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We derive some optimal convex combination bounds related to Seiffert’'s mean. We find the
greatest values a, a, and the least values p1, f, such that the double inequalities a;C(a,b) + (1 -
a1)G(a,b) < P(a,b) < p1C(a,b) + (1 - p1)G(a,b) and a,C(a,b) + (1 — ax)H(a,b) < P(a,b) <
p>C(a,b)+(1-p2)H(a,b) hold for all a,b > 0 with a#b. Here, C(a,b), G(a,b), H(a,b), and P(a,b)
denote the contraharmonic, geometric, harmonic, and Seiffert’s means of two positive numbers a
and b, respectively.

1. Introduction

For a,b > 0 with a #b, the Seiffert't mean P(a, b) was introduced by Seiffert [1] as follows:

a-b

Pl = 4 arctan<\/a/b> —.71'.

(1.1)

Recently, the inequalities for means have been the subject of intensive research. In particular,
many remarkable inequalities for P can be found in the literature [2-6]. Seiffert’'s mean P can
be rewritten as (see [5, equation (2.4)])

a-b

P@b) = 5 sresin((a-b)/(a+b))°

(1.2)
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Let C(a,b) = (a®+b?)/(a+b), A(a,b) = (a+b)/2,G(a,b) = vab,and H(a,b) = 2ab/(a+b) be
the contraharmonic, arithmetic, geometric and harmonic means of two positive real numbers
a and b with a#b. Then

min{a,b} < H(a,b) < G(a,b) < P(a,b) < A(a,b) < C(a,b) < max{a,b}. (1.3)
In [7], Seiffert proved that

3A(a,b)G(a,b)
A(a,b) +2G(a, b)’

P(a,b) > P(a,b) > ]Zr Aa,b), (1.4)

for all a,b > 0 with a#b.
In [8], the authors found the greatest value a and the least value f such that the double
inequality

aA(a,b) + (1-a)H(a,b) < P(a,b) < pA(a, b) + (1 - p)H(a, b) (1.5)

holds for all a,b > 0 with a #b.

For more results, see [9-23].

The purpose of the present paper is to find the greatest values a;, a, and the least
values f1, p» such that the double inequalities

a1C(a,b) + (1 - x)G(a,b) < P(a,b) < p1C(a,b) + (1 - p1)G(a,b),
a,C(a,b) + (1 - ax)H(a,b) < P(a,b) < pC(a,b) + (1 - p>)H(a,b)

(1.6)

hold for all a, b > 0 with a#b.

2. Main Results

Firstly, we present the optimal convex combination bounds of contraharmonic and geometric
means for Seiffert’s mean as follows.

Theorem 2.1. The double inequality a1C(a,b) + (1 — a1)G(a,b) < P(a,b) < p1C(a,b) + (1 -
P1)G(a, b) holds for all a,b > 0 with a#b if and only if oy < 2/9and p1 > 1/ .

Proof. Firstly, we prove that

P(a,b) < ;_C(a, b) + (1 - ;)G(a, b), o

P(a,b) > ;C(a, b) + ;G(a, b),

for all a,b > 0 with a#b.
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Without loss of generality, we assume that a > b. Lett = Va/b>1and pe(2/9,1/x}.
Then (1.1) leads to

{P(a,b) - [pC(a,b) + (1-p)G(a,b)]}
-0p(2.1) -opc(e1) + (-G o

_blptt+ (1-p)+ (1-p)t+p]
B (2 +1)(4arctant — )

f(),

where

(#-1)

— 4arctant + . 23
pr+(1-p)f+(1-pyt+p 22

f) =
Simple computations lead to

. . 1
tlinlhf(t) =0, tlirpwf(t) p I

2.4
) (t-1)° 24
fi)= 58(t),
#+D[ptt+ (1-p)t+ (1 -p)t+p]
where
gty == (4p* +p-1)=2(5p - 1)£ =3(5p - 1)¢*
+4(2p? - 5p+1)£ - 3(5p - 1)F (2.5)
—2(5p-1)t—4p* —-p+1.
We divide the proof into two cases.
Case 1 (p =2/9). In this case,
g(t) = 8i1 (47t4 + 7613 + 7812 + 76t + 47) (t-12>0, fort>1. (2.6)

Therefore, the second inequality in (2.1) follows from (2.2)—(2.6). Notice that in this case, the
second equality in (2.4) becomes

tlim f(t) = z —a > 0. (2.7)
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Case 2 (p =1/or). From (2.5), we have that

