Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 928150, 10 pages
doi:10.1155/2010/928150

Research Article

Some Estimates of Integrals with
a Composition Operator

Bing Liu

Department of Mathematical Science, Saginaw Valley State University, University Center, MI 48710, USA
Correspondence should be addressed to Bing Liu, sgbing987@hotmail.com

Received 27 December 2009; Revised 11 March 2010; Accepted 16 March 2010

Academic Editor: Yuming Xing

Copyright © 2010 Bing Liu. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.

We give some estimates of integrals with a composition operator, namely, composition of
homotopy, differential, and Green’s operators T o d o G, with the Lipschitz and BMO norms. We
also have estimates of those integrals with a singular factor.

1. Introduction

The purpose of this paper is to establish the Poincaré-type inequalities for the composition
of the homotopy operator T, differential operator d, and Green’s operator G under Lipschitz
and BMO norms. One of the reasons that we consider this composition operator is due to the
Hodge theorem. It is well known that Hodge decomposition theorem plays important role
in studying harmonic analysis and differential forms; see [1-3]. It gives a relationship of the
three key operators in harmonic analysis, namely, Green’s operator G, the Laplacian operator
A, and the harmonic projection operator H. This relationship offers us a tool to apply the
composition of the three operators under the consideration to certain harmonic forms and to
obtain some estimates for certain integrals which are useful in studying the properties of the
solutions of PDEs. We also consider the integrals of this composition operator with a singular
factor because of their broad applications in solving differential and integral equations; see
[4].

We first give some notations and definitions which are commonly used in many books
and papers; for example, see [1, 4-12]. We use M to denote a Riemannian, compact, oriented,
and C* smooth manifold without boundary on R". Let A'M be the Ith exterior power of the
cotangent bundle, and let C*(A'M) be the space of smooth I-forms on M and W(A'M) =
{u € LL_(A'M) : u has generalized gradient}. The harmonic I-fields are defined by J#(A'M) =

loc

{u € WN'M) : du = d*u = 0, u € LP for some 1 < p < oo}. The orthogonal complement of
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H in L! is defined by #* = {u € L' : (u,h) = 0 for all h € #}. Then, Green’s operator G
is defined as G : C*(A\'M) — J#* N C=(AM) by assigning G(u) as the unique element of
H+ N C=(A'M) satisfying Poisson’s equation AG(«) = u — H(u), where H is the harmonic
projection operator that maps C®(A!M) onto  so that H(u) is the harmonic part of u. In
this paper, we also assume that Q is a bounded and convex domain in R”. The n-dimensional
Lebesgue measure of a set E C R” is denoted by |E|. The operator K, with the case y = 0
was first introduced by Cartan in [3]. Then, it was extended to the following version in [13].
To each y € Q there corresponds a linear operator K, : C*(<, A — C®(Q, A1) defined
by (Kyu)(x;é1,...,8-1) = f& 1 (tx + y—-ty;x—-vy,éi,...,¢-1)dt and the decomposition u =
d(K,u)+K,(du). A homotopy operator T : C*(Q,Al) — C*(Q, A'™!) is defined by averaging
K, over all points y € :

Tu = J‘Q ¢(v)K,udy, (1.1)

where ¢ € C(Q) is normalized so that [ ¢(y) dy = 1. We are particularly interested in a class
of differential forms which are solutions of the well-known nonhomogeneous A-harmonic
equation:

d*A(x,du) = B(x,du), (1.2)

where A,B: QxA(R") — Al(R") satisfy the conditions: |A(x, )| < alé¢|*™!, (A(x,§),¢) > [&|°
and |B(x,¢)| < b|g|*™! for almost every x € Q and all ¢ € A (R"). Here a > 0 and b > 0
are constants, and 1 < s < oo is a fixed exponent associated with the equation. A significant
progress has been made recently in the study of different versions of the harmonic equations;
see [1,4-12].

