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This paper studies the stability of the solution x = 0 for a class of quasilinear implicit dynamic
equations on time scales of the form A;x* = f(t x). We deal with an index concept to study the
solvability and use Lyapunov functions as a tool to approach the stability problem.

1. Introduction

The stability theory of quasilinear differential-algebraic equations (DAEs for short)
A (t) = f(£, X (t),x(t)), f(0,00=0 VteR, (1.1)

with A being a given m x m-matrix function, has been an intensively discussed field in
both theory and practice. This problem can be seen in many real problems, such as in
electric circuits, chemical reactions, and vehicle systems. Méarz in [1] has dealt with the
question whether the zero-solution of (1.1) is asymptotically stable in the Lyapunov sense
with f(t,x'(t), x(t)) = Bx(t) + g(t,x'(t), x(t)), with A being constant and small perturbation
g

Together with the theory of DAEs, there has been a great interest in singular difference
equation (SDE) (also referred to as descriptor systems, implicit difference equations)

Apx(n+1) = f(n,x(n+1),x(n)), neZ. (1.2)
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This model appears in many practical areas, such as the Leontiev dynamic model of
multisector economy, the Leslie population growth model, and singular discrete optimal
control problems. On the other hand, SDEs occur in a natural way of using discretization
techniques for solving DAEs and partial differential-algebraic equations, and so forth, which
have already attracted much attention from researchers (cf. [2-4]). When f(n, x(n+1), x(n)) =
Bu,x(n)+g(n,x(n+1),x(n)), in [5], the authors considered the solvability of Cauchy problem
for (1.2); the question of stability of the zero-solution of (1.2) has been considered in [6] where
the nonlinear perturbation g(n, x(n + 1), x(n)) is small and does not depend on x(n + 1).

Further, in recent years, to unify the presentation of continuous and discrete analysis,
anew theory was born and is more and more extensively concerned, that is, the theory of the
analysis on time scales. The most popular examples of time scales are T' = R and T = Z. Using
“language” of time scales, we rewrite (1.1) and (1.2) under a unified form

At () = £ (£ x (), (1)), (1.3)

with t in time scale T and A being the derivative operator on T. When T = R, (1.3) is (1.1); if
T = N, we have a similar equation to (1.2) if it is rewritten under the form A, (x(n+1)-x(n)) =
—Apx(n) + f(n,x(n+1),x(n)); neN.

The purpose of this paper is to answer the question whether results of stability for
(1.1) and (1.2) can be extended and unified for the implicit dynamic equations of the form
(1.3). The main tool to study the stability of this implicit dynamic equation is a generalized
direct Lyapunov method, and the results of this paper can be considered as a generalization
of (1.1) and (1.2).

The organization of this paper is as follows. In Section 2, we present shortly some
basic notions of the analysis on time scales and give the solvability of Cauchy problem for
quasilinear implicit dynamic equations

Aix® = Bix + f(t, x), (1.4)
with small perturbation f(t, x) and for quasilinear implicit dynamic equations of the style

AtxA = f(t/x)/ (15)

with the assumption of differentiability for f(t,x). The main results of this paper are
established in Section 3 where we deal with the stability of (1.5). The technique we use in
this section is somewhat similar to the one in [6-8]. However, we need some improvements
because of the complicated structure of every time scale.

2. Nonlinear Implicit Dynamic Equations on Time Scales

2.1. Some Basic Notations of the Theory of the Analysis on Time Scales

A time scale is a nonempty closed subset of the real numbers R, and we usually denote it
by the symbol T. We assume throughout that a time scale T is endowed with the topology
inherited from the real numbers with the standard topology. We define the forward jump
operator and the backward jump operator o,p : T — T by o(t) = inf{s € T : s > t}
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(supplemented by inf@ = supT) and p(t) = sup{s € T : s < t} (supplemented by
sup@ = infT). The graininess p : T — R, U {0} is given by u(t) = o(t) —t. A pointt € T
is said to be right-dense if o(t) = t, right-scattered if o(t) > t, left-dense if p(t) = t, left-scattered if
p(t) < t, and isolated if t is right-scattered and left-scattered. For every a,b € T, by [a,b], we
mean the set {t € T : a < t < b}. The set TX is defined to be T if T does not have a left-scattered
maximum; otherwise, it is T without this left-scattered maximum. Let f be a function defined
on T, valued in R™. We say that f is delta differentiable (or simply: differentiable) at t € Tk
provided there exists a vector f2(t) € R™, called the derivative of f, such that for all € > 0
there is a neighborhood V around t with || f(c(t)) — f(s) — fA2(t)(c(t) - s)|| < €lo(t) — s
for all s € V. If f is differentiable for every t € T, then f is said to be differentiable on
T.If T = R, then delta derivative is f'(t) from continuous calculus; if T = Z, the delta
derivative is the forward difference, A f, from discrete calculus. A function f defined on T
is rd-continuous if it is continuous at every right-dense point and if the left-sided limit exists
at every left-dense point. The set of all rd-continuous functions from T to a Banach space
X is denoted by C4(T, X). A matrix function f from T to R™™ is said to be regressive if
det(I + u(t)f(+)) #0 for all t+ € T*, and denote R the set of regressive functions from T to
R™™_ Moreover, denote R* the set of positively regressive functions from T to R, that is, the set
{f:T — R:1+pu(t)f(t)>0VteT}.

Theorem 2.1 (see [9-11]). Let t € T and let A; be a rd-continuous m x m-matrix function and q;
rd-continuous function. Then, for any ty € TX, the initial value problem (IVP)

xd = Ax+q,  x(to) = x0 (2.1)

has a unique solution x(-) defined on t > ty. Further, if Ay is regressive, this solution exists on t € T.

The solution of the corresponding matrix-valued IVP XA = AX, X(s) =1 always
exists for t > s, even A; is not regressive. In this case, D (¢, s) is defined only with t > s
(see [12,13]) and is called the Cauchy operator of the dynamic equation (2.1). If we suppose
further that A; is regressive, the Cauchy operator @ (t, s) is defined for all s,t € T.

We now recall the chain rule for multivariable functions on time scales, this result has
been proved in [14]. Let V : Tx R” — Rand g: T — R™ be continuously differentiable.
Then V (-, g(-)) : T — Ris delta differentiable and there holds

1
VA(Lg(h) = VA (L g(t) + fo (Vi(ot), ) + hut)g* (1), 8* (1) )dh

1 (2.2)

~ VAt glo@)) +

(Vilbs @ + gt 1), 8°0) )dh,

where V] is the derivative (in the second variable of the function V' = V(t,x)) in normal
meaning and (-, -) is the scalar product.
We refer to [12, 15] for more information on the analysis on time scales.



4 Journal of Inequalities and Applications

2.2, Linear Equations with Small Nonlinear Perturbation

Let T be a time scale. We consider a class of nonlinear equations of the form
Apx® = Bix + f(t, x). (2.3)

The homogeneous linear implicit dynamic equations (LIDEs) associated to (2.3) are

Awx® = Byx, (2.4)

where A, B. € Cq(Tk, R™™) and f(t, x) is rd-continuous in (t, x) € T x R™. In the case where
the matrices A; are invertible for every t € T, we can multiply both sides of (2.3) by A;! to
obtain an ordinary dynamic equation

x% = A'Bix + A f(t,x), teT, (2.5)

which has been well studied. If there is at least a ¢ such that A; is singular, we cannot solve
explicitly the leading term x“. In fact, we are concerned with a so-called ill-posed problem
where the solutions of Cauchy problem may exist only on a submanifold or even they do not
exist. One of the ways to solve this equation is to impose some further assumptions stated
under the form of indices of the equation.

