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We introduce a hybrid iterative scheme for finding a common element of the set of solutions
for a system of mixed equilibrium problems, the set of common fixed point for nonexpansive
semigroup, and the set of solutions of the quasi-variational inclusion problem with multivalued
maximal monotone mappings and inverse-strongly monotone mappings in Hilbert space. Under
suitable conditions, some strong convergence theorems are proved. Our results extend some recent
results announced by some authors.

1. Introduction

Throughout this paper we assume that H is a real Hilbert space, and C is a nonempty closed
convex subset of H.

In the sequel, we denote the set of fixed points of S by F(S).

A bounded linear operator A : H — H is said to be strongly positive, if there exists
a constant y such that

(Ax,x) >¥||lx|>, VYxeH. (1.1)

Let B : H — H be a single-valued nonlinear mapping and M : H — 2H
a multivalued mapping. The “so-called” quasi-variational inclusion problem (see, Chang [1, 2])
is to find an u € H such that

0 € B(u) + M(uw). (1.2)
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A number of problems arising in structural analysis, mechanics, and economics can be
studied in the framework of this kind of variational inclusions (see, e.g., [3]).
The set of solutions of variational inclusion (1.2) is denoted by VI(H, B, M).

Special Case

If M = 06¢, where C is a nonempty closed convex subset of H, and 6c : H — [0, o0) is the
indicator function of C, that is,

0, x€C,
o6c = (1.3)
+oo0, x¢C,

then the variational inclusion problem (1.2) is equivalent to find u € C such that

(B(u),v-u)>0, VYoveC. (1.4)

This problem is called Hartman-Stampacchia variational inequality problem (see, e.g., [4]). The
set of solutions of (1.4) is denoted by VI(C, B).

Recall that a mapping B : H — H is called a-inverse strongly monotone (see [5]), if
there exists an & > 0 such that

(Bx-By,x-y)>a|Bx-By|’, Vx,yeH. (1.5)

A multivalued mapping M : H — 2H is called monotone, if for all x,y € H,u € Mx,
and v € My, then it implies that (1 — v,x — y) > 0. A multivalued mapping M : H — 2H is
called maximal monotone, if it is monotone and if for any (x,u) € H x H

(u-v,x-y)>0, V(y,v)e€ Graph (M) (1.6)

(the graph of mapping M) implies that u € Mx.
Proposition 1.1 (see [5]). Let B: H — H be an a-inverse strongly monotone mapping, then

(a) Bisa1/a-Lipschitz continuous and monotone mapping;

(b) if A is any constant in (0,2a], then the mapping I — AB is nonexpansive, where I is the
identity mapping on H.

Let © : C x C — R be an equilibrium bifunction (i.e., ©(x,x) = 0, for all x € C), and let
¢ : C — Rbeareal-valued function.

Recently, Ceng and Yao [6] introduced the following mixed equilibrium problem (MEP),
that is, to find z € C such that

MEP :O(z,y) +¢(y) —p(z) >0, VyeC. (1.7)
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The set of solutions of (1.7) is denoted by MEP(©, ¢), that is,

MEP(©) = {z€ C:O(z,v) +¢(y) —9(z) 20, Vy € C}. (1.8)

In particular, if ¢ = 0, this problem reduces to the equilibrium problem, that is, to find
z € C such that

EP:09(z,y) >0, VyeC. (1.9)

Denote the set of solution of EP by EP(©).

On the other hand, Li et al. [7] introduced two steps of iterative procedures for the
approximation of common fixed point of a nonexpansive semigroup {T(s) : 0 < s < oo} ona
nonempty closed convex subset C in a Hilbert space.

Very recently, Saeidi [8] introduced a more general iterative algorithm for finding a
common element of the set of solutions for a system of equilibrium problems and of the set
of common fixed points for a finite family of nonexpansive mappings and a nonexpansive
semigroup.

Recall that a family of mappings T = {T(s) : 0 < s < oo} : C — C is called a

nonexpansive semigroup, if it satisfies the following conditions:

(@) T(s+t) =T(s)T(t) forall s,t >0and T(0) = I;
(b) IT(s)x - T(s)yll < lx -y, for all x,y € C.

(c) the mapping T (-)x is continuous, for each x € C.

