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The main aim of this paper is to introduce and study multivariate Baskakov-Durrmeyer operator,

which is nontensor product generalization of the one variable. As a main result, the strong direct
inequality of LV approximation by the operator is established by using a decomposition technique.

1. Introduction

Let P, i (x) = ("5 1)x*(1+x)™*, x € [0,00), n € N. The Baskakov operator defined by
< k
Bui(f,x) = D Pak(x)f (;) (1.1)
k=0

was introduced by Baskakov [1] and can be used to approximate a function f defined on
[0, 00). It is the prototype of the Baskakov-Kantorovich operator (see [2]) and the Baskakov-
Durrmeyer operator defined by (see [3, 4])

Moy (f,x) = 3 Py () (n— 1) f: PO f(Ddt, x € [0,00), 12)
k=0

where f € LP[0,0)(1 < p < o).
By now, the approximation behavior of the Baskakov-Durrmeyer operator is well
understood. It is characterized by the second-order Ditzian-Totik modulus (see [3])

W(f,0), = Sup [ -+ 2h90)) =2f (- +hp0)) + FOll,e @) = Y242, )
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More precisely, for any function defined on L”[0, o0)(1 < p < ), there is a constant such that

1 1
|Mus () - £1], < const. <w§, <f, 777>p v E||f||p>, (1.4)

W2 (f,1), = O(F*) = M1 (f) - fll, = O(n™™), (15)

where0 <a < 1.
Let T c R (d € N), which is defined by

T:=Ty:={x:=(x1,x2,...,%3) :0<x;<00,1<i<d}. (1.6)

Here and in the following, we will use the standard notations
x = (x1,%,...,%a),  k:= (ki ky,..., ka) €N,

d d
XK = x’lclxlz<2 . ~x§d, k! = kylky!-- - kg!, x| := in, k| = Zki’ 17)
i=1 i=1 .

By means of the notations, for a function f defined on T the multivariate Baskakov operator
is defined as (see [5])

& k
Bya(f,x) := %f(;)l)n,k(x)/ (1.8)
where

Kl —
Py (x) = <n ! lkl 1>xk(1 + |x|)‘"—|k|' (1.9)

Naturally, we can modify the multivariate Baskakov operator as multivariate
Baskakov-Durrmeyer operator

Myaf = Mua(f,x) = iPn,k(x)qbn,k,d (f), feLx(D), (1.10)
=0
where
P, d
buica(f) 1= Jr T ;,ftiﬂ;i Y -D)(n-2)---(n—d) L Po(w) f (w)du. (1.11)
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It is a multivariate generalization of the univariate Baskakov-Durrmeyer operators given in
(1.2) and can be considered as a tool to approximate the function in L?(T).

2. Main Result

We will show a direct inequality of LP approximation by the Baskakov-Durrmeyer operator
given in (1.10). By means of K-functional and modulus of smoothness defined in [5], we will
extend (1.4) to the case of higher dimension by using a decomposition technique.

Fox x € T, we define the weight functions

pi(x) =/xi(1+x]), 1<i<d. (2.1)
Let

Dl=-—, reN, DY=DFDF..DM KkeNd (2.2)

denote the differential operators. For 1 < p < oo, we define the weighted Sobolev space as
follows:

WP (T) = { fEeLP(T): D*f € Lioe(T), ¢/ DI f € LP(T) } (2.3)

where |k| < 7, k € N4, and T denotes the interior of T. The Peetre K-functional on LP (T)
(1 £ p < ), are defined by

d
KL(f,1), = inf{ f sl + tfzuq»:D:gnp}, (>0, 0.
i=1

where the infimum is taken over all g € W;’p(T).
For any vector e in RY, we write the rth forward difference of a function f in the
direction of e as

r r . .
AL f(x) = Z<i>(—1) f(x+ihe), x,x+rhe€T, 25)

i=0

0, otherwise.

We then can define the modulus of smoothness of f € LP(T)(1 < p < ), as

(2.6)

d
wy(f,1), = sup D || Ajgpieif

7
O<h<t j=1 P

where e; denotes the unit vector in R?, that is, its ith component is 1 and the others are 0.
In [5], the following result has been proved.
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Lemma 2.1. There exists a positive constant, dependent only on p and r, such that for any f € LP(T),
1<p<w

const. wy(f, t) <Ko (f, tr) < const. wy (f, t) (2.7)

Now we state the main result of this paper.

Theorem 2.2. If f € LP(T), 1 < p < oo, then there is a positive constant independent of n and f such
that

1 1
[Myaf 1], < const (w; (7)) » ;nfnp). 28)

Proof. Our proof is based on an induction argument for the dimension d. We will also use
a decomposition method of the operator M, 4f. We report the detailed proof only for two
dimensions. The higher dimensional cases are similar.

