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In the paper titled as “Jackson-type inequality on the sphere” (2004), Ditzian introduced a
spherical nonconvolution operator O;,, which played an important role in the proof of the well-
known Jackson inequality for spherical harmonics. In this paper, we give the lower bound of
approximation by this operator. Namely, we prove that there are constants C; and C, such that
Ciwy (f, t)p <O f = fllp < Cawor(f, t)p for any pth Lebesgue integrable or continuous function
f defined on the sphere, where w;, (f,t) » is the 2rth modulus of smoothness of f.

1. Introduction

Let S9! = {x € R? : |x| = 1} (d > 3) be the unit sphere of R? endowed with the usual
rotation invariant measure dw(x). We denote by ¢ the space of all spherical harmonics of
degree k on S% ! and I1¢ the space of all spherical harmonics of degree at most n. The spaces
H{(k=0,1,...) are mutually orthogonal with respect to the inner product

(frg) = [ | Fgdea, 1)

so there holds

M=Hiodie oLl (1.2)
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By C(S!) and LP(S41), 1 < p < +oo, we denote the space of continuous, real-value functions
and the space of (the equivalence classes of) p-integrable functions defined on S9! endowed
with the respective norms

1/p
ey = max 17l Ul = ([ 1@l aw@) ", 1<p<e 03)

peSd-1

In the following, LP(S9!) will always be one of the spaces LF(S9!) for 1 < p < oo, or C(S%)
for p = oo.

For an arbitrary number 6, 0 < 6 < o, we define the spherical translation operator with
step 0 as (see [1, 2])

1

| §d-2 | sin®20 pv=cos 6

Se(f) =Se(fin) = f)dwas(v), (1.4)

where w,_, means the (d - 2)-dimensional surface area of sphere embedded into R?~!. Here
we integrate over the family of points v € S%~2 whose spherical distance from the given point
p € S971 (ie., the length of minor arc between p and v on the great circle passing through
them) is equal to 6. Thus Se(f; u) can be interpreted as the mean value of the function f on
the surface of a (d — 2)-dimensional sphere with radius sin 6.

By the help of translation operator, we can define the modulus of smoothness of f €
L,(S*) as (see [3, Chapter 10] or [4])

w:(f,1), = sup |[(So, = 1)(Se, = 1) -+ (So, = D f,, (1.5)

0<0;<t

Clearly, the modulus is meaningful to describe the approximation degree and the smoothness
of f, which has been widely used in the study of approximation on sphere.
The Laplace-Beltrami operator A is defined by (see [5, 6])

4 o g(x)

ar= 300 s =7(%). (1.6)

x|

|x|=1

where [x| = (x2 + x5+ + xi)l/z

S4-1 defined by (see [3])

,x = (x1,%2,...,%q). We also need a K-functional on sphere

. — : _ 2r r
Ka(fit), = ot {If =gl + el ). (17)
where AF := AKTA. For the modulus of smoothness and K-functional, the following

equivalent relationship has been proved (see [3, Section 10.6])

w (fit), ~ Kar (fo1),, (1.8)
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Throughout this paper, we denote by C; (i = 1,2,...) the positive constants
independent of f and n and by C(a) the positive constants depending only on a. Their value
will be different at different occurrences, even within the same formula. By A ~ B we denote
that there are positive constants C; and C; such that C{B < A < G;B.

In [3], Ditzian introduced a spherical operator O; , and used it to prove the well-known
Jackson type inequality for spherical harmonics. Before giving the definition of Oy ,, we need
to introduce some preliminaries. Denote

T(p)f(x) := f(px) for p€SO(d), x € ST, (1.9)

where SO(d) denotes the group of orthogonal matrices on R with determinants 1. We denote
further

8, fx) = (T(p) ~21+T(p)) f (). (1.10)

For an orthogonal matrix Q with determinant 1, we define

cost sint 0 O --- O
—sint cost 0 0 --- 0

M(t,Q) :=Q! 0 0o 1 0 --- 0 | (1.11)
0 0O 0 O 1

Now we are in the position to define the operator O;,. At first we define the averaging
operator A;, f by (see [3])

1

m Qes0(d)

2r
f=Auf = Ao fdQ, (1.12)

where dQ represents the Haar measure on SO(d) normalized so that

f dQ=1, (1.13)
QesO(d)

where the definition of the Haar measure can be found in [7]. Furthermore, for a measure
(1) supported in [0, t] (¢ being fixed and u is the variable) such that [ dpu; (1) = 1(dp (1) = 0
for u > |t|), the operator Oy, is defined by

Ot = [ Aurf (51t (114)
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In [3], Ditzian gave a converse inequality for O;, as follows.

