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Let {U;,Uy,...,U,} be a sequence of independent and identically distributed U [0, 1]-distributed
random variables. Define the uniform empirical process as a,(f) = n™V/2 3%, (I{U; < t} —t),0 <
t <1, [lanll = supygqlan(t)]. In this paper, we get the exact convergence rates of weighted infinite

series of El|a, |*I{|la.| > e(logn)'/?}.

1. Introduction and Main Results

Let {X, X;;;n > 1} be a sequence of independent and identically distributed (i.i.d.) random
variables with zero mean. Set S,, = >,/; X; for n > 1, and log x = In(x V e). Hsu and Robbins
[1] introduced the concept of complete convergence. They showed that

[ee]

D P{ISul > en} <o, £>0 (1.1)

n=1

if EX = 0 and EX? < co. The converse part was proved by the study of Erdos in [2]. Obviously,
the sum in (1.1) tends to infinity as € \, 0. Many authors studied the exact rates in terms of ¢
(cf. [3-5]). Chow [6] studied the complete convergence of E{|S,| — en*},, € > 0. Recently, Liu
and Lin [7] introduced a new kind of complete moment convergence which is interesting,
and got the precise rate of it as follows.
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Theorem A. Suppose that {X, X,;n > 1} is a sequence of i.i.d. random variables, then

lim
N0 — log

&1
Z SESAI{|Su| > en) =207 (1.2)
111

holds, if and only if EX = 0, EX? = 02, and EX*log"|X| < oo.

Other than partial sums, many authors investigated precise rates in some different
cases, such as U-statistics (cf. [8, 9]) and self-normalized sums (cf. [10, 11]). Zhang and
Yang [12] extended the precise asymptotic results to the uniform empirical process. We
suppose Uy, Uy, -+ ,U, is the sample of U[0, 1] random variables and E,(t) is the empirical
distribution function of it. Denote the uniform empirical process by a,(t) = /n(E,(t) - t),
0 <t <1, and the norm of a function f(t) on [0,1] by || f|| = sup,.,,|f(t)|. Let B(t), t € [0,1]
be the Brownian bridge. We present one result of Zhang and Yang [12] as follows.

Theorem B. Forany 6 > -1, one has

||B||25+2

161{18525”2(0‘%71) {|zxn||>5\/1ogn} S (1.3)

Inspired by the above conclusions, we consider second moment convergence rates for
the uniform empirical process in the law of iterated logarithm and the law of the logarithm.
Throughout this paper, let C denote a positive constant whose values can be different from
one place to another. [x] will denote the largest integer < x. The following two theorems are
our main results.

Theorem 1.1. For0<f <2, 6>2/f -1, one has

lo )6 P BE||B|P*D
L B6+)-2 (logn 2 vey _ P2l
lime Z Bllanl1{lloall > e(logm) P} = G2 ()
Theorem 1.2. For0< <2, 6>2/f -1, one has
> (loglo n)é—Z/ﬂ ﬁEHB”ﬂ(&H)
. B(6+1)-2 (loglog 2 S vey _ PPl 15
lim e 02 3 e Elal 1 { ol > e(loglog m) P} = G (15)
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Remark 1.3. It is well known that P{||B|| > x} =232, (—1)k+1e’2k2"2, x > 0 (see Csorgd and

Révész [13, page 43]). Therefore, by Fubini’s theorem we have

mww@“=ﬂw+nf P EDP(||B]| 2 x)dx
0

_ 2‘[5(6 +1) J xﬂ(5+1)—1z(_1)k+1€—2k2x2dx
0 k=1

BOE+DIBGE+1)/2) S ot s
_ 2[5(6+1)/2 g(_l)k 1k p(6 1)_

Consequently, explicit results of (1.4) and (1.5) can be calculated further.

2. The Proofs
In order to prove Theorem 1.1, we present several propositions first.

Proposition 2.1. For >0, 6 > -1, one has

limgﬂ(‘S*l)Z@P{HBH > S(logn)l/ﬂ} =
n=2

&\0 6+1

Proof. We calculate that

= (logn)°
i ﬂ(5+1)z(g_ 1/p
151{’%5 n=2 n P{”B” Zg(logn) }

» (lo )5
. _p(6+1) ( gy 1/p
= £1\1;1’(}€ J‘2 —y P{||B|| > e(logy) }dy

—p [ w2
0

E|B|I”Y
EE

Proposition 2.2. For >0, 6 > -1, one has

e\0

E|BI"*

. 9]
hm5p<5+1>2@|13{”an” > s(logn)”"} _ p{||B|| > g(logn)l/ﬂ}| =0.
n=2

(1.6)

(2.1)

(2.2)

(2.3)
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Proof. Following [4], set A(e) = [exp(M/eF)], where M > 1. Write

0

58811 p 1> etog )} - P 18I > elogm) )|

n=2

) ng%s)MP{”“"” > e(logn)'"’} ~ P{IBI > e(log )"’} (2.4)

o 5 U pla,) 2 cogm) ) - P{1BI 2 og )|

n>A(e)

IIl +Iz.