We introduce the so-called index-1 of (2.4). Suppose that rank A; = r forallt € T
and let T; € GL(R™) such that Ti|,,, 4, is an isomorphism between ker A; and ker A,);
T € Cq(Tk, R™™). Let Q; be a projector onto ker A; satisfying Q. € Crq(Tk, R™™) We can
find such operators T; and Q; by the following way: let matrix A; possess a singular value
decomposition

Ap=UZ V], (2.6)

where U;, V; are orthogonal matrices and 3 is a diagonal matrix with singular values 0} >

atz > --- > 0f > 0onits main diagonal. Since A, € Ciq (Tk, R™™), on the above decomposition

of A;, we can choose the matrix V; to be in C,q(TX, R™*™) (see [16]). Hence, by putting Q; =
Vi diag(O, Im_,)VtT and T; = Vp(t)Vt‘l, we obtain Q; and V; as the requirement.
Let

S = {x € ]Rm,th € imAt}, (27)

and Pt =1- Qt-
Under these notations, we have the following Lemma.

Lemma 2.2. The following assertions are equivalent
(1) kerAP(t) N St = {O},
(ii) the matrix Gy = Ay — ByT;Qy is nonsingular;
(iii) R™ = kerAps) ® Sy, forall t € T.
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Proof. (i)=(ii) Lett € T and x € R™ such that (A; - BiT;Q¢)x = 0 & B;(TyQix) = Ax. This
equation implies T;Q;x € S;. Since ker A,;) NSy = {0} and T;Qsx € ker A, it follows that
T;Qix = 0. Hence, Q;x = 0 which implies A;x = 0. This means that x € ker A;. Thus, x = Q;x =
0, that is, the matrix G; = A; — ByT;Q; is nonsingular.

(ii)=(iii) It is obvious that x = (I+T;Q;G; ' B;)x-T;Q;G; ' B;x. We see that T;Q;G; ' Bix €
ker Ap(t) and B; (I + TtQth‘lBt)x = Bix — (At — BtTtQt)Gt_lth + Ath_lth = Ath_lth €imA;.
Thus, (I + T;Q:G;"'B;)x € S; and we have R™ = S; + ker Ay ().

Let x € ker Ay N Sy, that is, x € S; and x € ker Ay;). Since x € Sy, thereisa z € R
such that Bix = A;z = A;Pz and since x € ker A, T; ' x € ker A;. Therefore, T, 'x = Q,;T; ' x.
Hence, (A; - BtTtQt)Tt’lx = —(Ay — BiT:Qy) P;z which follows that T;lx = —P;z. Thus, T[lx =0
and then x = 0. So, we have that (iii). (iii)=(i) is obvious.

Lemma 2.2 is proved. [

Lemma 2.3. Suppose that the matrix Gy is nonsingular. Then, there hold the following assertions:

(1) P =G/'A,, (2.8)
(2) Qi = -G;'BTiQ;, (2.9)
(3) (:)t = —TtQth‘lBt is the projector onto ker Ay along S, (2.10)
(4) (a) PGB = PG, ' B;Py), (2.11)

(b) QiG™'Br = QiG; "B Loy = T, ' Quir, (2.12)
(5) TtQtG;1 does not depend on the choice of T; and Q. (2.13)

Proof. (1) Noting that G;P; = (A; — BiT;Q;) P = AP = Ay, we get (2.8).
(2) From B;T;Q; = A; — G, it follows G;lBtTtQt = P, — I = —-Q;. Thus, we have (2.9).

~ 29 ~ ~
3) @ = TQG'BT.QG B X -T,QIQG'B, = ~T,QiG;'By = Oy and A,yOD; =

—Ap(t)TtQth_l B; = 0. This means that Qt is a projector onto ker Ap(t). From the proof of (iii),

Lemma 2.2, we see that Q; is the projector onto ker Apt) along S;.
(4) Since T; ' Q) x € ker A; for any x,

Pth_lBtQp(t) = BG;'BT,T;" Qo) = -P,G; (A - BtTtQt)QtTt_lgp(t) =0. (2.14)
Therefore, Pth_lBt = Pth‘l B; P,y so we have (2.11). Finally,

Qth_l By = Qth_l Bi Py + Qth_lBtTtQtTt_l Qo)
= QiG;'BiPyry - QiG; (At - BT Q) Qi T, ' Qi (2.15)

= QiG; ' BiPyty = QiT; ' Qpity = QiGy ' BiPotty = Ty ' Qpot)-

Thus, we get (2.12).
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(5) Let T, be another linear transformation from R™ onto R" satisfying T/|xer 4, to be
an isomorphism from ker A; onto ker A, and Q; a projector onto ker A;. Denote G, = A; —
BT, Q,. It is easy to see that

T,Q:G;'G, = T:Q:G; ' (A: - BT,Q;) = TiQ:P; - T:Q:G; ' BT,Q; = T:Q,T,Q, = T,Q,.  (2.16)

Therefore, TtQth‘1 =T, Q;G;‘l. The proof of Lemma 2.3 is complete. I

Definition 2.4. The LIDE (2.4) is said to be index-1 if for all t € T, the following conditions
hold:

(i) rank A; =7 = constant (1 <r<m-1),
(ii) keI‘AP(t) NSy = {0}.

Now, we add the following assumptions.

Hypothesis 2.5. (1) The homogeneous LIDE (2.4) is of index-1.
(2) f(t,x) is rd-continuous and satisfies the Lipschitz condition,

If ¢t w) - f(t, )| < Li|]|w-w'||, Yw,w eR", (2.17)

where

i = Lt”TtQth‘l || <1 VteTk (2.18)

Remark 2.6. By the item (2.13) of Lemma 2.3, the condition (2.18) is independent from the
choice of T; and Q;.

We assume further that we can choose the projector function Q; onto ker A; such that
Qpry = Q for all right-dense and left-scattered t; Q,( is differentiable at every t € T and

(Qp()* is rd-continuous. For each t € T, we have (P x(£))® = Poou)x® () + (Poy) “x ().
Therefore,

Ax®(t) = APx (1) = At<(Pp(t)x(t))A - (Pp(t))Ax(t)>, (2.19)
and the implicit equation (2.3) can be rewritten as
A A k
A(Pyx)® = (A(Bpy)® + By )x + f(t,x), teT (2.20)
Thus, we should look for solutions of (2.3) from the space Cy:
C]l\, <’JI‘k, R’”) = {x(-) € Cu <’JI‘k, R’”) : Py x(t) is differentiable at every t € ’]I‘k}. (2.21)

Note that C}, does not depend on the choice of the projector function since the relations
PiP; = Py and PP, = P; are true for each two projectors P; and P; along the space ker A;.
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We now describe shortly the decomposition technique for (2.3) as follows.

