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We present some lower bounds for the Frobenius condition number of a positive definite matrix
depending on trace, determinant, and Frobenius norm of a positive definite matrix and compare
these results with other results. Also, we give a relation for the cosine of the angle between two
given real matrices.

1. Introduction and Preliminaries

The quantity

IAN|ATY|| if A is nonsingular,
K(A) = (1.1)

0 if A is singular

is called the condition number for matrix inversion with respect to the matrix norm ||-||. Notice
that k(A) = [|A7Y|||A]l > [|JATLA| = |II]| > 1 for any matrix norm (see, e.g., [1, page 336]). The
condition number x(A) = ||A||||A7!|| of a nonsingular matrix A plays an important role in the
numerical solution of linear systems since it measures the sensitivity of the solution of linear
systems Ax = b to the perturbations on A and b. There are several methods that allow to find
good approximations of the condition number of a general square matrix.

Let C™" and R™" be the space of n x n complex and real matrices, respectively. The
identity matrix in C*" is denoted by I = I,. A matrix A € C™" is Hermitian if A* = A,
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where A* denotes the conjugate transpose of A. A Hermitian matrix A is said to be positive
semidefinite or nonnegative definite, written as A > 0, if (see, e. g., [2], p.159)

x*Ax >0, VxeC" (1.2)

A is further called positive definite, symbolized A > 0, if the strict inequality in (1.2) holds
for all nonzero x € C". An equivalent condition for A € C"™" to be positive definite is that A
is Hermitian and all eigenvalues of A are positive real numbers.

The trace of a square matrix A (the sum of its main diagonal entries, or, equivalently,
the sum of its eigenvalues) is denoted by trA. Let A be any m x n matrix. The Frobenius
(Euclidean) norm of matrix A is

1/2
m n 5
I AllF = <Z |aij| > . (1.3)
i=1 j=1

It is also equal to the square root of the matrix trace of AA*, that is,

IAlly = Vir AA. (1.4)

The Frobenius condition number is defined by xr(A) = || Al|g||A7}||g. In R™" the Frobenius
inner product is defined by

(A, B)p=tr (ATB) (1.5)

for which we have the associated norm that satisfies ||A||12C = (A, A)p. The Frobenius inner
product allows us to define the cosine of the angle between two given real n x n matrices as

<A/B>F

cos(A,B) = ————.
I AlFIBI

(1.6)

The cosine of the angle between two real n x n matrices depends on the Frobenius inner
product and the Frobenius norms of given matrices. Then, the inequalities in inner product
spaces are expandable to matrices by using the inner product between two matrices.

Buzano in [3] obtained the following extension of the celebrated Schwarz inequality
in a real or complex inner product space (H; (-, -)):

(a,x)(x,b)| < 5 [llalllbll +|(a,b)]]lxI?, (1.7)

N =

for any a,b,x € H. It is clear that for a = b, the above inequality becomes the standard
Schwarz inequality

l(a,x)]> < llal’llx]*>, a,x€H, (1.8)
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with equality if and only if there exists a scalar A € K (K = R or C) such that x = Aa. Also
Dragomir in [4] has stated the following inequality:

{a,x)(x,b) _(ab)] _ llallibll

Bk 2 |7 2 (19

where a,b, x € H, x #0. Furthermore, Dragomir [4] has given the following inequality, which
is mentioned by Precupanu in [5], has been showed independently of Buzano, by Richard in

[6]:
%[(a/w — llallllblx]? < (a,x)(x,b) < 1[(ﬂ/b> + llalllIl] {1 (1.10)

As a consequence, in next section, we give some bounds for the Frobenius condition
numbers and the cosine of the angle between two positive definite matrices by considering
inequalities given for inner product space in this section.

2. Main Results

Theorem 2.1. Let A be positive definite real matrix. Then

trA

W —n< KF(A), (21)

where xp(A) is the Frobenius condition number.

Proof. We can extend inequality (1.9) given in the previous section to matrices by using the
Frobenius inner product as follows: Let A, B, X € R™". Then we write

< IANEIBlE
- 2

‘(A,X)F<X,B>F (A B)r (2.2)

X1/ 2

where (A, X)p = tr (ATX), and || - || denotes the Frobenius norm of matrix. Then we get

tr (ATX)tr (X"B) tr (A"B AllplIB
F(ATX)te (XTB) _tx (ATB) | _ AN 03
X% 2 2
In particular, in inequality (2.3), if we take B = A~!, then we have
tr (ATX)tr (XTA™)  tr (ATA™) IAIE A7
> - 5 < 5 . (2.4)
I1X11




