
Remark 3.5 and Theorem 5.2 imply the following.

Result 5.4. Suppose the following conditions hold:

(1) E is a Banach space satisfying B-multiplier condition with respect to p € (1, )
and g € [1,00];

(2) A is a gp-positive operator in E with ¢ € (0,7] and

K@) == > ba(i&)™ - (i&)%,.... (i)™ € S(g),

lozl|=1
(5.33)

n
|[K(x,8)| =C> &%, EeR", xeRy

(3) A(x) is a ¢ positive in E uniformly with respect to x, A(x)A~!(xy) € Cp(R; B(E)),
Xp € (—00,00), aq € Cy(R), where ¢ € (0,7];

(4) Ag(x)A-Q-lali=) eL (RSL(E)), 0<p<1—la:ll.

Then for all f € B4 ;E), largA| < m — ¢ and for sufficiently large |A| (5.1) has a

unique solution u(x) that belongs to space W’BP) (R";E(A),E), and the coercive uniform
estimate

ST I Dl + Aullsg, < Clflls, (5.34)

lacd| <1
holds with respect to A.

TuEOREM 5.5. Let all conditions of Theorem 5.2 hold for ¢ € (0,7/2). Then the parabolic
Cauchy problem (2.24) for | argA| < m — ¢ and sufficiently large |A| is maximal B-regular.

Proof. The problem (2.24) can be expressed in B;’H(R+;F ) in the following form:

du(y)
dy

+(L+Du(y) = £(£), u(0)=0, y>0, (5.35)

where F = Ly (G; E) and L is the differential operator in By, 5(R"; E) generated by the prob-
lem (5.1). In view of Result 4.3 the operator L is positive in B;’O(R”;E) for ¢ € (0,71/2).
Then by virtue of [4, Corollary 8.9] we obtain the assertion. O

Remark 5.6. There are lots of positive operators in concrete Banach spaces. Therefore,
putting concrete Banach spaces instead of E and concrete positive differential, pseudo
differential operators, or finite, infinite matrices, and so forth, instead of operator A on
DOE (5.1), by virtue of Theorem 5.2 we can obtain the maximal regularity of different
class of BVP’s for partial differential equations or system of equations. Here we give some
of its applications.
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6. Applications

6.1. Infinite systems of quasielliptic equations. Consider the following infinity systems
of boundary value problem:

(LANtn(x) = > aa(x)D%Up(x) + (d(x) + 1)t (x)
lal]=1

o (6.1)
+ Z Zdukm(x)D"‘uk(x) = fu(x), x€R',m=12,..,00.

lal|<1 k=1
Let

D(x)={dn,(x)}, dn>0, u={un}, Du={dnun}, m=1.2,...,0,

™ 1/q
I,(D) = {u:u € Iy, lulli,)y = IDull;, = ( > |dmum|q> < 00}, (6.2)
m=1

x€G, l<g<oo, I=(,b..;ln), s=(s1,8..>82), >0, LkeN.
Let O denote a differential operator in B;’G(R”; l;) generated by problem (6.1). Let
B =L(B(R:1,)). (6.3)

THEOREM 6.1. Let ay € Cp(R"), d,, € Cp(R"), dygem € Lo (R™), and s, Iy such that

f oy o1 j=1,20m,
lk + Sk lj+Sj
® (6.4)
a1 (1= |acl|— 1 1
Z dz;cmqul(l et =p) < o, —+—= 1)
k,m=1 9 4

where p,q € (1,), 8 € [1,00].

Then

(@) for all f(x)={fu(x)}" € B;)Q(R”;lq), largA| < — ¢ and for sufficiently large ||
the problem (6.1) has a unique solution u = {u,,(x)}7° that belongs to space B;fé(R”,lq(D),
lq), and the coercive estimate

> HD(quB;e(Rn;[q) + Il dullgs yresty) < CIf Il yrest,) (6.5)

lacl|<1

holds for the solution of the problem (6.1);
(b) for |argA| < 7 — ¢ and for sufficiently large |A| there exists a resolvent (O+1)~! of
operator O and

ST+ T D0+ 1) Y|+ [[d0 + 1) |, < M. (6.6)

lacl| <1
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Proof. Really, let E = I, A(x), and A, (x) be infinite matrices, such that
A= [dm(x)akm]: Aa(x) = [dockm(x)]> k,m=1,2,...,0. (6-7)

It is clear to see that operator A is positive in [;. Therefore, by virtue of Theorem 5.2 we
obtain that the problem (6.1) forall f B;’G(R";lq), |argA| < 7 — ¢, and sufficiently large

[A| has a unique solution u that belongs to space B;Tel(R";lq (D), 1) and the estimate (6.5)
holds. By virtue of estimate (6.5) we obtain (6.6). O

6.2. Cauchy problems for infinite systems of parabolic equations. Consider the follow-
ing infinity systems of parabolic Cauchy problem:

Ot (y,X)

5 > au(X)D%u(y,%) + (A (%) + M)t (3,%) + D D dakom (%) Dtk (y,x)

lasll=1 lal|<1 k=1

= fu(y,x), un(0,x) =0, m=1,2,...,00, y€R;, x €R".
(6.8)

THEOREM 6.2. Let all conditions of Theorem 6.1 hold. Then the parabolic systems (6.8) for
largA| < — ¢ and for sufficiently large |A| are maximal B-regular.

Proof. Really, let E = I;, A, and Ax(x) be the infinite matrices, such that
A= [du(x)0km], Ax(x) = [dagm(x)], k,m=1,2,...,00. (6.9)

Then the problem (6.8) can be expressed as the problem (2.24), where

A= [dm(x)8km]> Aoc(x) = [dockm(x)]) k;m =1,2,...,0. (610)
Then by virtue of Theorems 5.2 and 5.5 we obtain the assertion. O
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