Since (2.3) has index-1 and by virtue of Lemma 2.2, we see that the matrices G; are
nonsingular for all t € T*. Multiplying (2.3) by P,G;' and Q;G;", respectively, it yields

PtxA = Pth_lth + Pth_lf(t, .X'),

(2.22)
0= Q:iG;'Bix + QiG; ' f(t, x).
Therefore, by using the results of Lemma 2.3, we get
A A » B
(Box)™ = (Poty)* (1 + TiQiG7 ' By ) Byyx + PLG; By Py x
+ <(Pp(t))ATtQth_1 + PtG;1> f(t,x), (2.23)

Qoyx = T;Q:G; ' BiPyyyx + TiQ:G; f (t, x).
By denoting u = Pyyx, v = Q,()x, (2.23) becomes a dynamic equation on time scale
ut = (Pp)® (1 + TtQth‘lBt>u + PGB + <(Pp(t))ATtQth‘1 + Pth‘1> ftu+v), (2.24)
and an algebraic relation
v = T,QG; ' Biu + TiQ:G; f(t, u + v). (2.25)
For fixed u € R™ and t € T¥, we consider a mapping C; : im Q,¢) — im Qp( given by
Ci(v) == TiQiG, ' Biu + TiQ:G f (t, u + v). (2.26)

We see that

IC:(@) = (@) = |nG |l f ¢t +0) = (s o) < yillo =]l (2.27)

for any v,v" € im Q). Since y; < 1, C; is a contractive mapping. Hence, by the fixed point
theorem, there exists a mapping g; : im P, — im Q,( satisfying

g1(u) = TIQiG; 'Biu + TiQiG; f (t, u + g (w)), (2.28)

and it is easy to see that g;(u) is rd-continuous in ¢.
Moreover,

() = g )| < | TGy Bl = ]+ | QG |1 (1w + 1) = £ (10 + 1)

< ||TtQth_1Bt|| || — 2| + Lt||TtQth_1 ” (e =|| + || ge(w) = g () |])-
(2.29)
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This deduces

llge(w) — g ()| < ye(L=y0) Ly (L + 1Bl || — o |- (2.30)

Thus, g is Lipschitz continuous with the Lipschitz constant &; := (1 - Yt)’lLt’l(Lt + ||Btl])-
Substituting g; into (2.24), we obtain

ut = (Poy) (1 + TG B Ju + PGy B+ ((Po) “TiQiGy + PG ) f (1 + i (u)).
(2.31)

It is easy to see that the right-hand side of (2.31) satisfies the Lipschitz condition with the
Lipschitz constant

w = [|(Bow)® (1+ QG B) + PGTBi|| + i1 + 80| (o) TG + G| (2.32)

Applying the global existence theorem (see [12]), we see that (2.31), with the initial
condition u(tg) = P,(;,)xo has a unique solution u(t) = u(t; to, x0), (t > to).
Thus, we get the following theorem.

Theorem 2.7. Let Hypothesis 2.5 and the assumptions on the projector Qy be satisfied. Then, (2.3)
with the initial condition

Pp(ty) (x(to) = x0) =0 (2.33)
has a unique solution. This solution is expressed by
x(t) = x(t; to, x0) = u(t; to, xo) + g (u(t;to, x0)), t>to, t€ T, (2.34)

where u(t) = u(t; to, xo) is the solution of (2.31) with u(ty) = Pp,)Xo.

We now describe the solution space of the implicit dynamic equation (2.3). Denote

E = {x € R™ : Qux = TIQiG; ' BiPyyx + T,QiG; £, x)}, o)
2.35

Q= {x e R" : Bix + f(t,x) € im A;}.

Lemma 2.8. There hold the following statements:
(1) :Lt = Qt,
(ii) If f(t,0) = 0 for all t € T then ; Nker Ay = {0}.

Proof. (i) Lety € L4, thatis, Q,ny = TtQth‘1 BiP,hy + TtQth‘lf(t,y). We have

Yy =Py +Qpny = (I + TtQth_lBt>Pp(t>]/ + TG f (L y). (2.36)
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Hence,
By + f(t,y) = By(I+ QG ' By ) By + (1 + BTQIGT) £ ()
= (1+BTQG" ) BBy + (1 +BTQG")f(t,y) (2.37)
= (I + BtTtQth_1> (BiPoyy + f(t,y))-
From
I+ BTiQiG' = I+ (A - GG, = AGY, (2.38)
it yields
By + f(t,y) = AG" (BiPyy + f(ty)) €im Ay = y € Q. (2.39)

Conversely, suppose that iy € €, that is, there exists z € R™ such that B,y + f(t,y) = Aiz. We
have to prove

Qpny = TiQiG;'BiPyiyy + TIQG; (1, y), (2.40)
or equivalently,
y =TiQG; ' f(t,y) + TIQiG; ' BiPoyy + Pty y- (241)
Indeed,
TG, f(t,y) + TiQiG; ' BiPyyy + Bpnyy
=TQiG, f(t,y) + TQG, "By - TiQiG; ' BiQuyy + Poyy

= TiQiG;' (f(t,y) + Biy) - TiQiG, ' BiQuy + Ponyy

= TtQth_lAtZ - TtQth_lBtQp(t)y + Pyyy

(2.42)

= T\QiPiz - TIQiG; ' BiQony + Potyy

= -T.QiG,'BiQ,ny + Loy = QoY + Loty = v,

where we have already used a result of Lemma 2.3 that Q = ~T;Q:G;'B; is a projector onto
ker A,(). So by = €.

(ii) Let y € & Nker Apy. Then y € Q; and P,y = 0. Since £; = 4, we have y € L.
This means that Q,»y = T:QiG;'BiLpyy + TIQ:G; f(t,y) = TiQ:G;' f(t, Qoyy). From the
assumption f(t,0) = 0, it follows that |Q,y¥ll < LdIT:Q:G; ' 1Qowy ¥l = ¥:lIQpeyll. The fact
¥t < 1implies that Q,y = 0. Thus y = P,(hy + Qpyy = 0. The lemma is proved. Il
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Remark 2.9. (1) By virtue of Lemma 2.8, we find out that the solution space £, is independent
from the choice of projector Q; and operator T;.

(2) Since G;(lto)Ap(to) = Py and Ay Poty) = Apt), the initial condition (2.33) is
equivalent to the condition Ap,)x(to) = Ap)Xo. This implies that the initial condition is
not also dependent on choice of projectors.

(3) Noting that if x(t) is a solution of (2.3) with the initial condition (2.33), then x(t) €
L for all t > t. Conversely, let xo € £; = & and let x(s;t,x9), s > t, be the solution of
(2.3) satisfying the initial condition Py (x(t;t, x0) — xo) = 0. We see that x(t;t, x0) = Py¢x +
8t (Potyx) = Pypyxo + g1(PptyX0) = xo. This means that there exists a solution of (2.3) passing
xo € Ly

2.3. Quasilinear Implicit Dynamic Equations

Now we consider a quasilinear implicit dynamic equation of the form

Ax® = f(t,x), (2.43)

with A € Cyq(T*, R™™) and f:TxR" — R" assumed to be continuously differentiable in
the variable x and continuous in (t, x).

Suppose that rank A; = r for all t € T. We keep all assumptions on the projector Q; and
operator T; stated in Section 2.2.

Equation (2.43) is said to be of index-1 if the matrix

Gi = Ar = fr(t, )T Q: (2.44)

is invertible for every t € T and x € R™.
Denote

S(t,x) = {ze€R", fi(t,x)z €imA;}; kerA; =N, (2.45)
Further introduce the set
Qi = {x eR", f(t x) €imA;}, (2.46)
containing all solutions of (2.43). The subspace S(t, x) manifests its geometrical meaning

S(t,x) =T,Q; for x € Q, (2.47)

where T, is the tangent space of €; at the point x.
Suppose that (2.43) is of index-1. Then, by Lemma 2.2, this condition is equivalent to
one of the following conditions:
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(1) S(t,x) ® Npy) = R™,
(2) S(t,x) N Ny = {0}.