A function f € L| (Q,p) is said to be in BMO(Q, p) if there is a constant C such
that (1/u(B)) IB |f — feldu < C for all balls B with cB C Q, where ¢ > 1 is a constant.
BMO norm of [-forms is defined as the following. Let w € LlloC (M,AD),1=0,1,...,n. We say
w € BMO(M, N) if

leoll, p1 = sUP ool QI |ew — woll, o < 00 (1.3)

for some o > 1. Similar way to define the Lipschitz norm for w € Llloc(M, Ay, 1=0,1,...,n,
we say w € locLip, (M, '), 0 < k <1, if

n+k)/n

lollioe Lip, m = SuPchM|Q|_( f|ew - wQ”l,Q < ® (1.4)

for some o > 1.
We will use the following results.
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Lemma 1.1 (see [7]). Ifu € C*(A/(R")), 1 = 0,1,...,n, 1 < s < oo, then for any bounded ball
B CcR",

IT odoGu)lsp < C|B|diam(B)||uls 5, (1.5)

IT 0 d 0 G(u)llwrsm) < ClBIlull,p. (L6)

One also has the Poincaré type inequality:

IT odoG(u) - (T od o G(u))ll, 5 < C|B|diam(B)|ull, - (1.7)

Lemma 1.2 (see [5]). Letu € L(M,A'),1=1,2,...,n,1 < s < oo, be a solution of the A-harmonic
equation in a bounded, convex domain M, and let T be C* (M, ) — C=(M, Nl"!) the homotopy
operator defined in (1.1). Then, there exists a constant C, independent of u, such that

”T(u)HlocLipk,M < C“u”s,M/ (18)

where k is a constant with 0 < k < 1.

Lemma 1.3 (see [4]). Let u € Ly (€, A, 1 =1,2,...,n,1 < s < oo, be a solution of the
nonhomogeneous A-harmonic equation (1.2) in a bounded domain Q, let H be the projection operator
and let T be the homotopy operator. Then, there exists a constant C, independent of u, such that

1/s 1/s
(j |T<H<u>>—<T<H(u>>>3|5%dx) SC|B|Y<f |u|5;dx> (19)
B | oB

|x — xp |x—xB|A

for all balls B with B C Q and any real numbers a and X with a > A >0, wherey =1+1/n— (a -
) /ns and xp is the center of ball B and o > 1 is a constant.

2. The Estimates for Lipschitz and BMO Norms
We first give an estimate of the composition operator with the Lipschitz norm || - [[ioc Lip,,M-

Theorem 2.1. Letu € LS(M,A),1=1,2,...,n,1< s < oo, bea solution of the A-harmonic equation
(1.2) in a bounded, convex domain M, and let T be C*(M,A) — C®(M,A") the homotopy
operator defined in (1.1) and G Green’s operator. Then, there exists a constant C, independent of u,
such that

”TOdOG(u)“locLipk,M < C”u”s,Mf (21)

where k is a constant with 0 < k < 1.

Proof. From Lemma 1.1, we have

IT od o G(u) - (T o d o G())gl, 5 < C|B| diam(B) [ull, 5 (22)
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for all balls B ¢ M. By Holder inequality with 1 =1/s + (s —1)/s, we have

[TodoG(u)— (TodoGu))gllp

- f|TodoG<u> ~ (T odo G(u))ldx

1/s (s-1)/s
< (j |TodoG(u)—(TodoG(u))B|sdx> (f 15/(5‘1)dx>
B 5 (2.3)
= B|*™V*|IT od o G(u) — (T od o G(w))gll, 5
< |B'"""*(C1|B| diam(B)||ul|, )

< Go|BPVEV My .

By the definition of Lipschitz norm and noticing that 1 - k/n—-1/s+1/n >0, we have

”T odo G(u)”locLipk,M
= sup, eyl BI "M IT o d o G(u) — (T od o G(w))gll, 5
= sup, peplBI" " IT 0o d o G(u) = (T o d o G(w))gll,

-1-k 2-1 1
< sup ey Bl Cal BT Ml

(2.4)
= Caystup, .yl Bl K/ g
< Costup,pepg M
< C3supchcM”u“s,oB
< Calfulls pr-
Theorem 2.1 is proved. O

We learned from [5] that the BMO norm and the Lipschitz norm are related in the
following inequality.

