Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 905679, 6 pages
doi:10.1155/2010/905679

Research Article

Optimal Power Mean Bounds for
the Weighted Geometric Mean of Classical Means

Bo-Yong Long"? and Yu-Ming Chu®

I College of Mathematics and Econometrics, Hunan University, Changsha 410082, China
2 School of Mathematical Sciences, Anhui University, Hefei 230039, China
3 Department of Mathematics, Huzhou Teachers College, Huzhou 313000, China

Correspondence should be addressed to Yu-Ming Chu, chuyuming2005@yahoo.com.cn
Received 13 November 2009; Accepted 25 February 2010
Academic Editor: Andrea Laforgia

Copyright © 2010 B.-Y. Long and Y.-M. Chu. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

For p € R, the power mean of order p of two positive numbers a and b is defined by M,(a,b) =
((aP +bP) /2)YP, for p#0,and My(a,b) = Vab, for p = 0. In this paper, we answer the question:
what are the greatest value p and the least value g such that the double inequality M, (a,b) <
A%(a,b)GF(a,b)H' P (a,b) < My(a,b) holds for all a,b > 0 and a, > 0 with a + < 1? Here

A(a,b) = (a+Db)/2, G(a,b) = vab, and H(a,b) = 2ab/(a + b) denote the classical arithmetic,
geometric, and harmonic means, respectively.

1. Introduction

For p € R, the power mean of order p of two positive numbers a and b is defined by

a? +bP\ /P
(57) - w20
M, (a,b) =

Vab, p=0.

(1.1)

Recently, the power mean has been the subject of intensive research. In particular,
many remarkable inequalities for My(a,b) can be found in literatures [1-12]. It is well
known that M (a,b) is continuous and increasing with respect to p € R for fixed a and b.
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Let A(a,b) = (a+b)/2, G(a,b) = vab, and H(a,b) = 2ab/(a + b) be the classical arithmetic,
geometric, and harmonic means of two positive numbers a and b, respectively. Then

min{a,b} < H(a,b) = M_1(a,b) < G(a,b) = My(a,b)
1.2
< A(a,b) = Mi(a,b) < max{a,b}. (12

In [13], Alzer and Janous established the following sharp double inequality (see also
[14, page 350]):

2 1
MlogZ/logB(a/ b) < §A(ﬂ/ b) + §G(a, b) < My/3(a,b) (1.3)

forall a,b > 0.
In [15], Mao proved

Mi3(a,b) < %A(a, b) + %G(ﬂ, b) < M ,»(a,b) (1.4)

for all a,b > 0, and Mj,3(a,b) is the best possible lower power mean bound for the sum
(1/3)A(a,b) + (2/3)G(a,b).

The following sharp bounds for (2/3)G + (1/3)H and (1/3)G + (2/3)H in terms of
power mean are proved in [16]:

M1/3(ab) < 2Ga,b) + 3 H(ab) < Mo(a,b),
i . (1.5)
M_y/3(a,b) < §G(a, b) + gH(a, b) < My(a,b)

forall a,b > 0.
The purpose of this paper is to answer the question: what are the greatest value p and
the least value g such that the double inequality

M, (a,b) < A*(a,b)GF(a,b)H P (a,b) < My(a,b) (1.6)

holds forall a,b>0and a, f > 0 witha + f < 1?

2. Main Result

In order to establish our main results we need the following lemma.

Lemma2.1. IfA € (-1,0)J(0,1), t > Tand f(t) = (1/1)log((t' +1)/2) = Alog((t+1)/2) - ((1-
A)/2)logt, then

(1) f(t) >0for L€ (0,1) and t > 1;
(2) f(t) <0for L € (-1,0) and t > 1.
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Proof. Simple computations lead to

f)=0, (2.1)
Loy g(t)
fo= tE+1) (B +1) (2.2)

where g(t) = ((1-1)/2)*1 + (1 +1)/2)F = (1+ 1) /2)t = (1 = 1) /2):

g(1) =0, (2.3)
20 = (1—)L)2(1+)L)tl+)t(12+)t)tl_1_1;)»/ 24
g'1) =0, (2.5)
g'(t) = Ad -+t )‘;(1 g pype, (2.6)
(1) If L € (0,1) and ¢ > 1, then (2.6) implies
g'(t) >0. (2.7)

Therefore, Lemma 2.1(1) follows from (2.1)—(2.3) and (2.5) together with (2.7).
(2) If L € (-1,0) and t > 1, then (2.6) yields

g'(t) <0. (2.8)

Therefore, Lemma 2.1(2) follows from (2.1)—(2.3) and (2.5) together with (2.8). [
Theorem 2.2. Forall a,b > 0and a, f > 0 with a + p <1, one has

(1) Magip-1(a,b) = Mo(a,b) = A%(a,b)GF(a,b)H' " *F(a,b) for2a + p=1;

(2) Moaipi(a,b) > A%(a,b)GP(a,b)H*F(a,b) > Mo(a,b) for 2a + p > 1, and
Moyip-1(a,b) < A%(a, b)GP(a,b)H'"*F(a,b) < My(a,b) for 2a + p < 1, each equality
occurs if and only if a = b, and Mo(a,b) and Maa.p-1(a,b) are the best possible power
mean bounds for the product A*(a,b)GF(a,b)H'*P(a,b).