(3) Let B; € R™™ be a matrix such that the matrix G; = A; — B;T;Q; is invertible (we
can choose B; = f..(t,0), e.g.). From the relation

Gi = Ar - BTiQ: + BT, Qs — fL(t x)Ti Qs
=Gt + (Bi = fr(t,x)) TiQs (2.48)

- [I + (B - fi(t, x))TtQth’l]Gt,
it follows that
I+ (B - fi(t, x))T:Q:G; ! (2.49)

is invertible.

Lemma 2.10. Suppose that the bounded linear operator triplet: Ml: X — Y, P:Y — Z, N: Z —
X is given, where X,Y, Z are Banach spaces. Then the operator I — MIPN is invertible if and only if
I - IPNM is invertible.

Proof . See [17, Lemma 1]. N

By virtue of (2.49) and Lemma 2.10, we get that

I+ T,QiG;' (B; — fi(t x)) is invertible. (2.50)

Now we come to split (2.43). Multiplying both sides of (2.43) by P.G;' and Q:G;",
respectively, and putting u = P, x, v = Qp)x, we obtain

u = (Po)® (u +0) + PG f(,u +0),

(2.51)
0 =T:Q:G; f(t, u+0).
Consider the function
k(t,u,v) := TtQth_lf(t, Uu+v). (2.52)
We see that
Ok ~1 ¢
5o (w0 =TQG, fi(tu+o)h, (2.53)

where h € Q,HR™.
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Let h € QpnR™ be a vector satisfying T;Q;G;" f1(t,u + v)h = 0. Paying attention to
T;Q:G; 'Bih = —h, we have

“T, QG fL(t,u + v)h = [1 + TiQiG; (B - fL(tu+ v))] h. (2.54)

Therefore, by (2.50) we get h = 0. This means that (0k/0v)(t, u, v)lQP (R IS an isomorphism
of Q1 R™. By the implicit function theorem, equation k(t, u, v) = 0 has a unique solution v =
gt(u). Moreover, the function v = g;(u) is continuous in (t, u) and continuously differentiable
in u. Its derivative is

0g(u , -1 1
ggi ) _ [—TtQth—l fultu+ gt(u))lgp(t)Rm] TiQiG; fr(t 1+ g1 (1)) |p, o (2.55)

Then, by substituting v = g;(u) into the first equation of (2.51) we come to
u® = (Ppi)* (u+ () + PGV f (£ u + gi(w)). (2.56)
It is obvious that the ordinary dynamic equation (2.56) with the initial condition

u(to) = Pp(tO)XQ (2.57)

is locally uniquely solvable and the solution x(¢;to, xo) of (2.43) with the initial condition
(2.33) can be expressed by x(t; to, xo) = u(t; to, xo0) + g (u(t; to, xo)).

Now suppose further that f(t, x) satisfies the Lipschitz condition in x and we can find
a matrix B; such that

-1
[TtQthf Xt x) |Qp(t)R'"] TiQ:iG; fr(t, %) |p, o (2.58)

is bounded for all t € T and x € R™. Then, the right-hand side of (2.56) also satisfies the
Lipschitz condition. Thus, from the global existence theorem (see [12]), (2.56) with the initial
condition (2.57) has a unique solution defined on [to, sup T).

Therefore, we have the following theorem.

Theorem 2.11. Given an index-1 quasilinear implicit dynamic equation (2.43), then there holds the
following.

(1) Equation (2.43) is locally solvable, that is, for any to € T*, xo € R™, there exists a unique
solution x(t;ty, xo) of (2.43), defined on [ty,b) with some b € T, b > to, satisfying the initial
condition (2.33).

(2) Moreover, if f(t,x) satisfies the Lipschitz condition in x and we can find a matrix By such
that

-1
[TtQth_lf; (t, x) |Qp(,)R'"] TQiG; fi(t, x) |Pp(,)Rm (2.59)
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is bounded, then this solution is defined on [to, sup T) and we have the expression
x(t; o, x0) = u(t; to, x0) + g (u(t; to, x0)), t = to, (2.60)

where u(t; to, xo) is the solution of (2.56) with u(ty) = Pp(t,)Xo.

Remark 2.12. (1) We note that the expression TtQth‘lBt depends only on choosing the
matrix B;.

(2) The assumption that [T;Q;G; ' fL(t, x)|meRm]_1TtQth‘1 fi(t, X)|p,, rn is bounded for
a matrix function B; seems to be too strong. In Section 3, we show a condition for the global
solvability via Lyapunov functions.

(3) If xp € Q, there exists z € R™ satisfying Az = f(t, xp). Hence, TtQth‘l f(t,x0) =0.
Therefore, by the same argument as in Section 2.2, we can prove that for every xp € ;, there
is a unique solution passing through x.

3. Stability Theorems of Implicit Dynamic Equations

For the reason of our purpose, in this section we suppose that T is an upper unbounded time
scale, thatis, sup T = oo. For a fixed 7 € T, denote T = {t € T, t > 7}.
Consider an implicit dynamic equation of the form

Ax® = f(t,x), teT,, (3.1)

where A€ Cyq(TK, R"™™) and f(-,-) € Cra(T, x R™,R™).
First, we suppose that for each ty € Tk, (3.1) with the initial condition

Ap(t) (x(to) —x0) = 0 (3.2)

has a unique solution defined on T;,. The condition ensuring the existence of a unique
solution can be refered to Section 2. We denote the solution with the initial condition (3.2)
by x(t) = x(t; to, x0). Remember that we look for the solution of (3.1) in the space Cy,(Tk, R™).
Let f(t,0) = 0 for all t € T';, which follows that (3.1) has the trivial solution x = 0.

We mention again that Q; = {x € R", f(t,x) € im A;}. Noting that if x(t) = x(t; ty, xo)
is the solution of (3.1) and (3.2) then x(t) € Q; for all t € T,.

Definition 3.1. The trivial solution x = 0 of (3.1) is said to be

(1) A-stable (resp., P-stable) if, for each e > 0 and ty € T¥, there exists a positive 6 =
6(to, €) such that [| Ay, Xoll < 6 (resp., [| Py, Xoll < 6) implies ||x(;to, xo)|| < € for all
t > to,

(2) A-uniformly (resp., P-uniformly) stable if it is A-stable (resp., P-stable) and the
number 6 mentioned in the part (1). of this definition is independent of t,

(3) A-asymptotically (resp., P-asymptotically) stable if it is stable and for each ¢y €
T%, there exist positive 6 = 6(fy) such that the inequality [|Ay@)xoll < 6
(resp., [|Ppty)Xoll < 6) implies lim; || x(t; to, x0)[| = 0. If 6 is independent of
to, then the corresponding stability is A-uniformly asymptotically (P-uniformly
asymptotically) stable,
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(4) A-uniformly globally asymptotically (resp., P-uniformly globally asymptotically)
stable if for any 6y > 0 there exist functions 6(-), T(-) such that [[Ayqxoll < 6(€)
(resp., || Pyty)xoll < 6(e)) implies ||x(t; to, x0)|| < € for all t > to and if || Ap,)Xoll < 6o
(resp., || Pyty)Xoll < 60) then [|x(t;to, x0)|| < € forall t > to + T(e),

(5) P-exponentially stable if there is positive constant a with —a € R* such that for
every ty € Tk there exists an N = N(ty) > 1, the solution of (3.1) with the initial
condition Pp,)(x(to) — x0) = 0 satisfies [lx(t;to, x0)[| < NPy xolle-a(t, to), t >
to, t € Tr. If the constant N can be chosen independent of £y, then this solution is
called P-uniformly exponentially stable.