Theorem A. Forany f € LP(S9!), 1 < p < oo, and some fixed 1 > 1, there holds
CUf - Oufll, < Kar(Fit), < C(If = Ourfll, + 1f - O fIL).  (115)

In this paper, we improve this result. Motivated by [8, 9], we obtain the following
Theorem 1.1.

Theorem 1.1. Forany f € LP(S4™), 1 < p < oo, there holds
”Otrrf_f”p Nwzr(f’t)p - Kzr(f’t)p' (116)

2. The Proof of Main Result

Before proceeding the proof, we state some useful lemmas at first. The first one can be find in
[3, page 6].

Lemma 2.1. For any f € LP(S41), 1 < p < oo, there exists a constant C(r) depending only on r
such that

The following three lemmas reveal some important properties of O; ,(f). Their proofs
can be found in [3, Theorem 6.1], [3, Theorem 6.2], and [3, equation (4.8)], respectively.

Lemma 2.2. For f € LP(S%Y), 1 < p < oo, and m > 2k, one has

C(k) _
||A’<o;j; | < ||o;j; 2% ¢ ; 2.2)
where O} f := O] 1Oy . f.
Lemma 2.3. For g € C¥*2(S%1), and 1 < p < oo, there holds
|Ons —g - erpa)g| <cirzfarg] 23)

where Pr(A) = X1_, a;Alg is a polynomial of degree r in A. Moreover, P,(A)g = 0 only for g =
const.

Lemma 2.4. For any g € C>*2(S4°Y), any k < r, and m € Z, there holds

O AXf = AFOJLf. (2.4)
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From (1.8) and [10, Theorem 3.2] (see also [3, page 16]) we deduce the following
Lemma 2.5 easily.

Lemma 2.5. Let P.(A) be defined in (2.3) and 1 < p < oo, then one has

Kor(£,8), ~ war(f,1), ~ inf (IIf - gll, + 2 l1P-(a)gll,)- (2.5)

eC2r

Now, we give the last lemma, which can easily be deduced from [10, Theorem 3.1].

Lemma 2.6. Let Pr(A) be defined in (2.3) and 1 < p < oo, then one has

t2r+2 Ar+1om < Ct2r
t —_

a

, P(M)OL 2| - (2.6)

We now give the proof of Theorem 1.1. It has been shown in (1.15) and (1.8) that there
exists a constant C; such that

”f_ot/r(f)”p S Clwzr(f’t)p’ (27)
hence we only need to prove that there exists a constant C, such that

w2 (f,1), < Ca||f = Our ()], (2.8)

From (2.5) it is sufficient to prove that, for m > 2r + 1, there holds

|7 -onn| +#|r@onn], <cslf -0utl, (29)
In order to prove (2.9), we first prove
|7 -ons|| < comlf-0ul, (2.10)
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Indeed, from (2.1), we have

7 -0n s <lif-0url, + ot £ - o5
P k=1

P

<17 ~Oufl, + 0% ~01e)

,

m—-1
<[lf - Ourfll, + C 2| Ok (f = Ourf)
k=1

,

m-1
<< = Oufll, + €410 (f = Our P,
=1

<Cm)||f - Ourfll,-
Now we turn to prove
£ P ()01 (f) ||p < Cullf = O (),

In fact, from (2.3), we obtain

erl[Pop (| < |owor () -onn| + st

Ao () -

In order to estimate t*"**[| A™*' O} (f)||,, we use (2.6) and obtain that

t2T+2

A0 () ||P <cer

P8O

< CHr Pr(A)O{f;f||p+Ct2r Pr(A)OZ’rf—Pr(A)OZj’Zf”p
<crr|[paops| +ce a,ArO{f’;2<f—Ot2/rf>||p

+ P |, a0 (02, £ - OF, f)

,

4.+ Ct¥

@ A0y (02 f - OF f) ||p

(2.11)

(2.12)

(2.13)

(2.14)
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Using (2.2) again and (2.10), we have

t2r+2

P,(A)O]"

ATop(f)| < crr |, + <o (r-0kr)|,

“Carlop (0 s - 0L 1)),
(2.15)
+eet C1t2r72

o2 (052 f -0k 1),

< Ct2r

P,(A)O"

|, +CIf = 0ufll,

The above inequality together with (2.13) and (2.10) yields (2.12). Then we can deduce (2.9)
from (2.12) and (2.10) easily. Therefore (2.8) holds. This completes the proof of Theorem 1.1.
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