g(1) =8(2-9p) = 8(2 - i) <0, lim g(t) =+, (2.8)
— +00
g(H) =-6(4p* +p-1)F = 10(5p - 1)t* ~ 12(5p - 1)F’
(2.9)
+12(2p* - 5p+1)£2 = 6(5p - 1)t~ 10p + 2
g'(1) = 24(2 - 9p) = 24 (2 - ;) <0, lim g'(t) = +oo, (2.10)
g'(t) = -30(4p” +p—1)# —40(5p 1) = 36(5p — 1)
(2.11)
+24(2p = 5p +1)t = 30p + 6,
70 9
" _ _ _ 2\ _ _ : " _
g'(1) =8(17 - 70p - 9p?) = 8(17 ~ ﬂz) <0, lim g'(t) = +oo, (2.12)
g"(t) = =120(4p> +p 1) = 120(5p - 1) = 72(5p ~ 1)t
(2.13)
+48p* — 120p + 24,
25 9
m _ _ _ 2\ _ =~ _ = : m _
g"(1) —48<7 25p - 9p ) —48<7 — ”2) <0, lim g"(t) = +oo, (2.14)
g9 (t) = ~360(4p* +p — 1)1 - 240(5p — 1)t ~ 360p + 72, (2.15)
20 15
(4) _ _ _ 2\ _ _ Y . ! —
g® (1) = 96(7 - 20p - 15p) = 96(7 — ]ﬂ) <0, lim g'(t) = +oo, (2.16)
g (t) = =720(4p* +p — 1)t~ 1200p + 240, (2.17)
g (1) = 960(1-2p - 3p?) = 960 (1 _2 i) > 0. (2.18)
a2

From (2.17) and (2.18), we clearly see that g®(t) > 0 for t > 1; hence g (t) is strictly
increasing in [1,+o0), which together with (2.16) implies that there exists A; > 1 such that
g®(t) <0forte [1,1;) and g®¥(t) > 0 for t € (A1, +o0); and hence g"(t) is strictly decreasing
in [1, ;] and strictly increasing for [A1, +o0). From (2.14) and the monotonicity of g"'(t), there
exists A, > 1 such that g""(t) < 0 for t € [1,1,) and g"(t) > 0 for t € (A2, +o0); hence g"(t) is
strictly decreasing in [1, A;] and strictly increasing for [A2, +o0). As this goes on, there exists
A3 > 1 such that f(t) is strictly decreasing in [1, A3] and strictly increasing in [A3, +o0). Note
that if p = 1/, then the second equality in (2.4) becomes

lim f(t) = 0. (2.19)

Thus f(t) < 0 for all £ > 1. Therefore, the first inequality in (2.1) follows from (2.2) and (2.3).
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Secondly, we prove that 2/9C(a,b) + 7/9G(a,b) is the best possible lower convex
combination bound of the contraharmonic and geometric means for Seiffert’s mean.
If a1 > 2/9, then (2.5) (with ay in place of p) leads to

g(1) =8(2-9a;) < 0. (2.20)

From this result and the continuity of g(t) we clearly see that there exists 6 = 6(a;) > 0
such that g(t) < 0 for t € (1,1 + ). Then the last equality in (2.4) implies that f'(t) < 0 for
t € (1,1+6). Thus f(t) is decreasing for t € (1,1 + 6). Due to (2.4), f(t) <Ofort e (1,1+0),
which is equivalent to, by (2.2),

P(tz, 1) < a1C<t2, 1) +(1- al)G<t2, 1), (2.21)

forte (1,1+06).

Finally, we prove that 1/oC(a, b) + (1-1/7)G(a,b) is the best possible upper convex
combination bound of the contraharmonic and geometric means for Seiffert’s mean.

If p1 <1/, then from (1.1) one has

i BiC (12, 1) + (1-p1)G(#3,1)

1
Pl P(£2,1)
(2.22)
t'+ (1-p1)f + (1 - 1)t + p1] (4arctant -
_ g P (=P + (1= p1)t + fi] (arctant — ) el
t—+o0 -1
Inequality (2.22) implies that for any 1 < 1/ there exists X = X(f1) > 1 such that
FC(R1)+ (1-p)G(R1) < P(21) (2.23)

fort € (X, +o0). I

Secondly, we present the optimal convex combination bounds of the contraharmonic
and harmonic means for Seiffert’s mean as follows.

Theorem 2.2. The double inequality arC(a,b) + (1 — ax)H(a,b) < P(a,b) < pC(a,b) + (1 -
P2)H (a,b) holds for all a,b > 0 with a#b if and only if ay < 1/ and P, > 5/12.

Proof. Firstly, we prove that
P b)<5C( b)+7H b
a, E a, E (a/ )/
. 1 (2.24)
P(a,b) > ”C(a,b) + <1 - yT)H(a,b),

for all a,b > 0 with a#b.
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Without loss of generality, we assume that a > b. Let t = y/a/b > 1 and p €
{1/0r,5/12}. Then (1.1) leads to

{P(a,b) - [pC(a,b) + (1-p)H(a,b)] }

- bP<t2, 1> - b[pC(tz, 1) +(1- P)H<f2f 1>] (2.25)

~ blptt +2(1-p)f> + p]
(2 +1)(4arctan t — )

f(@,

where

(#-1)

