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1. Introduction

From Nagumo [10], there have been many accomplishments on the study of the exis-
tence of solutions for boundary value problems (BVPs) using the theory of differential
inequality (cf. [1-9, 11-17]). However, for the nth-order nonlinear differential equations
with the nonlinear boundary conditions, results are very few. The authors made some
attempts to solve the nth-order Robin problem [14]. Now we are concerned with the
nth-order nonlinear BVP:

Y= ftyy ey ),
Pi(y(@),y' (a)s....y" V(@) =0, i=1,..,n—1, (1.1)
Pu(y(6),y (B),.., " () =0,

where t € I = [a,b], f(t,&0,&,...,8-1) € C(I X R%,R), Pi(no, 715> 1n-1) € C(R",R),
Pn((O)(l)---)(nfl) € C(Rn)[R)

Our method is not only modifying the nonlinear function in the original equations,
but also transforming the original nonlinear boundary conditions into some new bound-
ary conditions which are easy to discuss. Thus, we get the new BVP which will be dis-
cussed firstly, then the judgement of the existence of solutions for the original BVP will
be attained naturally. This technique dealing with the nonlinear problem is simpler and
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2 Differential inequalities method to nth-order BVPs

clearer compared with the method of shooting. However, it has scarcely been used in the
available reference materials.

The paper is organized as follows. In Section 2, we give out some basic concepts and
the preparative theorem. In Section 3, the main result is presented and proved. In Section
4, a more general BVP is studied. Finally, in Section 5, we use the results to solve an
example which cannot be solved by [1-17].

2. Preparative theorem

2.1. Basic concepts. We first define a function

r ifx<r,
O(r,x,s) =x ifr<x<s, (2.1)
s ifs<x,

where r,x,s € R, r <s.

Definition 2.1. Assume that «(t),5(t) € C"(I,R). The pair of functions (e(t),5(t)) is
called a bounding function pair (or simply, a bounding pair) of BVP (1.1) in case there
exists N > 0 such that for all u(¢t) € C*(I,R):
(i) aP(t) < BI(t), t €I, j=0,1,...,n—2;
(i) a(t) = f(t,a(t), @ (t),..., w3 (t),a=2(t),a=V(1)), B (t) < f(t,u(t),w (¢),
ST (), B (1), B (1)), where @) (£) = 8(al) (8),uld) (1), B9 (1)), j = 0,1,
N =3
(iii) Pi(@(a),...,u7" 2 (a),ai"V(a),a?(a), 7"V (a),..., 7" V(a)) < 0 < Pi(u(a),...,
72 (a), 5 (a), N (a),d "V (a),..., 7" V(a)), Py(wu(b),...,u" " (b),a" 2 (b),
a"=D(b)) < 0 < Py(u(b),...,u"3(b), "D (b),B 1 (b)), where i = 1,2,...,
n—1,7""(a)=8(a" 2 (a),u" 2 (a),f"2(a)),u" V(a) = 6(~N,uV(a),N).

Definition 2.2. A continuous function f(¢,&,...,&,—1) is said to satisfy a Nagumo condi-
tion with respect to variable &,_; on the set

D={(t,€0,....&u-1) | t €L |&j| <71, j=0,1,...,n—2, rj is a positive constant; &, € R}

(2.2)
in case there exists function ®(t) € C([0,+00],(0,+)), such that
|f(t"fO’--->£n—l) | = q)(|£n—l | ):
+oo s (2.3)

o

2.2. The modified problem. Assume that there are two functions «(t), 5(¢) satisfying

al(t) < BI(), j=0,1,..,n—2. (2.4)
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We define function
ftp, 9y D) = F(6,57,5 ..., 7" Y) + h(y"2), (2.5)

where 37 (t) = §(ai)(t), yI (), (1)) (j = 0,1,...,n—2) and "V (t) = §(=N, y*~V
(t),N). N is a positive constant such that