Lemma 2.2 (see [5]). If a differential form is u € locLip, (L, A, 1=01,...,n,0<k<1,ina
bounded domain Q, then u € BMO(Q, Al) and

”u”*,Q < C”””IocLipk,Q' (25)

where C is a constant.

Applying T(d(G(u))) to (2.5), then using Theorem 2.1, we have the following.
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Theorem 2.3. Let u € LS(M,A!), 1 = 1,2,...,n,1 < s < oo, be a solution of the A-harmonic
equation (1.2) in a bounded, convex domain M, and let T be C®(M,A) — C®(M,A"1) the
homotopy operator defined in (1.1), and let G be the Green’s operator. Then, there exists a constant C,
independent of u, such that

IT(@(GE)lm < Cliulls pr- (2.6)

3. The Lipschitz and BMO Norms with a Singular Factor

We considered the integrals with singular factors in [4]. Here, we will give estimates to
Poincaré type inequalities with singular factors in the Lipschitz and BMO norms. If we use
the formula (1.7) in Lemma 1.1 and follow the same proof of Lemma 3 in [4], we obtain the
following theorem.

Theorem 3.1. Letu € LISOC(Q, A, 1=1,2,...,n,1< s < o, beasolution of the nonhomogeneous A-
harmonic equation (1.2) in a bounded domain Q, let G be Green’s operator, and let T be the homotopy
operator. Then, there exists a constant C, independent of u, such that

1 1/s 1 1/s
(] Im@G) - (@Gl ——dx) quv(j |u|S—Adx> (3.1)

| — xp|” B |x — xp|

for all balls B with 0B C Q and any real numbers a and X with a > A >0, wherey =1+ 1/n— (a -
A) /ns and xp is the center of ball B and o > 1 is a constant.

We extend Theorem 3.1 to the Lipschitz norm with a singular factor and have the
following result.

Theorem 3.2. Let u € L} (€2, A, 1=1,2,...,n,1< s < oo, bea solution of the non-homogeneous
A-harmonic equation in a bounded and convex domain Q, let G be Green’s operator, and let T be the
homotopy operator. Then, there exists a constant C(n, s, a, A, Q), independent of u, such that

||T(d(G(u))) ”locLipk,Q,wl < C(Tl, 5,4, )L/ Q) ”u”s,Q,wz (32)

for all balls Bwith 6B C Q, o > 1, where w1 = 1/|x — xp|* and w, = sup . o1/|x - xpl*, and a, A
are real numbers with (s —1)n+ A > as > A > 0. Here xp is the center of the ball B.

Proof. Equation (3.2) is equivalent to

1/s
sup, ol B/ fB|T<d<G<u>>>—(T<d<G<u>>>>B|w1dx < Cln,s,a,1,Q) <fg |u|5w2dx> .
(3.3)
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By using Theorem 3.1, we have

([ Gy - @Gl ——dr)
B lx — x|

- <f 5 ('T(d<G<u>>> - (T(d(G(u»»Blm)de)l/s (I B 1S/(H)dx> o

1/s (34)
151> ( [ 1T@(G ) - (T@G - xol “ax)

< cali > ppy (|

1/s
'~ xalx )
oB
wherey; =1+1/n—- (as—1)/ns. Notice that -(n+ k) /n+ (s-1)/s+1+1/n—-(as—1)/ns =
(A-k)/n+(s=1)/s—(as—1)/ns>0as (s—1)n>as— 1> 0. Thus,

1

Sup,peol Bl f T(G) = (@Gl

< SupoBcngr(Mk)/nCl |B|(S*1)/S|B|Y1 <f
oB

1/s
| —xBr*dx)

1/s
< CzsupoBCQ|Q|—(n+k)/n+(s—1)/s+y1 <I |u|5|x _ xB|—)de>

oB

s (3.5)
< Cssup,po <f [u|*|x - xgl_)‘dx>
oB
1/s
<Cy (f [ul’sup,peql* - xBI**dX)
Q
1/s
=Cy <f |u|sw2dx> .
Q
We have completed the proof of Theorem 3.2. O

We also obtain a similar version of the Poincaré type inequality with a singular factor
for the BMO norm.