Motivated and inspired by Ceng and Yao [6], Li et al. [7], Saeidi [8], and [9-13], the
purpose of this paper is to introduce a hybrid iterative scheme for finding a common element
of the set of solutions for a system of mixed equilibrium problems, the set of common fixed
point for a nonexpansive semigroup, and the set of solutions of the quasi-variational inclusion
problem with multivalued maximal monotone mappings and inverse-strongly monotone
mappings in Hilbert space. Under suitable conditions, some strong convergence theorems
are proved. Our results extend the recent results in Zhang et al. [5], S. Takahashi and W.
Takahashi [14], Chang et al. [15], Ceng and Yao [6], Li et al. [7] and, Saeidi [8].

2. Preliminaries

In the sequel, we use x, — x and x, — x to denote the weak convergence and strong
convergence of the sequence {x,} in H, respectively.

Definition 2.1. Let M : H — 2H be a multivalued maximal monotone mapping, then the
single-valued mapping Jam. : H — H defined by

Tva(u) = T +AM)  (u), YueH (2.1)

is called the resolvent operator associated with M, where A is any positive number, and I is the
identity mapping.
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Proposition 2.2 (see [5]). (a) The resolvent operator Ja, associated with M is single-valued and
nonexpansive for all A > 0, that is,

Tma(x) = Tva (|| < |-y, VYx,y € H ¥YA>0. (2.2)

(b) The resolvent operator Jayy is 1-inverse-strongly monotone, that is,
1730 = Tna W) [1* < (x = v, Jma (x) = Jma(y)),  ¥x,y € H. (2.3)

Definition 2.3. A single-valued mapping P : H — H is said to be hemicontinuous, if for any
x,y € H, the mapping t — P(x + ty) converges weakly to Px (ast — 0+).
It is well known that every continuous mapping must be hemicontinuous.

Lemma 2.4 (see [16]). Let E be a real Banach space, E* the dual space of E, T : E — 2F" a maximal
monotone mapping, and P : E — E* a hemicontinuous bounded monotone mapping with D(P) = E,
then the mapping S =T + P : E — 2F is a maximal monotone mapping.

For solving the equilibrium problem for bifunction © : C x C — R, let us assume that
O satisfies the following conditions:
(Hy) ©(x,x) =0forall x € C;
(Hy) © is monotone, thatis, ©(x,y) + ©(y,x) <O forallx,y € C;
(H3) foreach y € C, x — O(x, y) is concave and upper semicontinuous.
(Hy) for each x € C, y — O(x, y) is convex.

Amap 71 : CxC — H is called Lipschitz continuous, if there exists a constant L > 0
such that

ln(x )| <Lllx-y|, VYxyeC (2.4)

A differentiable function K : C — R on a convex set C is called

(i) #-convex [6] if
K(y) - K(x) > (K'(x),n(y,x)), Vx,yeC, (2.5)

where K'(x)) is the Fréchet derivative of K at x;

(ii) -strongly convex [6] if there exists a constant 2 > 0 such that
U K 2
K(y) - K(x) - (K'(x),n(y,x)) > <§>||x— v||>, VYx,yeC (2.6)

Let © : C x C — R be an equilibrium bifunction satisfying the conditions (H;)-(Hy).
Let r be any given positive number. For a given point x € C, consider the following auxiliary
problem for MEP (for short, MEP(x, r)) to find y € C such that

O(y,2) +9(2) - p(y) + {K'(y) - K@), (%)) 20, Vz€C, @7)
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where 1 : C x C — H is a mapping, and K'(x) is the Fréchet derivative of a functional
K:C — Ratx.Let VP : C — C be the mapping such that for each x € C, V2(x) is the set of
solutions of MEP(x, r), that is,

VP (x) = {y €C:0(y,z) +9(2) - 9(v)
2.8)
+%<K’(y) -K'(x),n(z,y)) >0, Vz € C}, Vx e C.

Then the following conclusion holds.