Proof. (1) If 2a + p = 1, then simple computations lead to

2a+p-1
A%(a,b)GP(a,b)H ™ F(a,b) = (“ b ) (ab)t~(@+F/2)
2 (2.9)

=Vab = My(a,b) = Masp-1(a,b).
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(2) If 2a + p#1 and a = b, then we clearly see that
A%(a,b)GF(a,b)H' P (a,b) = Maqip-1(a,b) = Mo(a,b) = a. (2.10)

If 2a+p #1 and a # b, without loss of generality, we assume that a > b. Lett = (a/b) > 1
and A =2a + -1, then A € (-1,0) U (0, 1), and simple computations lead to

10g Mag:j.1(a, b) - log [A”‘(a, b)GP(a,b)H' " F(q, b)]

1 e | 1+t i
_2“+ﬁ_1log 5 —(2a+ﬂ—1)logT—(l—zx—z)logt (2.11)

1. th+1 t+1 1-21
=— logt,

2a+p-1

(2.12)

2
A%(a,b)GP(a,b)HF(a,b) [ VE* (1/vE)
My(a,b) B 2

Therefore, Magip-1(a,b) > A%(a,b)GP(a,b)H' P (a,b) > My(a,b) for 2a+p>1
follows from (2.11) and Lemma2.1(1) together with (2.12), and Myaip-1(a,b) <
A%(a,b)GF(a,b)H'"*F(a,b) < Mo(a,b) for 2a + ff < 1 follows from (2.11) and Lemma 2.1(2)
together with (2.12). O

Next, we prove that Mo(a,b) and Ma,p-1(a,b) are the best possible power mean
bounds for the product A%(a,b)GF(a, b)H'*(a,b).

Firstly, we prove that My,4-1(a,b) is the best possible upper power mean bound for
the product A%(a,b)GF(a,b)H' "% F(a,b) if 2a + p > 1.

Forany e € (0,2a + f—1) and x > 0, one has

2a+p-1-
[Maasgae (1,14 0] P77 = [A%(1, 14+ 0GP (1,14 x) H (1,1 4+ )] e
(1 +x)2P1e 4 q (a+p-1) Qar+p-1-e) 219
+x + X\ Qa+p-1)a+p-1-€
— _ * (1-a=(p/2)) 2a+p-1-¢)
= 5 (1 + 2) (1+x) .
Let x — 0, then the Taylor expansion leads to
(1 i x)2a+ﬁ—1—€ +1 - <1 . E>(2a+ﬂ—1)(2a+ﬂ—1—€)(1 . x)(l—ﬂ—(ﬂ/2))(2!1+ﬂ—1—€)
2 2 (2.14)

= —%e(za +p-1-€)x*+ o<x2>.

Equations (2.13) and (2.14) imply that if 2a+ > 1, then for any ¢ € (0,2a +—1) there
exists 61 = 01(e, &, f) > 0, such that Maaip-1-.(1,1+x) < A%(1,1 +x)GP(1,1+x)H " P(1,1+x)
for x € (0,61).
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Secondly, we prove that My(a, b) is the best possible lower power mean bound for the
product A%(a,b)GF(a,b)H'"*F(a,b) if 2a + f > 1.
Forany e >0and t > 1, one has

- 2a+p-1
Aa(trl)Gﬂ(trl)Hliaiﬂ(tr1) - ((1 +i 1)/2) u+ﬁ tm(ﬁ/z)—l. (2'15)

Mc(t,1) (1 +t¢)/2)1¢

From (2.15) and a + (3/2) < 1, we clearly see that

A%(t,1)GP(t, 1)) H'"*P(t,1)
Jim MG D) =0. (2.16)
Equation (2.16) implies that if 2a + > 1, then for any € € (0,2a + § — 1) there exists
Ty = Ta(e, a, B) > 1, such that A%(t, 1)GP(t, 1) H' %P (t,1) < Mc(t,1) for t € (Ty, +c0).
Thirdly, we prove that Ma,p-1(a,b) is the best possible lower power mean bound for
the product A%(a,b)GF(a,b)H' %P (a,b) if 2a + p < 1.
Forany € € (0,1 - 2a — ) and x > 0, one has

] 1-2a—p-€ 1-2a—p—€

[Magip1:c(1,1 + ) - [A”‘(l, 1+2x)GPA,1+x)HP(1,1+ x)]

) 2(x) (2.17)

= [1 N (1 + x)l—Zafﬂfe] (1 + (x/z))(l—Za—ﬂ)(l—Za—ﬁ—e) ’

where g(x) = 2(1 + x)"2P (1 + (x/2)) 2P0 _(q 4 x) (e (B/D)(2ape)[]
(1+x)'720F].
Let x — 0, then the Taylor expansion leads to

g(x) = 4116(1 —2cx—ﬁ—e)x2+o<x2>. (2.18)

Equations (2.17) and (2.18) imply that if 2a+ < 1, then for any € € (0,1 -2a — f3) there
exists 0 < 5, = 62(e, a, f) < 1, such that Maa.p14e(1,1+x) > A%(1,1+x)GP(1,1+x)H ™ F(1,
1+ x) for x € (0,6,).

Finally, we prove that My(a, b) is the best possible upper power mean bound for the
product A%(a,b)GF(a,b)H'"*P(a,b) if 2a + f < 1.

For any e >0and t > 1, one has

A DG DH P 1) (/2 2.19)

M_s(t,l) ((1 + t—e)/z)—l/e

From (2.19) and a + (3/2) > 0 we clearly see that

A%, D)GP(t, )H' P (t,1)

2.20
i M_c(t,1) (220
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Equation (2.20) implies that if 2a + p < 1, then for any ¢ > 0 there exists
T, =T»(e,a, B) > 1, such that A%(t, 1)GP(t, 1)H " P(t,1) > M_.(t,1) for t € (T, +o0).
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