2M
el (n—1) (n—1)
N> max | 22 a0, |50 ], (2.6)
N sds
—— >2M, 2.7
J;M/(b—@ ®(s)> 2.7)

in which M > maxe;{|a=2(t)],|8"=2(¢)|}. h(y"*=?) is continuous, bounded, and

<0 ifyn2 <qln=2),
h(y(n—Z)) =0 ifan? <y < pn-2) (2.8)

>0 if yn=2) > pIn2),

Such function h(-) is easy to obtain, for example, let

(n-2) _ ~(n=2)
n-2y=_ 7 Y
h(y )= 1+ |y(n72) _7(n72) | ’ (2.9)

In addition, we define
Pi(y(1),y' (£),...,y" (1))

= 5(a (), y V() = Pi( (0,5 (1,0, V(1) 50)), i=1,2,.,m—1,
P (y(),y (0., y" V(1))

= 5 (a2 (6), y" (1) = Py (y(), ' (£),..., " 1(0)), 7D (8) ).

(2.10)
Then we consider the following modified problem:
¥ =F (b sy D),
yiD(a) = F,-(y(a),y'(a),...,y(”*l)(a)), i=1,...,n—1, (2.11)

YD) = Pa(y(0),y' (b),..0,y" V(D))
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2.3. Preparative theorem.

LEMMA 2.3. Assume that
(A1) BVP (1.1) has a bounding pair (a(t),3(t)) on the interval I by Definition 2.1;
(A2) the function f(t,y,y',...,y""V) in BVP (1.1) satisfies the Nagumo condition with
respect to "~V (t) by Definition 2.2.
Then BVP (2.11) has a solution y(t) € C"(I,R) such that

ad(t) < y(i)(t) < ﬁ(i)(t), i=0,1,...,n—2,
(2.12)
|y=D(t)| <N, tel,

where N is the positive constant given in the definition of f.

The proof of Lemma 2.3 is a simple consequence of the following three propositions.
ProrosITION 2.4. The modified BVP (2.11) has a solution y(t) € C"(I,R).
Proof. Consider

y = /\7(1‘,)/,...,)/(”‘1)) =g(b),
Yy D(a) = /\E(}/(ﬂ),...,ﬂ”‘”(d)) =g(a), i=12,...,n-1, (2.13)

y=2(p) = AP, (y(b),...,y(”fl)(b» =g4(b),

where A € [0,1]. From the representations of f, P;, and P, we know that y(¢), y(~1(a)
(i=1,2,...,n—1), and y(”‘z)(b) all are bounded. Also, by the mean value theorem, we
may ensure that y"~V(t),...,5'(t), y(t) all are bounded functions in I. In fact, by the
mean value theorem, there exists some & € (a,b) satisfying

YD) =y a) =y )b - a), (2.14)
then y"~1(£) is bounded. From
YO =y =yt - &) Veelabl, (2.15)
y=1(t) is bounded. Thus, from
yA(t) — yD(a) =y )(t—a), ne€(ab),i=0,1,..,n—2, (2.16)
it is easy to see that y"=2)(¢),...,y'(t), y(t) all are bounded in I.
Let QO = {y(t) € C"(I,R) | IIy(i)(t)II <K, forall tel,i=0,1,...,n — 1,K is some

sufficiently large positive constant}. Then Q is a bounded open set. BVP (2.13) can be
equivalently written as the following integral equation:

ty

[
y(t)=c1+th+C3t2+---+cnt"*1+If o] gdsdt - dt =Ty, (217)
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where T) is an integral operator with a parameter A and (cy,...,¢,) is determined by the
system of equations

c+oatcal+-- - +cpat! =gi(a),

Ctcz-2a+--+cu(n—1)a"? =g(a),

(2.18)
chi1(n=2)(n—=3)---3+c,(n—1)la=g, 1(a),

b rty
W4M—2W%6%~3+QM—UM:&w%1[Lgﬁqu

Let H(A,y) = (I — T))(y), then H :[0,1] X Q — R" is continuous, where I is identity
mapping. Let iy (y) = H(A, y), then 0 ¢ h)(0Q). In fact, for all y € 9, || y [|= K. Notic-
ing that K is sufficiently large, we have