Remark 3.2. From Gt‘lAt = P;and A; = AP, the notions of A-stable and P-stable as well as A-
asymptotically stable and P-asymptotically stable are equivalent. Therefore, in the following
theorems we will omit the prefixes A and P when talking about stability and asymptotical
stability. However, the concept of A-uniform stability implies P-uniform stability if the
matrices A; are uniformly bounded and P-uniform stability implies A-uniform stability if
the matrices G; are uniformly bounded.

Denote
F:={¢€C([0,a),R,),¢(0) =0, ¢ is strictly increasing; a >0}, (3.3)

and ©(¢) is the domain of definition of ¢.

Proposition 3.3. The trivial solution x = 0 of (3.1) is A-uniformly (resp., P-uniformly) stable if and
only if there exists a function ¢ € [ such that for each ty € TX and any solution x(t; ty, x0) of (3.1)
the inequality

llx(t; to, x0) | < @([|Aptoy%oll),  (resp., llx(t;to, x0)ll < (|| Py o)) VE=to,  (3.4)

holds, provided || Apt,)Xoll € D (¢p) (resp., || Ppy) Xoll € D (¢)).

Proof. We only need to prove the proposition for the A-uniformly stable case.

Sufficiency. Suppose there exists a function ¢ € F satisfying (3.4) for each ¢ > 0; we
take 6 = 6(e) > 0 such that ¢(6) < ¢, thatis, ¢~ (e) > 6. If x(; to, xo) is an arbitrary solution of
(3.1) and || Ayt xoll < 6, then [|x(t; to, x0) || < @ (|| Apy)Xoll) < @(0) <€, for all t > to.

Necessity. Suppose that the trivial solution x = 0 of (3.1) is A-uniformly stable, that is,
for each e > 0 there exists 6 = 6(€) > 0 such that for each t; € TX the inequality | Apcto)Xoll < 6
implies ||x(t; to, x0)|| < €, for all t > t;. For the sake of simplicity in computation, we choose
6(e) < €. Denote

y(e) = sup{6(e) : 6(€) has such a property}. (3.5)

It is clear that y(¢) is an increasing positive function in e. Further, y(e) < € and by definition,
there holds

| Apoyxo|| < y(e) then ||lx(t to, x0)|| <€ Vi > to. (3.6)



Journal of Inequalities and Applications 15

By putting
1 €
per=, | v (37)

it is seen that
perF, 0<p(e)<yle) <Le. (3.8)

Let ¢ : [0,sup f) — R. be the inverse function of g. It is clear that ¢ also belongs to F .

For t > ty, we denote € = ||x(t;to, x0)|- If & = 0, then ||x(¢to, x0)|| = € = 0
@ Apto)xoll) YVt > to by ¢ € F (remember that x(t; to, x0) = 0 does not imply that x(-; to, xo)
0). Consider the case where e; > 0. If || A, xo0l| < B(et), then by the relations (3.6) and (3.8)
we have ||x(s; to, x0)|| < €, V¥s > to. In particular, ||x(t; ¢y, x0)|| < €; which is a contradiction.
Thus [|Apxoll > P(er), this implies ||x(t;to, xo0)|| = e < @([|Ap)Xoll), YVt > to, provided
sup > || Apty) Xoll-

The proposition is proved. I

I /A

Similarly, we have the following proposition.

Proposition 3.4. The trivial solution x = 0 of (3.1) is A-stable (resp., P-stable) if and only if for each
ty € ']I"T< and any solution x(t; ty, xo) of (3.1) there exists a function ¢, € F such that there holds the
following:

llxx(£; to, x0) 1l < @1, (|| Apeoyxol|)  (resp., llx(t to, x0) || < @1, (| Poctoy Xol|))  VE>to,  (3.9)

provided || Apto)Xoll € D (¢p1,) (resp., | Poio) Xoll € D (¢py,))-

In order to use the Lyapunov function technique related to (3.1), we suppose that
Ap) € CL (Tk, R™m). By using (2.3), we can define the derivative of the function V : T x
R™ — R, along every solution curve as follows:

V(éilo) (t, Apiyx) = VtA (t, Apiyx)

. \ \ (3.10)
+f (Vi(ot), Apwx + () (Apnx) ), (Ap )" )b
0

Remark 3.5. Note that when the function V is independent of ¢ and even if the vector field
associated with the implicit dynamic equation (3.1) is autonomous, the derivative V(é.lo) may
depend on t.

Theorem 3.6. Assume that there exist a constant ¢ >0, —c € R* and a function V : T, xR" — R,
being rd-continuous and a function ¢ € I, ¢ defined on [0, oo) satisfying
(1) ¢(lxll) < V(t, Appyx) forall x € Qi and t € T,

(2) V(é.w)(t/ Apx) < (¢/ (1 =cu())V(t, Apwx), for any x € Q; and t € T.
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Assume further that (3.1) is locally solvable. Then, (3.1) is globally solvable, that is, every solution
with the initial condition (3.2) is defined on Ty,

Proof. Denote
W(t,x) = V(t,x)e_c(t,to). (3.11)
By the condition (2), we have

Wéw) (t, Apiyx) = V(éilo) (t, Appyx)e—c(o(t), to) — cV (t, Apyx)e—c(t, to)

c

< mv (t, Apryx) (1 = cp(t))e_c(t, to) — cV (t, Apyx)e—c(t, to) = 0.
(3.12)
Therefore, for all t > £
t
W (t, Apyx(t)) = W (to, Apto)x(to)) = f WG 10) (T, Ap(ryx(T)) AT < 0. (3.13)
to

From the condition (1), it follows that
eclt, )@ (IXOI) < W (L Apox(®) < W (to, Apiyx(t)) = V (b, Apax())  (3.14)
or

x| < ¢ (V (fo, Apito)x(to) ) () (t, t0)) = ¢ (V (o, Apto) X (t0) ) e/ 1-cutvy) (t to) ).
(3.15)

The last inequality says that the solution x(t) can be lengthened on T}, thatis, (3.1) is globally
solvable. [l

Theorem 3.7. Assume that there exist a function V : T x R" — R, being rd-continuous and
a function ¢ € F, ¢ defined on [0, o) satisfying the conditions

(1) V(t,0) =0forall t € T,

) g(llxll) < V(t, Appyx) forall x € Qi and t € T,

(3) V310 (t, Apyx) < 0 forany x € Qg and t € T.

Assume further that (3.1) is locally solvable. Then the trivial solution of (3.1) is stable.