It is wellknown that a,,(-) 4, B(-) (see Csorg6 and Révész [13, page 17]). By continuous

mapping theorem, we have ||a,|| 4, ||B||. As a result, it follows that

A, = sup|P{||lan|| > x} = P{||B|| > x}| — 0, asn— oo. (2.5)

Using the Toeplitz’s lemma (see Stout [14, pages 120-121]), we can get lim, oe?®*V I = 0. For
I,, it is obvious that

(logn)° 1/ (logn)° 1/p
I < ~—P{||B| > e(logn) + ~——P{||la,| > e(logn)
n>;(£) n { } n>;(5) n { } (2.6)

=: I3 + Iy.

Notice that A(e) — 1 > \/A(e), for a small €. Via the similar argument in [4] we have

1 6
POV < H6D § MP{HBM > e(logn)'’}
nEA) 2.7)

<c[T OIIR(IBI y)dy — 0, as M — oo
(M/2)"

From Kiefer and Wolfowitz [15], we have

P{||an|| > x} < Ce . (2.8)
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Therefore,

1 5
e, < CPE+D Z @ exp{—C62 (log n)Z/ﬂ}

n>A(e)
< Ceflorh) J M exp{—C.s2 (log x)z/ﬂ }dx (2.9)
NG
< Cf yPOD/ 2 e vgy 50, as M — oo.
C(M/2)¥#

From (2.6), (2.7), and (2.9), we get lim oe’©®*V I, = 0. Proposition 2.2 has been proved.  [J

Proposition 2.3. For >0, 6 >2/f -1, one has

© (1 6-2/P oo B(5+1)
lim gﬂ<5+l>-ZZ(OL f 2yP{|B] > y)dy = —CIB . (210)
o n=2 n E(logn)l/ﬂ (5 + 1) (ﬂ(6 + 1) - 2))
Proof. The calculation here is analogous to (2.1), so it is omitted here. O

Proposition 2.4. For0< <2, 6>2/f -1, one has

i ﬂ(5+1)—zi (logm)*™>" F 2yP{ |l > y}d B 2yP{[IB]| > y}dy| =0
im -— a - =0.
lim.e 2, . - Y nll 2 YAy (log)'? Y 2Yyay
(2.11)
Proof. Like [4] and Proposition 2.2, we divide the summation into two parts,
5-2p
0 (IOng w© o
SEE " 2yP{lad 2 )y - 2yP(1BI > y)dy
n=2 £(logn) /P 5(logn)l/ﬁ
5-2p
(log )™ | (* ”
- > LT ayp(ladzylay- [ 2up(is vldy
n<Ae) n e(logn)'? e(logn)'? (2.12)
6_2/[5 [~} [}
(logn) J‘
2 2yP{lanll > y}dy - 2yP{|IB|l > y}dy
g@ n e(logn)'/” e(logn)'/*

i+ o
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First, consider |7,

(logn)™2# (=
he 3 SEY[C oy IP{led 2 ) - P{IBI > y)|dy
n<A(e) n s(logn)l/ﬂ

6 oo
< 5 BB ("o 0| P{lanl 2 G e)logm) ) - P{1BI 2 x4 ) log)
n<A(e)

1 5 (logn)—l/ﬂA;l/Al
<y M(L 2(x +&)|P{llall 2 (x + &) (log n)' "}

n<Ae)

—P{||B|| > (x+e)(1ogn)””}|dx

) 2 P31 ||B| > 1 1/p d
* J‘(logn)l/pAnl/“‘ (x + 8) {” || = (x + S)( Ogn) } X
[+ »
+ I(logn)('l/ﬂ>A;l/4 2(x + 5)P{ llanll > (x + ) (logn) }dx>
log 1)°
= Z ( gn ) (Jir + Jiz + J13)-
n<A(e)
(2.13)
Since n < A(e) means & < (M/ logn)'’¥, it follows
2 5y (Cogm/Pa
(log )™’ J11 < (log m) /ﬂj 2(x +€)Aydx
0
2
< (log n)z/ﬁAn<(log n)—l/ﬂA;1/4 + (IOg n)—l/le/ﬂ) (214)

2
< (Ai/4+Ml/ﬁAi/2> — 0, asn — oo.

