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The main object of this paper is to derive some inequality properties and convolution properties
of certain class of integral operators defined on the space of meromorphic functions.

1. Introduction and Preliminaries

Let X denote the class of functions of the form
1 & X
f(z)= pu + Zakz , (1.1)
k=1

which are analytic in the punctured open unit disk
U :={z:z€C, 0<|z| <1} =T\ {0}. (1.2)

Let f, g € X, where f is given by (1.1) and g is defined by

g(z) = % + ibkzk. (1.3)
k=1
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Then the Hadamard product (or convolution) f * g of the functions f and g is defined by
1 0
(f*xg)(z) = - + Zakbkzk = (g* f)(2). (1.4)
k=1

For two functions f and g, analytic in U, we say that the function f is subordinate to g
in U and write

f(z) <g(2), (1.5)

if there exists a Schwarz function w, which is analytic in U with

w(0) =0, |w(z)|<1 (z€l) (1.6)
such that
f(z) =gw(z)) (z€T). (17)
Indeed, it is known that
f(z) <g(z) = f(0)=g(0),  f(U)cg(U). (1.8)

Furthermore, if the function g is univalent in U, then we have the following equivalence:
f(z) < g(z) = f(0) = g(0), f(U) c g(U). (1.9)

Analogous to the integral operator defined by Jung et al. [1], Lashin [2] recently
introduced and investigated the integral operator

Qup:E— = (1.10)

defined, in terms of the familiar Gamma function, by

Qupf) - L2 g); 9L o(-1) om

1.11)
F(ﬁ+zx) [(k+p+1) ' ' i
aEAT) Zr(k+[5+a+1)ak2k (a>0; p>0; zeU").
By setting
fap(z) = = I'(p) Zr(k +pra+l) 2K (a>0; p>0; zeU"), (1.12)

F(ﬂ+a) F(k+p+1)
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we define a new function f 2 5 (z) in terms of the Hadamard product (or convolution)

fap(2) * fup(2) = (a>0; >0; A>0; z€U). (1.13)

1
z(1 - z))‘
Then, motivated essentially by the operator Q, s, Wang et al. [3] introduced the operator
Q% (1.14)

which is defined as

Qhyf(z): = f;,ﬂ<z> * f(2)

F(ﬁ+a) M)y T(k+p+1) ) (115)
= r(p) Z(kakl)'r(k+ﬁ+a+l) ozt (zeU% fex),

where (and throughout this paper unless otherwise mentioned) the parameters a, f3, and A
are constrained as follows:

a>0, p>0, A>0 (1.16)

and (1), is the Pochhammer symbol defined by

1 (k=0),
(A)g ::{ (1.17)
AA+1)---(A+k-1) (keN:={1,2,---}).

Clearly, we know that Qi,p = Qup-
It is readily verified from (1.15) that

Z(Qﬁ,pf>,(2) AQY f(2) = (A + 1)@y 4 (2), (1.18)

2(QL1f) (2) = (B+ @)@ (2) - (B+a+ 1)QL,, 4f (2). (1.19)

Recently, Wang et al. [3] obtained several inclusion relationships and integral-
preserving properties associated with some subclasses involving the operator Qi,ﬂ’ some sub-
ordination and superordination results involving the operator are also derived. Furthermore,
Sun et al. [4] investigated several other subordination and superordination results for the
operator Q, ;.

In order to derive our mainresults, we need the following lemmas.
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Lemma 1.1 (see [5]). Let ¢ be analytic and convex univalent in U with ¢(0) = 1. Suppose also that

p is analytic in U with p(0) = 1. If

p@+ 22 4 030 2 0; e20)

then
p(z) <cz™ JZ tc‘l(j)(t)dt < ¢(z),
0

and cz™¢ foz te=Lp(t)dt is the best dominant of (1.20).
Let P(y) (0 <y < 1) denote the class of functions of the form
p(z) =1+piz+pz’+---,
which are analytic in U and satisfy the condition
Rp(z)) >y (z€l).
Lemma 1.2 (see [6]). Let
gj(z) €P(y;) (0=y;<1 j=12).

