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The aim of this paper is to introduce and study some new double sequence spaces with respect to
an Orlicz function, and also some properties of the resulting sequence spaces were examined.

1. Introduction

We recall that the concept of a 2-normed space was first given in the works of Gihler ([1, 2])
as an interesting nonlinear generalization of a normed linear space which was subsequently
studied by many authors (see, [3, 4]). Recently, a lot of activities have started to study
summability, sequence spaces, and related topics in these nonlinear spaces (see, e.g., [5—
9]). In particular, Savas [10] combined Orlicz function and ideal convergence to define some
sequence spaces using 2-norm.

In this paper, we introduce and study some new double-sequence spaces, whose
elements are form n-normed spaces, using an Orlicz function, which may be considered as
an extension of various sequence spaces to n-normed spaces. We begin with recalling some
notations and backgrounds.

Recall in [11] that an Orlicz function M : [0,00) — [0, 00) is continuous, convex, and
nondecreasing function such that M(0) = 0 and M(x) > 0 for x > 0, and M(x) — oo as
X — oo.

Subsequently, Orlicz function was used to define sequence spaces by Parashar and
Choudhary [12] and others. An Orlicz function M can always be represented in the following
integral form: M(x) = [; p(t)dt, where p is the known kernel of M, right differential for t > 0,
p(0) =0, p(t) > 0 for t > 0, p is nondecreasing, and p(f) — ccast — co.
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If convexity of Orlicz function M is replaced by M(x + y) < M(x) + M(y), then this
function is called Modulus function, which was presented and discussed by Ruckle [13] and
Maddox [14].

Remark 1.1. If M is a convex function and M(0) = 0, then M(Ax) < AM(x) for all A with
0<\A<l1.

Let n € N and X be real vector space of dimension d, where n < d. An n-norm on X is
a function ||-,..., ]| : X x X x--- x X — R which satisfies the following four conditions:
(1) llx1, x2,...,x4]| = 0if and only if x1, x7, ..., x, are linearly dependent,
(ii) ||lx1, x2,. .., x4|| are invariant under permutation,
(iii) ||ax1, x2, ..., xa|| = |a|||x1, X2, ..., x|, x € R,
1v) lx + X', x2, ..., xull < 1%, 22, .0, Xull + 11X, X2, -+, x|
The pair (X, ||,...,||) is then called an n-normed space [3].
Let X = R (d < n) be equipped with the n-norm, then ||x1,x2,...,x4-1, x|l = the

volume of the n-dimensional parallelepiped spanned by the vectors, x1, xs, ..., x,-1, X, which
may be given explicitly by the formula

(x1,%2) -+ (X1, %n)

||x1/x2/---/xn71/xn”5 = . 7 (11)

(xp,x1) -+ (Xn, Xn)

where (-, ) denotes inner product. Let (X, ||-,...,||) be an n-normed space of dimension d >
n and {aj, ay,...,a,} a linearly independent set in X. Then, the function |-,-||., on X"! is
defined by

llx1, x2, ..., Xp-1, Xn|| o = max{||x1,x2,..., X1, ail| : i=1,2,...,n}, (1.2)

is defines an (n — 1) norm on X with respect to {aj, az, ..., a,} (see, [15]).

Definition 1.2 (see [7]). A sequence (xi) in n-normed space (X,|,...,:||) is aid to be
convergent to an x in X (in the n-norm) if

lim ||x1,x2, ..., %p-1, Xk — x| =0, (1.3)
k— oo

for every x1,xy,...,%x,-1 € X.

Definition 1.3 (see [16]). Let X be a linear space. Then, amap g : X — R is called a paranorm
(on X) if it is satisfies the following conditions for all x, ¥ € X and A scalar:

(i) g(6) =0 (0 =(0,0,...,0...) is zero of the space),
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(i) g(x) = g(-x),
(iii) g(x +y) < g(x) + g(v),

(iv) [\*=A] - 0 (n — oo) and g(x"—x) — 0 (n — oo0) imply g(A"x" -Ax) — 0 (n —

0).

2. Main Results

Let (X, |-, ...,-]|) be any n-normed space, and let S”(n — X) denote X-valued sequence spaces.
Clearly S"(n — X) is a linear space under addition and scalar multiplication.

Definition 2.1. Let M be an Orlicz function and (X, ||, .. .,||) any n-normed space. Further, let
p = (pk,1) be abounded sequence of positive real numbers. Now, we define the following new
double sequence space as follows:

" 1" & Xk,1 Pl
'Mp, ... ) =4xeS"(n-X): Z [M(H ) L 21,22,y Zn1

k=1

)

<oo,p>0},

2.1)

for each z1,2y,...,2z,1 € X.

The following inequalities will be used throughout the paper. Let p = (px,1) be a double
sequence of positive real numbers with 0 < px; < sup, ;px; = H, and let D = max{1,2H-1}.
Then, for the factorable sequences {ax} and {bk} in the complex plane, we have as in Maddox
[16]

lak; + bk,1|pk’1 < D(|ak,1|pk’l + |bk,1|p"'1). (2.2)

Theorem 2.2. I"(M, p, |-, ...,-||) sequences space is a linear space.