Theorem 3.3. Let u € L} (€2, A, 1=1,2,...,n,1< s < oo, be a solution of the non-homogeneous
A-harmonic equation in a bounded and convex domain Q, let G be Green’s operator, and let T be the
homotopy operator. Then, there exists a constant C(n, s, a, A, Q), independent of u, such that

IT(@(G)l 0w < C1,s,a,4,Q)|ull (3.6)

5,Q,w>

for all balls Bwith cB C Q, o > 1, where w1 = 1/|x — xp|* and w, = sup . o1/|x - xpl*, and a, A
are real numbers with (s —1)n+ 1 > as > A > 0. Here xp is the center of the ball B.

We omit the proof since it is the same as the proof of Theorem 3.2.
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4. The Weighted Inequalities

In this section, we introduce weighted versions of the Poincaré type inequality with the
Lipschitz and BMO norms.

Definition 4.1. We say that a weight w belongs to the A,(M) class, 1 < r < oo and write
w € A, (M), if w(x) >0a.e.,and

supg <% J‘B wdx) <% IB (%)mr_l)dx) - < oo (4.1)

for any ball B ¢ M.

Definition 4.2. We say w € loc Lip, (Q, ALw*),0< k <1forw e L}OC(Q, ALw®),1=0,1,...,n,
if

)—(n+k)/n

”w”locLipk,Q,w“ = SupchQ (#(Q) ”w - wQ”LQ,wa <o (42)

for some o > 1, where the measure p is defined by du = w(x)*dx, w is a weight, and a is a
real number. Similarly, for w € L (Q,A,w*),1=0,1,...,n, we write w € BMO(Q, AL, w") if

leoll, 000 = 5P e (H(Q)) ™ [|w = Wl g e < 0. (4.3)

Lemma 4.3 (see [7]). Let u € L} (Q, A, 1=0,...,n,1< s < oo, be a smooth differential form
satisfying equation (1.2) in a bounded domain Q, and let T : L} (€2, Ay — Ly (&, A1) be the
homotopy operator defined in (1.1). Assume that p > 1 and w € A,(Q) for some 1 < r < oo. Then,
there exists a constant C, independent of u, such that

ITodoG(u)— (T odoG(u))gll < C|B| diam(B) |ul|; ;1 (4.4)

s,B,w*

for all balls B with pB C Q and any real number a with 0 < a < 1.
We extend the Lemma 4.3 to the version with the Lipschitz norm as the following.

Theorem 4.4. Let u € L} (€2, A),1=0,...,n,1< s < oo, be a solution of (1.2) in a bounded
domain, convex Q, and let T be the homotopy operator defined in (1.1), where the measure y is defined
by dy = w*dx and w € A,(Q) for some r > 1 with w(x) > € > 0 for any x € Q. Then, there exists a
constant C, independent of u, such that

ITodoG(u)

||10c Lip ,Q,w* < C”u”s,Q,w“/ (45)

where k and a are constants with0 <k <land0<a < 1.
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Proof. First, by using the Holder inequality and inequality (4.4), we see that
IT(d(G(w))) = (T(d(G(u))))pll,p,we
= J‘BIT(d(G(u))) — (T(d(G(w))))pldp

(s-1)/s

< (f IT(d(G(u))) - (T(d(G(u))))Blsdﬂ>1/S(15/(5_1)51”) (4.6)

= (u(B)) TV IT(d(Gw))) ~ (TA(Gw))) 5, 5 o

< (u())"™"*C1|B| diam(B) |u]

s,B,w*

< Ca(pu(u))' ™ |BI "

s,B,w**

Since pu(B) = [w*dx > [, €* dx > C3|B|, we have 1/pu(B) < C4/|B|. Then,

IT(A(G @) lloctip, 000 = SUPpeq (H(B) ™" " IT(A(G(w))) = (T(A(G (1))l e

-1-k/n -1/s n
< sup o (1(B)) " Co () B g g

—k/nfl/s|B|1+1/n

= SuppBCQC2 (#(B)) ”u“s,B,w“

S C5 SuppBCQ(|B|)_k/n_1/s+1+1/n||u|| (47)

s,B,w*

—k/n-1/s+1+1
< Cssup,pcolQl VS )| e

—k/n-1 1+1
< Gs|Q| /nl/selx /nsupchQHu”s,B,w“

< C6||u“s,£2,w“

dueto-k/n-1/s+1+1/n=(1-k)/n+(1-1/s) > 0and |Q| < co. Theorem 4.4 is proved. O
Similarly, we have the weighted version for the BMO norm.