I I =ly=Twylzllyll=IThyllzK= I Thy >0 VA€][0,1]. (2.19)
Thus, 0 & h)(0Q2). By the homotopy invariance theorem of topological degree, deg(h,,
0,0) is a constant, in particular, deg(h,Q,0) = deg(ho,Q,0). Noticing that 0 € Q, by the
normality of topological degree, we have

deg (h1,Q,0) = deg (ho,Q,0) = deg (I — Ty,Q,0) = deg (I,,0) = 1. (2.20)

Hence, by the solvability theorem of topological degree, it is clear that there exists some
y(t) satisfying (2.17), then this proposition is proved. O

ProrosITION 2.5. Every solution y(t) of the modified BVP (2.11) satisfies
aD(t) < y(t) < pO(t), tel,i=0,1,...,n—2. (2.21)
Proof. First, we show that
a2 (t) < y=D(t) < pD(¢), tel (2.22)
If a"=2)(t) < y"=2)(¢) is not true, then there exists some & € [a, b], such that
max (a2 (1) =y (1)) = a2 (&)~ y" I (E) >0, (223)
Then & # a,b by the boundary conditions of BVP (2.11). Thus

oD (&) = ynV(E) =0, (2.24)
al” (&) -y (&) <0. (2.25)
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However, on the other hand, from the definition of «a(f) and that y(t) is a solution of
(2.11), we have

(&) =y (€)= f(EFE).., 7" E),a" D (E),a" V()
— F(EFE), 7@, 72 (©,77 ) —h(y 2 (D)

= -h(y"2©) >0

(2.26)
This contradicts (2.25). Hence,
a2 () < yn=D(t), tel (2.27)
A similar proof shows that
y=2(t) < pr2(t), tel (2.28)

To sum up, (2.22) is true. From (2.22), the function y"~3)(¢) — a"=3)(¢) is increasing in
I. Noticing

a3 (a) < y"3(a), (2.29)
we know that a"=3 () < y(*=3)(¢). A similar proof shows y"=(¢) < "=3)(t). Using the
1.

same argument, it follows that a'(t) < y(t) < (t),i=n—4,n—5,...,2,1. Thus, the
proof of Proposition 2.5 is completed. O

PrOPOSITION 2.6. For every solution y(t) of the modified BVP (2.11) holds
|y"D(t)| <N, tel (2.30)
Proof. Suppose that there exists some 7 € [a,b] such that
|y D(z)| >N. (2.31)
Without loss of generality, we assume that "~V (1) > N. There exists £ € (a,b), such that

y(n—z)(b) _y(n—z)(a) - 2M

(n-1) —
Y (©) b—a “b-a

<N. (2.32)

Hence, there exists some subinterval [c, d] (or [d, ¢]) C [a,b] such that

2M
y("_l)(C) b2 y(”‘”(d) =N,

o (2.33)

b2 < y(”’l)(t) <N, Vte|cd] (or[d,c]).
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From condition (A2),

nl(S )

|y<n 1) " ()ds

= ‘y(”‘”(d)— YD) | <2M.  (2.34)

On the other hand, from (2.7) we know that

(=D (5)y" (s) N rdr J N rdr
s| = = >2M. 2.35
|y n- 1 (s ) ' LM/(b—a)(D(f’) 2M/(b—a) D(r) (2:35)
This inequality contradicts the above one and Proposition 2.6 holds. O

3. Main theorem
Now, the main result of this paper is given in the following theorem.

THEOREM 3.1. Assume that the conditions (Al), (A2) in Lemma 2.3 hold and added to (A3).
The function Pi(4o,...,n-1) (i = 1,2,...,n) satisfies
(i) Pi(Kos...>Hn—1) is increasing in y;—y and decreasing in n;, i = 1,2,...,n —2;
(ii) Pp—1(Hos-..,Nn—1) is decreasing in 1,_,;
(iii) Py (#o5...,Nn—1) is increasing in f,_,.
Then BVP (1.1) has a solution y(t) € C"(I,R) such that

a(t) < y () < (), i=0,1,...,n—2,

(3.1)
[yn=D()| <N, tel,

where N is the positive constant given in the definition of f.