Our proof depends on Lemma 2.1 and the following estimates:

f e (),

1 2
;<;||¢%D$f||p+ ||f||,,), f e W)

[Muz2f = f||, < const. (2.9)

The first estimate is evident as the M, 4f are positive and linear contractions on
LP(T)(1 £ p < o). We can demonstrate the second estimate by reducing it to the one
dimensional inequality

n

Iunf = £l < < (o] + 151, ). 210)

which has been proved in [3]
Now we give the following decomposition formula:

oo (o) x
Moa(£%) = 3 3% Posy (500 Pro i 1 ) 0= (-2
k1=0 k=0 1
XHOQP (1)) P (L)f(u w>)duy du
0 n,k1 1 Tl+k1,kz 1 + ul 1, U2 1 2
0 X
= D Puj (x1)(n— Z)I n-1ky (1) D Py k <—> (2.11)
klZZO 1 1 ZO 1,82 1 +x1

x(n+k—1) J Priiey e, () f (1, (1 + wq)t)dt duy
0

= Y Py, (x1)(n-2) J Ptk (1) Mk, 1 (8, 2) A,
k 0
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where

X2
1+X1’

u(t)=f(u,(1+wm)t), 0<t<oo, z (2.12)

which can be checked directly and will play an important role in the following proof.
From the decomposition formula, it follows that

Mn,Z(f/X) —f(X) = an,kl(xl)(n_z)

k1=0

x {J:o Pyt ey (1) (Mipsky 1 (ur s 2) — Gy (z))dul} + M, 1 (h(-),x1) = h(x1)

=J+L,
(2.13)
where
h(uy) := h(uy,x) = f(ul, (1+u) 1 fle ), 0<u; <oo,
- " (2.14)
M (g9) = S Pua)0-2) [ Puasgiat.
1=0 0
Then by the Jensen’s inequality, we have
0 o P
”]”z < Z P (x1) [(n = 2) f P g, (1) (Muik; 1 (8, 2) — uy (2))dun | dx
T k=0 0
<[ SPE)m-2) f Pos s (4| (Moot (0 2) = gy (2)) [P dusdx
T jy=0 0
= Z Pn,k1 (xl) (1 + xl)dxl (Tl - Z)J‘J‘ Pn_1,k1 (ul)
0 k=0 0 (2.15)

x| (Musiy 1 (g 2) = guy (2)) [P dzdus

n+k -1 (7 @
< Z — f Pn—l,kl (ul) I | (Mﬂ+k1,1 (gull Z) — 8w (Z)) |pd2du1
i -1 Jo 0

S n+ k] -1 (* 1 P
< COHSt'kZ 1 fo Pk, (u1) <n n k1> <H(Pzg;/1

1=0

P
"+ g} )

However, by definition, one also has

> (1) g (1) = t(1 + 1) (1 + 1)’ D3 f (g, (1 + wr)t) = <¢§D§ f) (u1, (1 +u)t). (2.16)
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Therefore,

k
W < const 33 0 P

X <| (‘P§D§f> (uq, (1 + ul)t)|p +|f(u, (1+ ul)t)|p>dt duy

& Tl+k1—1 foo 1
klzo(i’l—l)(i’l+k1)p 0 1+u

= const. Pyq e, (11)

w (2.17)
X Jo <| ((p%(u1,u2)D§f(u1,u2)|p + |f(u1,u2)|p>du1 du,

< CO;St'lgjj Py, (1) fj(' (q’%(ul,uz)Dgf(ul,uz)> |p + |f(u1,u2)|’”>du1 duy
_ const. (“ 2D§f|| AP )

To estimate the second term L, we use a similar method as to estimate (2.10) (see [3])
and can get

12, < < (g2 + 1, ). 218)

Denoting @12(x) = ¢21(X) = \/X1X2, D3, := 8%/ (8x10x2), and D3, := 0%/ (dx20x7), we
have

| ()1 (5)]

xz
= [s(1+5s) <D%f o 12f 1 e 21f 22f> X <s, (1+s)

X2>
1X1

_ 1+x; 212 2 ) X7 5 X )
_‘<1+x1+x IDYf + 91, DL f + 95, D5, f + 1+s—1+x1+x wD3 f S,(1+S)1 <)
(2.19)
Recalling that 12 (x) is no bigger than ¢; (x) or ¢,(x), and the fact
|D3,£(0] < sup(|D? 2fx)) (2.20)

proved in [6] (see [6, Lemma 2.1]), we obtain

||tp2h"|| < const. Z ||(p2D2f||p, (2.21)
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and hence

i, < < (S ot -, ) 22

The second inequality of (2.9) has thus been established, and the proof of Theorem 2.2 is
finished. m
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