Theorem 4.5. Let u € L} (€2, A, 1=0,...,n,1< s < oo, be a solution of (1.2) in a bounded
domain, convex Q, and let T be the homotopy operator defined in (1.1), where the measure y is defined
by dy = w*dx and w € A, (Q) for some r > 1 with w(x) > € > 0 for any x € Q. Then, there exists a
constant C, independent of u, such that

IT 0 d o G(u)ll, e < Clitllygers (48)

where a is a constant with 0 < a < 1.

Proof. We only need to prove that

IT( (Gl g < CIT@E(G))) loc Lip, 0,00 (4.9)
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As a matter of fact,

IT@GE) L0 = P (1(B)) IT(EA(GW))) = (T(A(G(1)))gly e
= sup, o (1(B)"" ((B)) "™P " IT(d(G(w))) ~ (T(A(G(1))))plly g e
< sup e (@)™ (1(B) " IT(@A(G W) ~ (T(A(G())) sl g e
< (1())""sup . (1(B)) " IT(@(G (W) = (T(A(G())))plly e
< Crsup, 5 (1(B)) " MT(A(G(w))) - (TG (1))l p e

= CiIT(d(G (1)) loe Lip,, @ we-

—(n+k)/n

(4.10)

5. Applications

Example 5.1. We consider the homogeneous case of (1.2) as B(x,du) = 0 and A(x, ¢) = ¢|¢[*2,
s > 1. Let u be a O-form. Then, the operator A satisfies the required conditions of (1.2) and
(1.2) is reduced to the s-harmonic equation:

div(Vu|Vu|S‘2) = 0. (5.1)

For example, u = |x|¢/6"D) € R" as2-1/n < s <nand u = —log|x| as s = n is a solution of
s-harmonic equation (5.1). Then, u also satisfies the results proved in the Theorems 2.1-4.5.
Let us consider a special case. Set s = 2,n = 3, and let Q be the unit sphere in R3.In particular,
one could think of u as square root of an attraction force between two objects of masses m
and M, respectively. Then, u? = mMg/ (x? + x5 + x3), where g is the gravitational constant. It
would be very complicated to estimate the ||T(d(G(u)))|liocLip, 2 Of [T (d(G(u)))ll+q directly.
To estimate their upper bounds by estimating ||u||s is much easier. As a matter of fact, by
using the spherical coordinates, we have

I 1/2
llull, o = \/mMg<J‘Q |x|_2dx> \/mMg <2.n' Jo fo p % sin ¢pdp dd)) =2\/mMgor.

(5.2)

1/2

Example 5.2 (see [5]). Let f(x) = (f}, f?,...,f") : Q@ — R" be a K-quasiregular mapping,
K > 1; that is, if f* are in the Sobolev class Wllo’Z'(Q), fori =1,2,...,n, and the norm of the
corresponding Jacobi matrix |[Df (x)| = max{|Df(x)h| : h = 1} satisfies |Df(x)|* < KJ(x, f),
where J(x, f) = det Df(x) is the Jacobian determinant of the f, then, each of the functions
u=fi(x),i=1,2,...,noru = log|f(x)|], is a generalized solution of the quasilinear elliptic
equation:

divA(x,Vu) =0, A= (A1, A, ..., Ay (5.3)
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in Q — f71(0), where A;(x,§) = 9/ agi(z;jjzl 0 (x)gigj)"/ % and 0;; are some functions that

satisfy C1(K)[¢]* < 37, 6; i < C2(K)[&[* for some constants Cy(K), Co(K) > 0. Then, all of
functions u defined here also satisfy the results in Theorems 2.1-4.5.
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