Proof. By virtue of Theorem 3.6 and the conditions (2) and (3), it follows that (3.1) is globally
solvable. Suppose on the contrary that the trivial solution x = 0 of (3.1) is not stable. Then,
there exists an ey > 0 such that for all 6 > 0 there exists a solution x(t) of (3.1) satisfying
| Apto)x ()|l < & and [[x(t1; to, x(t0)) || > €o for some t1 > to. Put €1 = ¢s(eo).
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By the assumption that V' (tp,0) = 0 and V (¢, x) is rd-continuous, we can find 69 > 0
such that if ||y|| < 6o then V (o, y) < e1. With given 6y > 0, let x(t) be a solution of (3.1) such
that [ A, ) x(to)[| < 60 and [[x(t1; to, x(to))|| > €o for some t; > ty.

Since x(t) € Q; and by the condition (3),

ty
f V(%.w) (t, Apiyx(t)) At = V (t1, Apryyx(t)) = V (to, Apty) x(to) ) < 0. (3.16)
to

Therefore, V (t1, Apt)x(t1)) < V(to, Apty)x(to)) < €1. Further, x(t1) € ;, and by the condition
(2) we have V (t1, Api)x(t1)) = ¢(l[x(t1)|]) > ¢(eo) = e1. This is a contradiction. The theorem
is proved. [l

Theorem 3.8. Assume that there exist a function V : T x R" — R, being rd-continuous and
functions ¢, € F, ¢ defined on [0, 00), 6 € Cra([to, 20), [0, o0)) such that

t
0(s)As — oo ast— oo, (3.17)
to

satisfying the conditions

(1) limy oV (t,x) = 0 uniformly in t € T,
@) g(llxll) < V(t, Appyx) forall x € Qi and t € T,
(3) V(é.w)(t/ Apinx) < =6(t)P(lAprxll) for any x € Q;and t € Tk.

Further, (3.1) is locally solvable. Then the trivial solution of (3.1) is asymptotically stable.

Proof. Also from Theorem 3.6 and the conditions (2) and (3), it implies that (3.1) is globally
solvable.

And since V(é.w)(t/ Apynx) < —06(H)P([Apmyxll < 0, the trivial solution of (3.1) is
stable by Theorem 3.7. Consider a bounded solution x(f) of (3.1). First, we show that
liminf; o,V (t, Apyx(t)) = 0. Assume on the contrary that infier, V (£, Appx(t)) > 0. From

the condition (1), it follows that infter, || Apt)x(f)[ := r > 0. By the condition (3), we have
t
V(i’, Ap(t)x(t)) = V(to, Ap(to)x(to)) + f V(é.lO) (S, AP(S)X(S)) As
to

<Vt Ay ) - [ 5©0(1AxDAs < Vit xt)  G18)

—¢(r) t 6(s)As — —oo,

to

ast — oo, which gets a contradiction.
Thus, infteqytOV(t, Appx(t)) = 0. Further, from the condition (3) for any s < t we get

t
V(t Apx () =V (s, Ap(s)x(s)) = f V610) (T, Apmx(7)) AT < 0. (3.19)
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This means that V'(t, A,)x(t)) is a decreasing function. Consequently,

Lm V(E, Apnx()) = Inf V(5 Apx()) =0, (3.20)

which follows that lim;_, .;||x(¢)|| = 0 by the condition (2). (N

Theorem 3.9. Suppose that there exist a function a € I, a defined on [0, 00), and a function V €
Ca (T, x R™, R, ) such that

(1) limy oV (¢, x) = 0 uniformly in t € T, and a(||x||) < V(t, Apwyx) for all x € Q; and
te T,

(2) V310t Apyx) <O, forany x € Qpand t € T},
Assume further that (3.1) is locally solvable. Then, the trivial solution of (3.1) is A-uniformly stable.

Proof. The proof is similar to the one of Theorem 3.7 with a remark that since lim, oV (¢, x) =
0 uniformly in t € T, we can find 6y > 0 such that if ||y|| < &¢ then supteTTV(t,y) < €.
The proof is complete. ]

Remark 3.10. The conclusion of Theorem 3.9 is still true if the condition (1) is replaced by
“there exist two functions a,b € [, a defined on [0, oo0) and a function V € Cyq(Tr x R™,R,) such
that a(||x|]) < V(t, Apiyx) < b(|[Appxl|) forall x € Qpand t € T.”.

We present a theorem of uniform global asymptotical stability.

Theorem 3.11. If there exist functions a, b, c € F, a defined on [0, o0), and a function V € Cyq(T7 x
R™, R,) satisfying

1) a(|xll) <Vt Ay x) < bl Ap ) for all x € Q and t € T,

() Véw)(tf Apyx) < —c([|Apwx)|) for any x € Q; and t € TE.

Assume further that (3.1) is locally solvable. Then, the trivial solution of (3.1) is A-uniformly globally
asymptotically stable.

Proof. Let 6y > 0 be given. Define 6(e) = min{b~'(a(¢)), 50} and

2b(0)

m. (3.21)

T(e) = max u(t) +

(T (e) is not necessary in T).
Let x(t) be a solution of (3.1) with [[Ay)x(to)|| < 6(€). From the condition (2), we see
that

t
V(i‘, Ap(t)x(t)) - V(fo, Ap(to)x(t0)> = J‘ V(élo) (S, AP(S)X(S))AS <0. (3.22)
to



Journal of Inequalities and Applications 19

Therefore,
a(llx(B)]) < V(t, Apyx(t)) <V (to, Apito)x(t0)) < b(|| ApiroX(to)]|) <b(6(e)) < a(e). (3.23)

Hence, ||x(t)|| < € for all t > ty.

Because the trivial solution of (3.1) is A-uniformly stable, we only need to show that
there exists a t* € [to, to + T(€)] such that || Ay x(t*)|| < 6(€). Assume that such a t* does not
exist, that is || A, x(t)|| > 6(e) for all t € [to, to + T (€)]. From the condition (2), we get

to+T (e)
V(to +T(€), Apos1(enX(to + T(€))) + f c(||Apsx(s)]|) As
to

< V(to, Apity) x(to)) (524
< b([|Apt x(t0) )b < (60)-
Since V > 0,
c(6(e))T(€) < b(8) = T(e) C%‘?g;), (3.25)

which contradicts the definition of T'(¢) in (3.21). The proof is complete. [

When A, is not differentiable, one supposes that there exists a A-differentiable
projector Q; onto ker A; and (Qp(t))A is rd-continuous on T%X; moreover, Q,¢) = Q; for all
te (Ty)5. Let P =1-Q..

We choose matrix functions T, By € Crd(T’;, R™) such that Ti|y,, 4, is an isomorphism
between ker A; and ker A, and the matrix G; = A; — BiT;Q; is invertible. Define

1
! A A
V26 (t Py x) = Vi (£, Ppgyx) + fo (Vi(o®), Boyx + () (Ppyx) ), (Ppyx) ™ ),
(3.26)

where (Pyx)* = (Po))*x + PG, f (£, x) (see (2.51)).

From now on we remain following the above assumptions on the operators Qy, T}, B;
whenever Vé_%) (t, Py(x) is mentioned.

By the same argument as Theorem 3.6, we have the following theorem.

Theorem 3.12. Assume that there exist a constant ¢ > 0, —c € R* and a function V : TxR" — R,
being rd-continuous and a function ¢ € [, ¢ defined on [0, co) satisfying

(1) ¢(lxl) < V(t, Pypyx) forall x € Q and t € T,
() V(éizs)(t' Pyiyx) < (c/(1 = cpu(t))V (t, Pywyx), for any x € Q; and t € TE.