= -4 tant + Jr. 2.26
ptt+2(1-p)t2 +p arctantrr (226)

f(®)
Simple computations lead to

. . 1
tlgrlhf(t) =0, tlirpwf(t) p I

2.27
: At-1)° 227
fi) = 58(t),
(B +1)[ptt +2(1 - p)t2 +p]
where
g(t) = —p*t® + <—2p2 -p+ 1>t5 + <p2 -6p + 2>t4
(2.28)
+ 2<2p2 -5p+ 2)1‘3 + (pz —6p +2>t2 + <—2p2 -p+ 1>t —pz.
We divide the proof into two cases.
Case 1 (p =5/12). In this case,
g(t) = —114 <25t4 + 168 + 5412 + 16t + 25) (t-1)% <0, fort>1. (2.29)

Therefore, the first inequality in (2.24) follows from (2.25)—(2.29). Notice that in this case, the
second equality in (2.27) becomes

lim f(t) = % - <0. (2.30)

t— +oo
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Case 2 (p =1/r). From (2.28) we have that

g(1) =2(5-12p) = 2(5 - 1;72) >0, lim g(t) = —os, (2.31)
g'(t) = —6p*t + 5<—2p2 -p+ 1>t4 + 4<p2 —-6p + 2>t3
(2.32)
+6(2p* ~5p+2)P +2(p? —6p+2)t-2p* ~p+ 1,
) 12 o
gt =6(5-12p) = 6(5 - ;) >0, thrp g'(t) = —oo, (2.33)
g'(t) = -30p*t* + 20(-2p* ~ p+ 1)+ 12(p* — 6p + 2) 2
(2.34)
+12(2p = 5p +2)t + 2p* —12p + 4,
n _ _ _ 2\ _ _ ﬂ _ i : " — _
g'(t) =4(18-41p-8p*) = 4(18 —-—3)>0 [lim g"() =, (2.35)
g"(t) = =120p** + 60(-2p* — p + 1) + 24(p* ~ 6p + 2)
(2.36)

+24p* — 60p + 24,

2 16
m _ _ _ 2\ _ _ _ i m = —
g"(1) = 12(11 22p - 16p ) = 12(11 = ]rz) >0, lim g"()=-c0,  (237)
g (t) = ~360p*2 +120(~2p® — p + 1)t + 24p” — 144p + 48. (2.38)
11 24
(1) = 24(7 — 11p — 2492) = _u_ 2 im o (f) = —
g9 (1) _24(7 11p - 24p ) = 24(7 - Jﬂ) >0, lim g'(t) = -o, (2.39)
g®)(t) = =720p*t — 240p* — 120p + 120, (2.40)
1 8
®) — 1 —8p2) = - - =
g®(1)=120(1-p-8p*) = 120(1 . ”2> <0. (2.41)

From (2.40) and (2.41) we clearly see that ¢®(t) < 0 for t > 1; hence ¢¥(¢t) is strictly
decreasing in [1, +o0), which together with (2.39) implies that there exists 14 > 1 such that
gW(t) > 0fort € [1,\) and g (#) < 0 for t € (A4, +o0), and hence g (t) is strictly increasing
in [1, A4] and strictly decreasing for [A1, +o0). From (2.37) and the monotonicity of g"(t), there
exists A5 > 1 such that ¢g""(t) > 0 for t € [1,15) and g"'(t) < 0 for t € (A5, +o0); hence g"(t) is
strictly increasing in [1, A5] and strictly decreasing for [As, +o0). As this goes on, there exists
¢ > 1 such that f(t) is strictly increasing in [1, A¢] and strictly decreasing in [\g, +00). Notice
that if p = 1/, then the second equality in (2.27) becomes

lim f(t) = 0. (2.42)

t—+oo

Thus f(t) > 0 for all t > 1. Therefore, the second inequality in (2.24) follows from (2.25) and
(2.26).
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Secondly, we prove that 5/12C(a, b) + 7/12H (a, b) is the best possible upper convex
combination bound of the contraharmonic and harmonic means for Seiffert’s mean.
If p» < 5/12, then (2.28) (with B, in place of p) leads to

g(1) =2(5-124,) > 0. (2.43)

From this result and the continuity of g(t) we clearly see that there exists 6 = 6(f,) > 0
such that g(t) > 0 for t € (1,1 + 6). Then the last equality in (2.27) implies that f'(t) > 0 for
t € (1,1+06). Thus f(t) is increasing for t € (1,1 + 6). Due to (2.27), f(t) > 0fort € (1,1+0),
which is equivalent to, by (2.25),

P(2,1) > BC(£,1) + (1- po)H(21), (2.44)
forte (1,1+0).
Finally, we prove that 1/oC(a, b) + (1-1/a)H (a, b) is the best possible lower convex
combination bound of the contraharmonic and harmonic means for Seiffert’s mean.

If ay > 1/, then from (1.1) one has

CX2C(t2,1) + (1 — az)H(tz,].)

P P(2,1)
(2.45)
. [t =2(1 = ap)? + ap] (4 arctant — )
= lim =arar > 1.
e, 1) -1)
Inequality (2.45) implies that for any a, > 1/ there exists X = X(a3) > 1 such that
a2C<t2, 1) +(1- az)H<t2, 1) > P(tz, 1) (2.46)

fort € (X, +o0). I
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