Proof. Now, assume that x,y € I" (M, p, ||, ...,-||) and a, € C. Then,

00,00 Xk Pk,
Z[M( Y 21,22,y Zn ) <o for some p; >0,
k,1=1 1
(2.3)
R0 XK1 Pkl
Z [M( Y, 21,22,y Zn ) < oo for some p; > 0.
k1=1,1 P2




4 Journal of Inequalities and Applications

Since ||+, ..., || is a n-norm on X, and M is an Orlicz function, we get

>]Pk,t
Xk,

Zl/ ZZ/ crcy Zn—l

Q0,00
. axi + Py
[M<H 121122/"'121171

k=11 max(|alps, |B|p2)

0,00

<D 2, [(|a|p1 ; lﬁlpz>M<

2 9
i Dké,l[ﬂalm + 15lp2) m(

SD [M<H 121122/ N /an
k=11

/\

|
)]p 4)

Ykl

121122/' . '/ZTl—l

s
I

Yk,1
+D [M<H 121122/ N /Zn 1
k=11

where

f " 18] "
F= “‘ax[ <Ialp1+|ﬂlpz>> <(Ifxlp1+|ﬁlpz)> ] 22

and this completes the proof. Il

Theorem 2.3. I"(M,p, ||, ...,-|l) space is a paranormed space with the paranorm defined by g :

"m,p, ... 0l) = R
Pis 1/M*
>] > B oo}, (2.6)

ool (3

where 0 < pi,; < suppk,; = H, M* = max(1, H).

Xk,1
/le 22/' . '/anl

Proof. (i) Clearly, g(0) = 0 and (ii) g(-x) = g(x). (iii) Let xx1, yx; € I"(M,p, ||-,---,-||), then
there exists p1, po > 0 such that

0,00 Pk
Xk,1
E [M( 21,22, ++,Zn-1 > < oo,
k=11 1
2.7)
0,00 Pk,
Yk,
E |:M<H 21,22,y Zn-1 < oo.
P2

k=11
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So, we have

Xkl + Yk,
M( ——— 21,22, -, Zn-1
pP1t+p2
Xk,1 yk,l
SM< 121122/"'121171 +‘ 121122/"'121171 >
P11+ p2 P1+p2
(2.8)
p1 Xk

S M 121122/"'1271—1

p1+p2 P1

Ykl

lzll ZZ/‘ . -/Zn—l

p2

)

+ p1 M(‘
p1+p2

and thus

Xkl + Yk,
p1+p2

121122/' . '/ZTl—l

"

g(x+y) = inf{ (pr+p2)™ ™ <k§1:,1 [M<

© x Pkl /M
< inf (pl)Pkll/H : < Z [M< k,llzll 22y vy Zn-1 >] > (29)
k=11 P1
Yk,

/le 22/' . '/anl

"))

p2

+ inf{ (o)™ (i (]

(iv) Now, let A — Oand g(x" —x) — 0 (n — o0). Since

<0 - mf{ ()" (3 [

)ka,l
T/ 21,22, -+, Zn-1

) <)

(2.10)

This gives us g(Ax") — 0 (n — o0). I
Theorem 2.4. If0 < px; < gk < oo for each k and I, then I"(M, p, ||-,...,-|l) C1"(M, q, |-, - - -, ||)-

Proof. It x € I"(M, p, ||, ..., -||]), then there exists some p > 0 such that

0,00 x Pk,
Z [M< k,llzll ZZ/"'/anl > < w' (2-11)
k=11 P
This implies that
M( 22, Zn > <1, (2.12)
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for sufficiently large values of k and I. Since M is nondecreasing, we are granted

00,00 gk, 0,00 Pk
Z [M< xk/1121122/"'lzn71 )] S Z [M< xk/1121122/"'lzn71 > < 0.
ki=1,1 P ki=1,1
(2.13)
Thus, x € I"(M, q, ||, . - -, -||)- This completes the proof. [
The following result is a consequence of the above theorem.
Corollary 2.5. (i) If 0 < pi; < 1 for each k and 1, then
'(M,p - ll) STM oD, (2.14)
(ii) If px,; > 1 for each k and 1, then
'"(M, .- St (Mp, ... (2.15)

Theorem 2.6. u = (uy;) € I, = ux € I"(M,p, |-,...,-||), where I, is the double space of bounded
sequences and ux = (U Xk).