Proposition 2.5 (see [6]). Let C be a nonempty closed convex subset of H,¢p : C — R a lower
semicontinuous and convex functional. Let © : C x C — R be an equilibrium bifunction satisfying
conditions (Hq1)—(Hy). Assume that

(i) n: Cx C — H is Lipschitz continuous with constant L > 0 such that

(@) n(x,y) +n(y,x) =0, forall x,y € C,

(b) (-, -) is affine in the first variable,

(c) for each fixed y € C, x — 1(y, x) is continuous from the weak topology to the weak
topology;

(ii) K : C — Ris n-strongly convex with constant p > 0, and its derivative K' is continuous
from the weak topology to the strong topology;

(iii) for each x € C, there exists a bounded subset D, C C and z, € C such that for any
y € C\ Dy, one has

O(y,2) + 9(z) ~ 9(y) + - (K'(y) = K'(), 1(20,y)) <0 29)

Then the following hold:

(i) V? is single-valued;

(ii) V2 is nonexpansive if K' is Lipschitz continuous with constant v > 0 such that y > Lv;
(iii) F(V®) = MEP(©);
(iv) MEP(O) is closed and convex.

Lemma 2.6 (see [17]). Let C be a nonempty bounded closed convex subset of H, and let 3 = {T (s) :
0 < s < oo} be a nonexpansive semigroup on C, then for any h > 0

t t
% fo T(s)xds — T (h) <% fo T(s)xd5>

lim sup
t= o yec

' =0. (2.10)
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Lemma 2.7 (see [7]). Let C be a nonempty bounded closed convex subset of H, and let 3 = {T(s) :
0 < s < oo} be a nonexpansive semigroup on C. If {x,} is a sequence in C such that x, — z and
lim sup,_, lim sup,_, |[T(s)x, — x,|| =0, then z € F(J).

3. The Main Results
In order to prove the main result, we first give the following lemma.

Lemma 3.1 (see [5]). (a) u € H is a solution of variational inclusion (1.2) if and only if u =
Jma(u— ABu), for all A >0, that is,

VI(H,B, M) = F(Jya(I - AB)), VA>0. (3.1)

(b) If A € (0,2a], then VI(H, B, M) is a closed convex subset in H.

In the sequel, we assume that H,C, M, A, B, f,T,F,p;,1n;, K; (i=1,2,...,N) satisfy the
following conditions:

(1) H is areal Hilbert space, C C H is a nonempty closed convex subset;

(2) A: H — H is a strongly positive linear bounded operator with a coefficient y >
0,f : H — H is a contraction mapping with a contraction constant h (0 < h < 1),
0 <y <7y/h B:C — H is an a-inverse-strongly monotone mapping, and M :
H — 2H is a multivalued maximal monotone mapping;

(3) T=({T(s) : 0<s <o} :C — Cisanonexpansive semigroup;

4 F=1{0,:i=1,2,...,N} : CxC — Ris a finite family of bifunctions satisfying
conditions (H;)-(Hy), and ¢; : C — R (i = 1,2,...,N) is a finite family of lower
semicontinuous and convex functional;

(5) i : Cx C — H is a finite family of Lipschitz continuous mappings with constant
L;>0(=1,2,...,N) such that

(@) ni(x,y) +ni(y, x) =0, for all x,y € C,
(b) 7i(-,-) is affine in the first variable,

(c) for each fixed y € C, x — 1;(y, x) is sequentially continuous from the weak
topology to the weak topology;

(6) K; : C — Ris a finite family of #;-strongly convex with constant y; > 0, and its
derivative K’ is not only continuous from the weak topology to the strong topology
but also Lipschitz continuous with constant v; > 0, ; > L;v;.



Journal of Inequalities and Applications 7

In the sequel we always denote by F(T) the set of fixed points of the nonexpansive
semi-group C, VI(H, B, M) the set of solutions to the variational inequality (1.2), and MEP(¥)
the set of solutions to the following auxiliary problem for a system of mixed equilibrium problems:

O1(ys,x) + 1 (x) - i (vi) + rll<1< (") - K G, (x,987) ) 20, ¥xeC,

() + ) () + L (K () K () ) 20, e

(3.2)
Ona1 <y£lN_1)1 x) + Pn-1(x) — Pn-1 <y,(1N—1)>
1 / (N-1) ) (N-2) (N-1)
+ N <K (yn > -K (yn ),111\1_1 <x,yn >> >0, VxeC,
1 1 , _
ON (Yn, x) + N () = PN (yu) + E<K () =K' (v ) v yn) ) 20, ¥xeC,
where
yr(tl) — Vr?l Xn,
yg) - Vri@iyﬁli_l) = VS)ZVS):; y1(1i_2) — Vr(?i . Vr(?zyill)
(3.3)

:V)?i"'vr(;)zvr?lxnr i:2/3/"‘/N_1’

I VAS)N ©,7/01
Yn _VTN "'Vrz Vrl Xns

and V' : C — C,i=1,2,...,N is the mapping defined by (2.8).
In the sequel we denote by U' = Vf)’---Vr(;)ZVr(?1 forl€{1,2,...,N}and 0° =I.