By Lemma 2.1 in Zhang and Yang [12], we have P{||B| > x} < 2e2 For J, it is easy to get

[ee]

(logn)*’ 1, < (logn)Z/ﬂJ‘ (logn) 2# . 2yP{|B|| > y}dy

£(log n)l/ﬂ+A;l/4

< CIOO 2y exp{—Zyz}dy (2.15)

A;1/4

< Cexp{—ZA;l/z} — 0, asn— oo.
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In the same way, by the inequality P{||a,| > x} < Ce©*', we can get

(logm)** 13 < Cexp{-Ca; 2} — 0, asn— oo. (2.16)

Put the three parts together, we get that (logn)*?(J11 + Ji2 + J13) — 0 uniformly in ¢ as
n — oo. Using Toeplitz’s lemma again, we have limg\ogﬂ O+1)-21 = .
In the sequel, we verify lim. oeP©®*)=2], = 0. It is easy to see that

6-2/p
logn *®
pe S %I 2xP(||B|| > x)dx

n>A(e) n e(logn)'’?

6-2/p
logn *© (2.17)
> %J 2xP{ ||| > x)dx
n>A(e) n e(logn)'/?
= Jo1 + J2.

We estimate J», first, by noticing 0 < f < 2 and (2.8), it follows

logn 6=2/F (e . ]
s 2, %J‘ 2¢(logy) "’ P sl = e(logy) "’ | (log y)"* 'y
n>A(e) n ﬁy
© (] 62/F oo 2] 2/p-1
st' (log x) ,[ e2(logy) exp-Ce?(logy)?" |y dx
A(e) X x Y
©  g2(] 2/p-1
< CIA( : % exp{_cg2(logy)2/ﬂ}(1Ogy)5—2/ﬂ+1dy (218)
=

< ngf Mexp{—c‘sz logy}dy
Ae) Y
6
CAlEAE) s
(A(e))™*

Therefore, we get lim oef©*)=2 ]y = 0. So far, we only need to prove lima e#®*)2],; = 0.
Use the inequality P{||B|| > x} < 2e % again and follow the proof of J», we can get this
result. The proof of the proposition is completed now. O

Proof of Theorem 1.1. According to Fubini’s theorem, it is easy to get

[*e]

EXI{X > a) =aP{X2a}+f P{X > x}dx, (2.19)

a
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for a > 0. Therefore, we have

Ellas|P1{ 2]l > e(logn) """} = &2 (log n) /P P{ ||| > e (log m) '’}

(2.20)
+ gy 2vP{llaall > y}dy
From Proposition 2.1- 2.4, we have
5-2/p
: (logn ) 1/
lim &0 ZZ EllenlPI{llaall > e (log )"}
6
= hmeﬁ(ml)imp{nann > ¢(log n)l/ﬂ}
N0 ~ n -
(2.21)
< (logn)® "
- _B(6+1)-2 ( ) S
+£1{%6 nzzz n L(logn)l/ﬁ 2yPlllanl 2 y)dy
_ PEIB|PD
4 po+1)-2" 0
Proof of Theorem 1.2. From (2.19), we have
© (loglo n)ﬁfz/ﬂ
B(5+1)-2 (loglog 2 1/B
e Z—nlogn Ellas|PI{ ]| 2 (loglogn)"/* }
loglo n)6 2P
p(6+1)-2 (gg—J‘ 2y Pl > y)d (2.22)
=¢& Anl| 2 :
Z nlogn e(loglogn)'/? v { y} v
loglo n)
(6+1) (loglog 1/p
+ef Z wTogn P{llaull 2 £(loglogn)'/"}.
Via the similar argument in Proposition 2.1 and 2.2,
loglog1)° E||B|F¢+)
- e o (loglog L el |
lgl{r(}s Z nlog {||an|| > ¢||loglog || } S (2.23)
Also, by the analogous proof of Proposition 2.3 and 2.4,
loe1 6-2/p p(6+1)
lim e#0*1° 22—( e | 2y P{llanl > y}ety = 2L |
N0 nlogn e(loglog n)/* G+ (BB+1)-2))
(2.24)

Combine (2.22), (2.23), and (2.24)together, we get the result of Theorem 1.2. O
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