Proof. u = (ux;) € I.,. Then, there exists an A > 1 such that |ux,| < A for each k, . We want to
show (upxk;) € I"(M,p, |-, ...,-||). But
Uk, 1Xk,1

0,00
[ (
k=11 P

0,00
= > [M <|uk,z|
ki1

7 Zl/ ZZ/ cecy ZTl—Zl ZTl—l

I

k1
P 7 Zl/ ZZ/ cecy ZTl—Zl ZTl—l

>] " (2.16)
I

and this completes the proof. Il

0
H Z Xk,1
S (KA) [M<|| /le 22/' . -/Zn72/ anl
k=11 P

Theorem 2.7. Let My and M be Orlicz function. Then, we have

V(ML ) O (Mo, e ) SE(My+ Mo, L) (2.17)
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Proof. We have

[(M1 + M>) <H x;'l, 21,22,y Zn-1

= [M1< ) +M2< ‘x;’l,zl,zz,...,zn_l >]ka (2.18)
<ol ) I

Pk,
+D [Mz <
Letx € I"(My,p, |-, ---,- D NI"(Ma,p, |, - --,-|l); when adding the above inequality from k, [ =
0,0 to oo, 00 we get x € ' (M1 + My, p, ||, .. .,-||) and this completes the proof. |

I

Xk
p

Xk,
P 121122/‘ "/ZTl—l

gl
7 Zl/ ZZ/ MR Zn—l

Xk,1
P 121122/" -/Zn—l

Definition 2.8 (see [10]). Let X be a sequence space. Then, X is called solid if (axxi) € X
whenever (xi) € X for all sequences (ax) of scalars with |ai| < 1 forall k € N.

Definition 2.9. Let X be a sequence space. Then, X is called monotone if it contains the
canonical preimages of all its step spaces (see, [17]).

Theorem 2.10. The sequence space I" (M, p, ||-,...,-||) is solid.
Proof. Let (xi;) € I"(M, p, ||, ---,]|); that s,

5 I

k=11

Xkl Pkl

p

lzll ZZ/‘ . -/Zn—l

)

Let (ax 1) be double sequence of scalars such that |ax,| <1 forall k,I € N x N. Then, the result
follows from the following inequality:
Pk,l 0,00
< 3 [m(
k=11

and this completes the proof. Il

< 0. (2.19)

Xk 1

Ok 1 XK1 ,
p 121122/' N '/anl

0,00
Z [M< 121122/"'121171

k=11

)] pk", (2.20)

We have the following result in view of Remark 1.1 and Theorem 2.10.
Corollary 2.11. The sequence space I'(M, p, ||, ...,-|) is monotone.

Definition 2.12 (see [18]). Let A = (amnk,;) denote a four-dimensional summability method
that maps the complex double sequences x into the double-sequence Ax, where the mnth
term to Ax is as follows:

(AX) = Z Ay k 1 Xk - (2.21)
kI=1,1

Such transformation is said to be nonnegative if a,,,; is nonnegative for all m, n, k,
and .
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Definition 2.13. Let A = (a@m,nk,1) be a nonnegative matrix. Let M be an Orlicz function and px
a factorable double sequence of strictly positive real numbers. Then, we define the following
sequence spaces:

wi (M, A, 10l

Amn,k,1Xk,1
———21,22,---,Zn-2,Zn-1

It}

(2.22)

= {xe S'(n-1): lim > [M(
’ "k,I=1,1

for each z1,2,...,2z,1 € X. If x —le € wy(M,A,p,|-...,-|), then we say x is wy(M, A,
p .., |) summable to [, wheree = (1,1, ...).
If we take M(x) = x and px, = 1 for all (k,I), then we have

0,00
wg(A/ P/ ||/ cecy ||) = {x e S"(Tl - 1) . mlil;r}oo Z ”am,n,k,lxk,l/ Zl/ 22/ .. '/anzl anlll = 0}
! k=11
(2.23)

Theorem 2.14. wy(M, A,p, ||, ...,-||) is linear spaces.
Proof. This can be proved by using the techniques similar to those used in Theorem 2.2. | |

Theorem 2.15. (1) If 0 <infpyr; < pi; < 1, then

W (M AP ) CWll (M A, |-, (2.24)

(2) If 1 < pi; < sup pk, < oo, then

WM A ) Cwll (M, Ap, ) (2.25)

Proof. (1) Let x € wy(M, A,p, ||, --.,-|); since 0 < inf p; < 1, we have

)

7 Zl/ ZZ/ cecy ZTl—Zl ZTl—l

Am,nk,1Xk,1

p

0,00
Z [M< 121122/‘ . ‘/Zn—ZI Zn—l
k=11
(2.26)

Amn,k, 1 Xk

S
k,1=1

>] Pkl
and hence x € wy(M, A, ||,...,-]).
(2) Let px; > 1 for each (k, 1) and sup, pk; < oo. Let x € wy(M, Al
Then, for each 0 < € < 1, there exists a positive integer N such that

0,00

Z’ M A,k 1 Xk,
[ <

k,1=1,1

7 Zl/ ZZ/ cety anzl anl

)] <e<l, (2.27)
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for all m,n > N. This implies that

Am,nk,1Xk,l

p

0,00
Z [M< /le ZZ/' . '/anzl anl

k=11

)|

7 Zl/ 22/ cecy anzl anl

(2.28)
< i M( Ay kXK1

k=1

)}

Thus, x € wy(M, A,p,|I-,...,-|l), and this completes the proof. ]
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