Proof. From Lemma 2.3 and the definition of f, the solution y(t) of the modified BVP
(2.11) satisfies (1.1). As soon as it is proved that y(¢) satisfies the boundary conditions of
(1.1) under condition (A3), we may say that y(¢) is a solution of BVP (1.1).

First, we prove

Pi(y(@),....y" V(@) =0, i=1,2..,n-2. (3.2)
Case 1. Suppose that
«D(a) <y V(a) - Pi(y(a),...,y" V(@) < 4 V(a). (3.3)
Then
(@) =Pi(y(@)....y" @) =y V(@) - Pi(y(a),...., ) V(@) (3.4
Thus

Pi(y(a),...,y" V(a)) = 0. (3.5)
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Case 2. Suppose that there exists some i € {1,2,...,n — 2} such that

a7V(a) >y (a) = Pi(y(a), ¥ (@), y" V(@) (3.6)

Then
Y (@) = Pi( (@), y' (@),..., y" V(@) = &V (a). (3.7)

Hence
Pi(y(a),y'(@),...,y" D(a)) > 0. (3.8)

From Propositions 2.5 and 2.6 and condition (A3),

Pi(3(@),.... 72 (a),a' D (@),a? (a), 7 (a),..., 7"V (a) ) >0, (3.9)

It is easy to see that the last inequality contradicts Definition 2.1(iii). Therefore, Case 2 is
not true.
Case 3. Suppose that there exists some i € {1,2,...,n— 2} such that

Y0 (@) = Pi(y(a),y (@), y" V(@) > BV a). G310

Then by the analogous analysis, we have

Pi(7(@),.... 79 2(a),p D (@), (a), 7 (@),...,7" V(@) ) < Pi( y(@),...,y" D (a)) <O.
(3.11)

Obviously, the last inequality contradicts Definition 2.1(iii). Therefore, this case cannot
hold.

To sum up, (3.2) holds.

A similar proof shows that

Poi(y(a),y (@), sy (@) =0, Pu(p(B),y ()., y" V() =0 (3.12)
The proof is completed. O

4. A generalized problem

Now, we consider the following boundary value problem with more general boundary
conditions:

Y = f(tyrey™ V), Pi(p(@s,y " @),y (b),. y " O(B)) =0, (41)

wheret € I,i=1,2,...,n, f and P; are continuous functions.
Similarly to Definition 2.1, we give the following.
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Definition 4.1. Assume «(t),3(t) € C"(I,R). The pair of functions («(t),(t)) is called a
bounding function pair of BVP (4.1) in case that for all u(¢) € C"(I,R)

(i) the same as Definition 2.1(i);

(ii) the same as Definition 2.1(ii);

(iii)’
P; (a(a),...,a<f-1>(a),a<f>(a),...,a<ﬂ-1>(a),a(b),...,W-U(b))

<0 < P;(@(a),...0 "V (@),(a),.... 7"V (a),q(b),...,u" "V (b)),
(4.2)
P, ((a),..., 7" (@), 4(b),..., 7" (b), a2 (b),al" (b))

<0 < Py (@(a),..., 7" V(a),a(b),..., 7" (b), 8" (b), "V (b)),

wherei=1,2,...,n—1.
For BVP (4.1), we have the following existence theorem.