4 Journal of Inequalities and Applications

Also, if X and A are positive definite real matrices, then we get

tr (AX)tr (XA™) | _ JAIEIA™ I _ xe(A)
I1XI? 2|72 2

(2.5)

where xr(A) is the Frobenius condition number of A.
Note that Dannan in [7] has showed the following inequality by using the well known
arithmetic-geometric inequality, for n-square positive definite matrices A and B:

n(det Adet B)™™ < tr (A™B™), (2.6)

where m is a positive integer. If we take A = X, B = Al andm=1in (2.6), then we get

n(det X det A‘1>1/n <tr <XA‘1>. (2.7)
That is,
n ( j:ii)w <tr(xa™). 2.8)

In particular, if we take X = I in (2.5) and (2.8), then we arrive at

trAtrAl n

n 2

1 1/n .
<trA.
n(detA) st

Also, from the well-known Cauchy-Schwarz inequality, since n? < tr A tr A™!, one can obtain

< Kkr(A),

(2.9)

-1
0<n§2%—n5xp(A). (2.10)

Furthermore, from arithmetic-geometric means inequality, we know that

n(det A)V" < tr A. (2.11)

Since n < tr A/ (det A)", we write 0 < n < 2 (tr A/ (det A))" — n. Thus by combining (2.9)
and (2.11) we arrive at

tr A

(det )" n < KE(A). 212)

O
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Lemma 2.2. Let A be a positive definite matrix. Then

tr A2t A-(1/2) g

Proof. Let \; be positive real numbers fori=1,2,...,n. We will show that

Sy & ) k /&
<§)Li ><§fti > > E<§M> (2.14)

forall k =1,2,...,n. The proof is by inductionon k. If k = 1,

_ 1
A2 > M. (2.15)

Assume that inequality (2.14) holds for some k. that is,

k k k
<§Af/2> <§A;“/2>> > <§;A> (2.16)

a8 -an 32, 13/2 & -1/2) | -1/2)
() () - (Zowmeas ) (B o)
i= i= i=1

k
<Zl 3/2) <Z)‘ (1/2)) Z(‘/\Sﬂ"lkill/z) P (1/2) )‘1(<3+/12)> e
k
> A+
2

N &

i=1

> Zu+mm+ml

i=1 i=1

k . . )‘k+1
> S S ) + 2
i=1 i=1

k+1 k+1
== (le>

(2.17)
The first inequality follows from induction assumption and the inequality
2,32
ac+b 2a+b2 b (2.18)

a+b 2

for positive real numbers a and b. O
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Theorem 2.3. Let A be positive definite real matrix. Then

tr A3/2

o<2n——— —
tr A(det A)/*"

n < xr(A), (2.19)

where xp(A) is the Frobenius condition number.

Proof. Let X > 0 and A > 0. Then from inequality (1.9) we can write

A, X)p(X, A7 A AT Allp||A™?
'< >F< . >F _ < >F < ” ||F|| IIF (220)
X% 2 2
where (A, B)p = tr (ATB) and || - || denotes the Frobenius norm. Then we get
tr (AX)tr (XA™! A
(AX) (2 ) n SKF( ). (2.21)
I1X11F 2 2
Set X = A2, Then
tr A32tr A=0/2  n|  xkp(A)
—_— | < . 2.22
trA 2(7 2 (222)

1/n

Since (tr A32tr A=(/2) /tr A) - (n/2) > 0 by Lemma 2.2 and n(det A=/2)""" < tr A=(1/2),

tr A3/2 Un n_ tr A2t A2 n xp(A)
det A=/2) 77— Z < - < B 2.2
A (de R trA 2= 2 (2.23)
Hence
3/2
ZnL —-n<xkp(A). (2.24)
tr A(det A)/?"

Let \; be positive real numbers for i = 1,2,...,n. Now we will show that the left side of
inequality (2.19) is positive, that is,

zi)ﬁﬂ > <im~> (ﬁx}”") (2.25)
i=1 i=1

i=1

By the arithmetic-geometric mean inequality, we obtain the inequality

)@@ e
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So, it is enough to show that

2271)1.3/2 > %(ix» <§:A}/2>. (2.27)
i=1 i=1

i=1

Equivalently,

2nzn:)$ > (i)@> <i)t> (2.28)
i=1 i

i=1
We will prove by induction. If k = 1, then
2032474 = A5 (2.29)

Assume that the inequality (2.28) holds for some k. Then

k+1 k k
2(k +1) <ZA§’> =2k D A7 +2DT07 +2k07, + 207,
i=1 i=1

i=1

k k k
> <ZA§> <ZA,-> + 2(2)@ + Ai+1> +243,
i=1 i=1 i=1

k k k
> <ZA§> <ZA,-> +2> (mkﬂ + miﬁ) +203 (2.30)

i=1 i=1 i=1
=1

k k k k
> <ZA§> <ZA,-> + D Ak + D G, + A3,
i=1 i i=1

i i i=1
k+1 k+1
i=1 i=1

The first inequality follows from induction assumption and the second inequality follows
from the inequality

a® +b® > a’b + ab? (2.31)

for positive real numbers a and b. O
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Theorem 2.4. Let A and B be positive definite real matrices. Then
1
cos(A,I)cos(B,I) < 5 [cos(A, B) +1]. (2.32)