Assume further that (3.1) is locally solvable. Then, (3.1) is globally solvable.
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Theorem 3.13. Assume that (3.1) is locally solvable. Then, the trivial solution x = 0 of (3.1) is stable
if there exist a function V : T x R" — R, being rd-continuous and a function ¢ € F, ¢ defined on
[0, 00) such that

(1) V(t,0) =0forall t € Ty,

@) V(t, Poyy) = ¢(llyll) forally € Qrand t € T,

(3) V 3.26)(t: Ponyx) < 0 forall x € Qand t € Tk.
Proof. Assume that there is a function V satisfying the assertions (1), (2), and (3) but the
trivial solution x = 0 of (3.1) is not stable. Then, there exist a positive ey > 0 and a ty € ’]I"T‘
such that Y6 > 0; there exists a solution x(t) = x(t;to, xo) of (3.1) satisfying ||P,,)xoll < 6
and x(t1;to, x0) > €o, for some t; > t. Let €1 = (€p). Since V (ty,0) = 0, it is possible to find
a6 = 6(ep, tp) > 0 satistying V (to, Pyt,)z) < €1 when [|[Py¢yz|| < 6, z € R™. Consider the

solution x(t) satisfying || Py,)Xol| < 6 and x(t1;t0, x0) = €o foraty > to.
From the assumption (3), it follows that

t
J‘ V(é.ze)(t/ Pypyx(t)) At = V (t1, Py x(t1)) = V (o, Paty)x0) < 0. (3.27)
to

This implies
V(to, Pptyyx0) = V (t1, Py x(t1)) = oll(x(t1)) | > ¢(eo) = €. (3.28)

We get a contradiction because €1 > V (o, Pyt,)X0) when || P, Xol| < 0.
The proof of the theorem is complete. ]

Theorem 3.14. Assume that (3.1) is locally solvable. If there exist two functions a,b € |, a defined
on [0, 00) and a function V : T x R" — R, being rd-continuous such that

(1) a(llx|l) < V(t, Pyiyx) < b(|[Pypyxll) forall x € Qand t € T,
(2) V 26)(1? Pyix) < Oforall x € Qiandt € Tk,

then the trivial solution of (3.1) is P-uniformly stable.
Proof. The proof is similar to the one of Theorem 3.9. [l
Theorem 3.15. If there exist functions a, b, c € F, a defined on [0, co) and a function V€ Cq(Tr x
R™, R,) satisfying

(1) a(llx|l) < V(t, Pyiyx) < b(||Pypyxll) forall x € Qand t € T,
(2) V3 10) (& PoyX) < —c(IPyyx)||) for any x € Qand t € T
Assume further that (3.1) is locally solvable. Then, the trivial solution of (3.1) is P-uniformly globally
asymptotically stable.
Proof. Similarly to the proof of Theorem 3.11. Il

It is difficult to establish the inverse theorem for Theorems from 3.7 to 3.15, that is, if
the trivial solution of (3.1) is stable, there exists a function V satisfying the assertions in the
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above theorems. However, if the structure of the time scale T is rather simple we have the
following theorem.

Theorem 3.16. Suppose that T contains no right-dense points and the trivial solution x = 0 of (3.1)
is P-uniformly stable. Then, there exists a function V : T, xU — R, being rd-continuous satisfying
the conditions (1), (2), and (3) of Theorem 3.13, where U is an open neighborhood of 0 in R™.

Proof. Suppose the trivial solution of (3.1) is P-uniformly stable. Due to Proposition 3.3, there
exist functions ¢ € F such that for any solution x(¢; to, xo) of (3.1), we have

ll(; to, x0) | < @ (|| Pociyxo|) ¥t > to, (3.29)

provided || Py, xoll € D (¢).
Let ®(¢) = [0,a) and U = {x : ||x|| < a}. For any z € R™ satisfying || Py, z|| < a and
t € T;, we put

V(t,z) == supl||x(s;t, z)||, (3.30)

s>t

where x(s; t, z) is the unique solution of (3.1) satisfying the initial condition P,)x(t) = Py z.
It is seen that V' is defined for all z satisfying ||Py¢,)z| € D(¢p), V(t,0) = 0, and V(t,x) €
Crd(TT X Rm/]R—r)

Let y € Q;. By the definition, V(t, P,tyy) = sups>t||x(s; t, PBayy)ll = llx(t;t, Poyryy)ll-
From (2.60), x(s;t, P,ny) = u(s;t, Pyiyy) + (s, u(s;t, Pyyy)) for all s € Ty. In particular,
x(tt, Poyy) = Poyy + 8(t, Poyy) = y. Thus, V(t, Pywyy) = llyll Yy € Q, t € T;. Hence, we
have the assertion (2) of the theorem.

Due to the unique solvability of (3.1), we have x(s;t, P,pyy) = x(s;0(t), x(co(t),t,
P,»y)) with s > o(t). Therefore, V(t, P, y) = sups>t||x(s; t, Pypyy)ll and

V(a(t), Pyowyx(a(t),t, Panyy)) = sup ||x(s;0(t), x(a(t),t, Panyy)) ||

s=>o(t)
(3.31)
= 5>UI(’)||x(S; tE Py | < V(E Poyy)-
szo(t
This implies
V(o) Poowyx(a(t).t, Ponyy)) = V(E Py
Va6 (b Py (1) = ( £ ( py)) =Vt Proy) <0. (3.32)

p(t)

The proof is complete. Il

Now we give an example on using Lyapunov functions to test the stability of
equations. The following result finds out that the stability of a linear equation will be ensured
if nonlinear perturbations are sufficiently small Lipschitz.

Consider a nonlinear equation of the form (2.3)

Ax® = Bx + f(t,x), (3.33)
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where A and B are constant matrices with ind (A,B) = 1, f(t,0) = 0Vt € T, and f(¢, x)
satisfing the Lipschitz condition

Iftx) - ft Il <L||lx -yl (3.34)

where L is sufficiently small. Let Q be defined by (2.9) with T; = I and G = A - BQ,P =
I — Q. By Theorem 2.7, we see that there exists a unique solution satisfying the condition
P(x(ty) — x9) = 0 for any xo € R™.

Besides, also consider the homogeneous equation associated to (3.33)

Ax® = Bx, (3.35)
and suppose this equation has index-1. As in Section 2, multiplying (3.33) by PG~ we get

(Px)* = Mx + PG f(t, x), (3.36)

where M = PG'B = PG™'BP.
Note that the general solution of (3.35) is

x(t; to, x0) = em(t, to) Px(ty) = exp(tM) < H (I+pu(s)M) exp(—y(s)M)>Px(t0), t>to,

seI,,,0

(3.37)

in there I;;, is denoted the set of right-scattered points of the interval [to, t).

Denote (A, B) = {1 : det(AA-B) = 0}. It is easy to show that the trivial solution x = 0
of (3.35) is P-uniformly exponentially stable if and only if 6(A, B) C S, where S is the domain
of uniform exponential stability of T. On the exponential stable domain of a time scale, we
can refer to [10, 18, 19]. By the definition of exponential stability, it implies that the graininess
function of the time scale T is upper bounded. Let p* = sup, ().