THEOREM 4.2. Assume that
(A1)" BVP (4.1) has a bounding function pair (e(t), 3(t)) in the interval I by Definition 4.1;
(A2)' the function f(t,y,y’,...,y""V) in BVP (4.1) satisfies the Nagumo condition with
respect to y\"~V(t) by Definition 2.2;
(A3)" the function Pi(1o,...,0n-1,0>--->Cu—1) (i = 1,2,...,n) satisfies
(1) Pi(105--->1u=1,C0>---»Cn—1) is increasing in n;_y and decreasing in n;, i = 1,2,...,
n—2;
(i1) Pu=1(H05--->Nu=1>C0>---»Cn—1) is decreasing in 1,_1;
(iil) Pu(10s--->Mn-1,C0>--->Cn=1) is increasing in {,_,.
Then BVP (4.1) has a solution y(t) € C"(I,R) such that

ad(t) < y(i)(t) < ﬁ(i)(t), i=0,1,....,n—2,

(4.3)
|yn=U(t)| <N, tel,
where N is the positive constant given in the definition of f.
Proof. Consider the modified problem
= f(t,y,...,y"" V), (-1 (g) = Pi(a), n=2)(p) =P, (b),
=f(&y,.. ), ¥ @) =Pi(a),  y"2(b) =Pu(b) (4.4)

i=12,...,n—1.
The modified function 7(t,y,...,y(”’1)) is defined as BVP (2.11), and
Pi(t) = Pi(y(),....,y" V() y(b+a—1),...,y" V(b+a—t))

= 8(a (1), y V() = Pi(y(D),..., y" V(1) (4.5)
yb+a=1),...,y" Vb+a—1),p0(1),
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wherei=1,2,...,n—1,

Pu(t) = Py(y(b+a—1),...,y" D(b+a—1),y(t),....,y" V(1))
=8(a"2(1),y" D) = Py(y(b+a—1t),..,y" Db+a—1),  (4.6)

Yy "I (8)), ().

Using the same argument as the proof of Lemma 2.3, it follows that under the conditions
(A1)" and (A2)’, BVP (4.4) has a solution y(t) satistying the two inequalities in the con-
clusions of Lemma 2.3. Furthermore, in an analogous way to the proof of Theorem 3.1,
it follows that the solution y(t) of BVP (4.4) is a solution of BVP (4.1). Consequently, the
proof of Theorem 4.2 is completed. The details of the proof will be omitted. O
5. An example

In this section, we study an example by making use of Theorems 3.1 and 4.2.

Example 5.1. Consider the 4th-order nonlinear boundary value problem

ﬁw:u—yy—ﬂyuay+§94Luyyhm@w+u+ﬂfu+wwyx

in2
Lo W3 o k
(1) - (/) -y () +y @) = 4,
5/(1) -3 () + 5 (/) =B, 5.1

Y +2y" () -y (1) - 5y @)=,

ky(1) - y'(2) —4(y"(2))* +4(y""(2))* = D,

where t € [1,2], k is a constant.
Let

112

;§U+¥Mm&+0+ﬂf0+%x

f(LE0,E6,6,8) = (t- &) —t(1+2)& +

1 k
P1(10,11,125113,$0,$1, &, (3) = 40 — g’ﬁ -+ g(o —A,

1 k
P> (110, 11,1251135 60, $1,$2,(3) = 51 — 2772 + gflz - B, (5.2)

k
P3(10,11,125113560,C1, &, (3) = 1o + 212 — 113 — 5(2 -G,

Py (170, 11,12,113>C0> (1, (2, G3) = ko — {1 — 403 + 403 — D.
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Let
alt) = —12, B(t) =t. (5.3)

Then, for the case of k = 0,A € [-1,31/8],B€ [-9,5],C e [-3,-1],D € [-12,—1],and
the case of k = 1, A € [-2/3,77/24], B [-7,5], C € [-2,—1], D € [-11,-2], it is easy
to prove that («a(t),(t)) is a bounding pair of BVP (5.1) and all assumptions of Theorems
3.1 and 4.2 are fulfilled, respectively. Hence, for any of the two cases, BVP (5.1) has at least
one solution y(t) satisfying

- <y(t)<t, -2t<y(t)<l, -2<y"'(t)<0, tel[l,2]. (5.4)
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