Then

(p1xp)(z) €P(y3) (3=1-2(1-n)(1-1))

The result is the best possible.

Lemma 1.3 (see [7]). Let
p(z)=1l+pz+mz®+--€P(y) (0=y<1).

Then

2(1-y)

R(p(z)) >2y-1+ e

(1.20)

(1.21)

(1.22)

(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

In the present paper, we aim at proving some inequality properties and convolution

properties of the integral operator Qﬁ,p'
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2. Main Results
Our first main result is given by Theorem 2.1 below.

Theorem 2.1. Let p <1land -1 < B < A < 1. If f € X satisfies the condition

2[(1- W) QY@ + 4@l f@)] < ToEE (2 ),

then

m((zag,pf(z))”"> > (ﬁﬁ uk/(l—#)—l<%)du>l/n (n=>1).

The result is sharp.

Proof. Suppose that
p(z) =2Q.,f(z) (z€U; feX).
Then p is analytic in U with p(0) = 1. Combining (1.18) and (2.3), we find that

2@} f2) =p(a) + L.

From (2.1), (2.3), and (2.4), we get

1-p 1+Az
p)+ 2 () < T

By Lemma 1.1, we obtain

A va-w J’Z A/(l—ﬂ)—l(l +At>
p(z)<1_‘uz 0t‘ T3 B dt,

or equivalently,

Lt [ 1+ Auw(z)
A _ A/ (1-p)-1
Q@ = [ (T ) )

where w is analytic in U with

w(0) =0, |w(z)<l (ze€U).

2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)
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Since y <1land -1 £ B < A <1, we deduce from (2.7) that

Lt 1-Au
A MA-p-1 (2 27 29
%(zQa,ﬁf(z)> > 1_#J‘Ou <1—Bu>du' (2.9)
By noting that
R(e"") = (R(@)"" (e€C, R(e)20; n21), (2.10)

the assertion (2.2) of Theorem 2.1 follows immediately from (2.9) and (2.10).
To show the sharpness of (2.2), we consider the function f € X defined by

At 1+ Auz
A _ A/ (1-p)-1 = 211
2Q,pf(2) 1—y_[0u <1+Buz>du @11)
For the function f defined by (2.11), we easily find that
1+ Az
A+1 A —
z[(1 - W)QYf(2) + pal f(z)] =15 (e, (2.12)
it follows from (2.12) that
ALt 1-Au
A A/ (1-p)-1 -1). 2.13
zQu,ﬂf(z)Hl_#Lu <1—Bu>du (z— -1) (2.13)
This evidently completes the proof of Theorem 2.1. O

In view of (1.19), by similarly applying the method of proof of Theorem 2.1, we get the
following result.

Corollary 2.2. Let y <1land -1 < B < A < 1. If f € X satisfies the condition
1+ Az
2| (1-1)Qpf (D) + Qs yf )] < 15 (ED) (2.14)

then

%<<2Qﬁ+1,ﬂf(2)>l/n> N <,§5:r;f J'l u(ﬂ+a)/(1ﬂ)1<%>du>l/n n=1). (215)

0

The result is sharp.

For the function f € X given by (1.1), we here recall the integral operator

Dv:2—3%, (2.16)
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defined by
2uf(2) = “Z—_Ul fo Pf(dt (0> 1). (2.17)

Theorem 2.3. Let p <1, v >1and -1 £ B < A < 1. Suppose also that 2, is given by (2.17). If
f € X satisfies the condition

A
2[(1- W@ f(2) + QL Duf ()] < T (2 D), (2.18)

then

. B 1 _ 1/n
%<<2Qﬁ,ﬂ90f(2)>1/ ) . <% L u(u—l)/(l—ﬂ)—l<%>du> (n=1). (2.19)

The result is sharp.