In particular,

cos(A, A’1> < cos(A,I) cos<A*1,I> < %[cos(A, A’1> + 1] <1. (2.33)

Proof. We consider the right side of inequality (1.10):
(@, x)(x,b) < %[(a,w + llalllpl] x> (2.34)

We can extend this inequality to matrices as follows:
(A X)p(X B)y < 5 1(A By + I Al Bl X1 (235)

where A, X, B € R™". Since (A, X)r = tr (ATX), it follows that
1
T T T 2
tr <A X)tr (X B) < E[tr <A B) + ||A||F||B||F]||X||F, (2.36)

Let X be identity matrix and A and B positive definite real matrices. According to inequality
(2.36), it follows that

1
tr AtrB < z[trAB + |AlllIBllg]n,

(2.37)
tr Atr B 1

S —
Val|AllpvallBllr ~ 2

tr AB N 1]
lAllFIIBIlF '

From the definition of the cosine of the angle between two given real n x n matrices, we get
1
cos(A,I)cos(B,I) < 5 [cos(A,B) +1]. (2.38)
In particular, for B = A™! we obtain that

cos(A,I) cos(A’l,I> < [COS(A, A*1> + 1]. (2.39)

NI =
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Also, Chehab and Raydan in [8] have proved the following inequality for positive definite
real matrix A by using the well-known Cauchy-Schwarz inequality:

cos (A, A‘1> < cos(A,I)cos <A‘1, I>. (2.40)
By combining inequalities (2.39) and (2.40), we arrive at

cos (A, A*1> < cos(A,I)cos <A*1,I> < [cos (A, A*1> + 1] (2.41)

N —

and since (1/2)[cos(A, A™Y) + 1] = (n/2||Allg[|A7Y|g) + (1/2) and n < xr(A), we arrive at
(1/2)[cos(A, A7) + 1] < 1. Therefore, proof is completed. O

Theorem 2.5. Let A be a positive definite real matrix. Then

A
—"*/EHA le o ra). (2.42)

Proof. According to the well-known Cauchy-Schwarz inequality, we write

n 2 n
<in<A>> < (ZA%<A>>n, (2.43)
i=1 i=1

where A;(A) are eigenvalues of A. That is,

(tr A)? < ntr A% (2.44)

Also, from definition of the Frobenius norm, we get

tr A < /n||A||g. (2.45)
Then, we obtain that
trA
cos(A, I)=— <1 (2.46)
V|l Allp

Likewise,

cos (A’1,1> <1. (2.47)
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When inequalities (2.40) and (2.47) are combined, they produce the following inequality:

Ccos (A, A‘1> < cos(A,I),

no_ A (2.48)
xp(A) ~ vallAllp
Therefore, finally we get
nynl|Allp
————— <«kp(A). 2.4
T < xr(4) (249)
O

Note that Tarazaga in [9] has given that if A is symmetric matrix, a necessary condition
to be positive semidefinite matrix is that tr A > || A||f.

Wolkowicz and Styan in [10] have established an inequality for the spectral condition
numbers of symetric and positive definite matrices:

2s

K(A) > 1+ m/

(2.50)

wherep=+vn—-1,m=trA/n,and s = (|A||}/n - mz)l/z.

Also, Chehab and Raydan in [8] have given the following practical lower bound for
the Frobenius condition number xr(A):

vn 2s
xrp(A) > max(n, OR(AT) 1+ p— S/p>' (2.51)

Now let us compare the bound in (2.49) and the lower bound obtained by the authors in [8]
for the Frobenius condition number of positive definite matrix A.
Since 0 < [|Al|p/tr A < 1,||A|[%/ (tr A)> < ||A|p/tr A. Thus, we get

ny/nl| Al < ny/n||lAllp <x
(tr A)? tr A

F(A). (2.52)

All these bounds can be combined with the results which are previously obtained to
produce practical bounds for xr(A). In particular, combining the results given by Theorems
2.1,2.3, and 2.5 and other results, we present the following practical new bound:

3/2
xrp(A) > max( 2 rA n,2n trA n, n\/ﬁ”A”F, 1+ 25 . (2.53)
(det A)Y/™ tr A(det A)/?" tr A m-—s/
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Example 2.6.

(2.54)

N — O1 =
W o= O
QL W NN

N O~

Here tr A = 23, ||Allf = /179, detA = 581, and have n = 4. Then, we obtain that
2(tr A/ (det A)V™)—n = 5369444, 2n(tr A3/2/tr A(det A)V/*")—n = 5.741241, n/n||A||p/tr A =
4.653596, and 1+ (2s/(m—s/p)) = 2.810649. Since kr(A) = 6.882583, in this example, the best
lower bound is the second lower bound given by Theorem 2.3.
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