We denote the set

1] 1
A:‘/H < } if y* #0

u= { /’t* /’t* //l
{A: 91 <0} if =0,

(3.38)

and suppose o(A,B) C U. Since U C S, this condition implies that (3.35) is P-uniformly
exponentially stable.
If yu* #0, define

(1+ ‘u*MT>nPTFP(I M) +QTFQ, (3.39)

Ms

H=y

e
Il

0

where the matrix F is supposed to be symmetric positive definite. It is clear that H is
symmetric positive definite.
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Since o (A, B) C U, the above series is convergent. Further, for any k > 0 we have
k+ k
(1+pM") PTEP(I + M) - (1+p M) PTFP(I+ M)
k+1
= (T+prMT) PTEP((1+ M) - (1 + M)
T k+1 T k T k
+ ((I M) = (T M) )P FP(I+ u*M) (3.40)
k
= 1+ M) (1+p*M") PTFP
* k * T * T k 1 * k
x (I+ M) M+ M (1 + i M") PTEP(I + i M)".
Thus,

n+1
(1+w M7 PTEP(I+p"M)"™" ~ PTFP

= (T+pMT) S (1 y*MT>kPTFP(I + MY M

n
2 (3.41)

+ #*MTiQ + y*MT>kPTFP(I + M),
k=0

Letting n — oo and paying attention to lim,—, o (I + p*M")"PTFP(I + u*M)" = 0, we obtain
~PTFP = (I +p'MT)HM + MTH = HM + M"H + y* M"HM. (3.42)
In the case where p* = 0 and F is symmetric positive definite, by putting

H = f exp (tMT)pTFP exp(tM)dt + Q'FQ, (3.43)
0

we can examine easily that the matrix H also satisfies (3.42), H is symmetric and positive
definite.

Theorem 3.17. Suppose that o(A, B) C U and the homogeneous equation (3.35) is of index-1 and
the constant L is sufficiently small. Then, the trivial solution x = 0 of (3.33) is P-uniformly globally
asymptotically stable.
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Proof. Let H be a symmetric and positive definite (constant) matrix satisfying (3.42).
Consider the Lyapunov function V(x) := x"Hx. The derivative of V along the solution of
(3.33) is

Vi (Px) = <(Px)A>TH(Px)" + (Px) H(Px)®

= <Mx + PGt x)>TH<Px + p(t) <Mx + PGt x)))
+(Px) H(Mx + PG f(t, x)>

= (Mx + PG f(t,%)) HPx + () (Mx + PG f(t,)) H(Mx + PG f(t,x))
+(Px)"H (Mx + PGl f(t, x)>

< (Mx+ PG f(t,%)) HPx+y*(Mx + PG f(t,x)) H(Mx+ PG f(t,))
+(Px)"H (Mx + PGt x)>

= (Px)"(MTH + HM + i*M"HM) Px + (PG £, x)>T
x H(Px+ p*Mx + ' PG f (£, x) )
+(Px)"H (1 + y*MT>PG‘1 £(t,x)

= —(Px) PTFPPx + (PG-1 £(t, x)>TH (Px + W Mx + PG (t, x))
+(Px)"H (I + y*MT> PG f(t, x)

= (Px)"FPx+ (PG f(, x))TH (Px+ 4 MPx + ;o PG £ (1,)

+(Px)"H (1 + y*MT>PG‘1 £(t,x).
(3.44)

From the Lipschitz condition and (2.25), it is seen that ||Qx|| < K||Px|| where K = (||QG™'B||+
LIQG™)/(1 - LI|QG™||). Therefore,

| £t x)]| < L1 + K)||Px]|. (3.45)

Combining this inequality and the above appreciation, we see that when L is sufficiently
small there exists f > 0 such that

Va6 (Px) < —p|Px|. (3.46)

By Theorem 3.15, (3.33) is P-uniformly globally asymptotically stable. [l
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Example 3.18. Let T = UZ [2k, 2k + 1] and consider
Ax® = Bix + f(t, x), (3.47)

with

- 10 - -t-2 0 s1r1x1
—<t+1><0 0>, Bt-< . _t_1>, fox =220 (G48)

We have ker A; = span{(0, 1)"}, rank A; = 1 for all t € T. It is easy to verify that Q; = (J9) is
the canonical projector onto ker Ay, P = I — Q; = (} ). Let us choose T; = I. We see that

Gt = A - BtTtQt = (t + ].) <:) ?> (349)

Since t > 0, detG; = (t +1)*#0, (3.47) has index-1.
Itis obv1ous that || f(t,w1) — f(t, w2)|| < (1/(t +1))||w1 — wsl|, Y, wr € R2. Further,
= L||T:Q:G *1|| = 1/(t+1)2 <1, for all t € T. Thus, according to Theorem 2.7 for each tp € T,
(3 47) with the initial condition P, x(to) = P,(t,)Xo has the unique solution.
It is easy to compute, G;' = (1/(t+1))(}9), T:Q:G;'BiPyyx = (0,0)", T:Q:G; f (¢, x)
= (sinx/(t+1)%)(0,1)7, where x = (x1,x2)", PG;'B; = (- 1/(1‘+1))(t+2 ), and PG f(t,x) =

(0,0)".
Therefore, u(t) = P, x(t) satisfies ut =—(1/(t+1)) (52 5)u. Moreover, we have
Ei={x=(x,x) €R, xp= L 1. (3.50)
(t+1)

Let the Lyapunov functionbe V (t, x) := 2||x||, t € T, x € R°.
Putx = (xl,xz)T € Ly, we have V (t, Pyyx) = 2||Pypyx|| = 2|x1| and

1/2
1/2 sjnle 1/2
(2+2) = (2 2 | sin? 3.51
[lx]| (x1 +x2> <x1 + ™ 1)4> < (x1 + sin x1> < 2l (3.51)
Hence,
[[x]| < V(t Pp(t)x) 2||Pp(t)x|| Vxekl;, teT. (3.52)

We have for any solution x(t) of (3.47) and t € T (noting that t > 0),
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(4 i s sight-scattered then V(1 Pox(t) =" 2(u(t+ DI~ Iu(tl) = 201u®) +
ub ()] - lu®ll) = 262/ (t+1)? + D)% - 12 +12)? <0,

(+) if t is right-dense then V, é%) (t, Popyx(t)) = (Vi(t, Pyyx), F(t, Pypyx)) = =2(t +
2)us/(t+1)|lul| <0, where u = (u1,u2)", F(t,u) = (-1/(t + 1)) (529 u.
In both two cases, we have V326)(t Pyyx(t)) < 0, so the trivial solution of (3.47) is
P-uniformly stable by Theorem 3.14.

Note that if we let V (¢, x) := ||x||?, t € T, x € R? then the result is still true. Indeed, by
the simple calculations we obtain

@) a(llxll) < V(t, Pypx) < b(|[Pysyxll), Vx € £y, t € T, where a,b € F defined by
a(]/) - (1/2)]/2/b(]/) - ]/ /]/ € ]R+/

(b) Vi ey (t, Py x()) 27" (2u, F(t, ) + p(®)|[F (¢, )] Thus,

2(t+2)u? o
T if t is right-dense,
Vi (& Boyx(t)) ™ " <0. (3.53)
o e
- (1) if t is right-scattered,
+

Therefore, having the above result is obvious.

4, Conclusion

We have studied some criteria ensuring the stability for a class of quasilinear dynamic equa-
tions on time scales. So far, the inverse theorem of the theorems of the stability in Section 3
of this paper is still an open problem for an arbitrary time scale meanwhile it is true for
discrete and continuous time scales.
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