Proof. We easily find from (2.17) that
(0-1)Q} ;£ (2) = vQ} ;20 (2) + 2(Q} ;20 f ) (2). (2.20)
Suppose that
q(z) = 2Q, ;. Duf(2) (z€U; fE€X). (2.21)
It follows from (2.18), (2.20) and (2.21) that

(2.22)

1-u 1+ Az
U

2|(1- W) Q) pf (2) + Q)20 f ()] = 4(2) + =524 (2) < T

The remainder of the proof of Theorem 2.3 is much akin to that of Theorem 2.1, we therefore
choose to omit the analogous details involved. O

Theorem 2.4. Let < 1and -1 < Bj < A; <1 (j =1,2). If f € X is defined by
Q,;f(2) = Qus(fi% f2)(2), (2.23)

and each of the functions f; € X (j = 1,2) satisfies the condition

1+A]'Z
1+BjZ

2[(1- )@k fi(z) + nQl ()] < (zeU), (2.24)
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then

. 4(A; - By) (A2 - By) L (g
R(z[(1-WQ 1)+ 1y, f D)) > 1- =5 55 gy <1_ = du>'

-ul)y 1l+u

(2.25)

The result is sharp when By = By = —1.

Proof. Suppose that f; € Z (j = 1,2) satisfy conditions (2.24). By setting

9i(z) = 2[(1- W) QL £(2) + pQL 4 fi(2)] (z€T; j=1,2), (2.26)

it follows from (2.24) and (2.26) that

1-4A; |
g €P(y;) (vi=7—p57=12) (2.27)
i
Combining (1.18) and (2.26), we get
A s (F e .

Qﬁ/ﬂfj(z) = mz A/ (1-p) ,[0 A (A=p) 1qu(t)dt (] = 1,2)' (2.28)

For the function f € X given by (2.23), we find from (2.28) that

Qpf (2) = Quy(fi+ f2)(2)
A v r A/ (1-p)-1 ) ( A vaep f ® )
= z L t)dt —z W | A £ dt
<1_# . g(t)dt ) » =4 ) o (t)

A va- r -p)-
- z o MOy (nydt,
I-p 0

(2.29)

where
./\ z
¥(2) = EZ_MH) ,[ £ (g % o) (1)t (2.30)
0

By noting that ¢, € P(y1) and ¢ € P(y»), it follows from Lemma 1.2 that

(1 *¢2)(z) €P(y3) (3=1-2(1-11)(1-12))- (2.31)
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Furthermore, by Lemma 1.3, we know that

2(1-
R((g1*¢2)(2)) >2y3 -1+ (1+—|Z|3) (2.32)

In view of (2.24), (2.30), and (2.32), we deduce that
W(=[(1- )@k f @) + nQlf )]

1
= () = =, [ 0PI ga) )

2.33
ZLJ‘ ut/(=m-1 2Y3—1+M du ( )
N H 1+ u|z|
=1_4(A1_B1)(A2—B2) - 1 Jd uA/(l—y)—ldu |
(1_B1)(1_B2) 1-/,[ 0 1+u

When B; = B, = -1, we consider the functions f; € 2 (j = 1,2) which satisfy conditions
(2.24) and are given by

A z 1+ At
Qﬁ,ﬁfj(z) = mz—x/ﬂ—u) _[0 P/ (1=p)-1 <?t]>dt (j=12). (2.34)

It follows from (2.26), (2.28), (2.30), and (2.34) that

At i (1+A1)(1+ Ap)
=T - u. 2.35
¢(2) -z Ou ll 1+A)(+ A+ e ]d (2.35)
Thus, we have
L+ An(+ Ay (1- 2 [ 1 2
#(z) —1-(1+A)(1+A) —1_#f0 T2 (z—-1). (2.36)
The proof of Theorem 2.4 is evidently completed. O

With the aid of (1.19), by applying the similar method of the proof of Theorem 2.4, we
obtain the following result.

Corollary 2.5. Let py <land -1 < B; < Aj =1 (j = 1,2). If f € X is defined by (2.23) and each of
the functions f; € = (j = 1,2) satisfies the condition

A]'Z
2[(1- wal ,,f](Z)+/4Qa+1ﬂf;(Z)] 5. (€0 (2.37)
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then

4(A1-B1)(A-B P/ 1ot
(2 (1-1)Q},f () Q0 (2)]) >1- ((11—311))((1—2132)2) <1‘ffﬁ .[0 T du>'

(2.38)

The result is sharp when By = By = —1.
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