Theorem 3.2. Let H,C,A,B,M, f,T,F,¢;,n;, K; (i=1,2,...,N) be the same as above. Let r; (i =
1,2,...,N) be a finite family of positive numbers, L € (0,2a], {a,},{fn} C [0,1], and {t,} C
(0,00). If G := F(T) \MEP(F) N VI(H, B, M) # 0 and the following conditions are satisfied:

(i) for each x € C, there exists a bounded subset D, C C and z, € C such that for any

y€C\ Dy
1
Oi(y, 2x) +9i(22) = 9i(y) + (Ki(y) = Ki(x), i (25, y)) <0, (34)
(i) im,a, = 0,324, = o0, 0 < liminf, .,f, < limsup,  pn < 1, and

lim,, _, o t, = oo, then
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(1) for each n > 1, there is a unique x, € C such that

tn
Xp = oc,,yf<tl fo T(s)xnds>+

Buxn + (1= Bu)I - LtnA)tl J:n T(s)(Jaa(I — AB))*UNx,ds,

(3.5)

(2) the sequence {x,} converges strongly to some point x* € G, provided that V' is
firmly nonexpansive;

(3) x* is the unique solution of the following variational inequality

((A-yf)x*,x*-z) <0, Vzeq. (3.6)

Proof. We observe that from condition (ii), we can assume, without loss of generality, that
an < (1= B Al
Since A is a linear bounded self-adjoint operator on H, then

Al = sup{[(Aw, u)| : u € H, [[ul| = 1}. (3.7)

(U= Pa)I - anA)u,u) =1 = B - an(Au, u)

(3.8)
>1- - anll Al 20,
this implies that (1 - ,)I — a, A is positive. Hence we have
(1= ) = anAl| = sup{[(((1 = fu) ] —anA)u,u)| - u € H, JJull = 1)
=sup{l-fn — an(Au,u) :u e H,|u| =1} (3.9)

<1-Pp—ayy<1.

For each given n > 1, let us define the mapping

Wo = arf o [ T@ds pul + (- p)1 - n) - [T Uaal - 3B 0V,
nJo nJo

(3.10)
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Firstly we show that the mapping W,, : C — C is a contraction. Indeed, for any x,y € C, we

have
[Wax - Wy ||

1" 1"

= |any f <_ f T(s)xds> + Bux + (1= )T - a, A) — f T(s)(Jma(I - AB))*UN xds
te Jo th Jo
1" 1 (™ 2N

—anyf— f T(s)yds —Puy — (1 = u)] — a,A)— f T(s)(Jma(I —AB))“ U™ yds
tn Jo tn Jo
[ tn
<ay f<tl [ T(s)xds) - f<tl [ T(s)yds> +fullx -yl

ty
+ (1= o=l fo |7(5) Ui (1 = 1B))?0Nx = T(5) Jraa (1 - AB)) Oy | ds

< ayhljx =yl +Pallx =yl +[|(1 = Pu = @u¥) [l x -y
= (1-an(y=yh)llx -yl

(3.11)

This implies that W, : C — C is a contraction mapping. Let x,, € C be the unique fixed point

of W,,. Thus,

tn
Xy = oc,,yf<tl L T(s)xnds> + Puxn

+((1-pu)T - a, A) <t1 f 1) aaa 1 - AB))zvands>

0

is well defined.
Letting y, = UNxy, & = Jma(I = AB)y,, and p,, = Jari (I = AB)¢,, then

X, = acnyf<l Itn T(s)xnds> + Buxn + (1= pu)I - anA)l jtn T(s)pnds.
ty Jo th Jo

We divide the proof of Theorem 3.2 into 8 steps.

Step 1. First prove that the sequences {x,}, {pn}, {¢,}, and {y,} are bounded.
(a) Pick p € G, since y, = UNx,, and p = UNp, we have

lya = pll = [0Nxu=p|| < llxa -l

(3.12)

(3.13)

(3.14)
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(b) Since p € VI(H, B, M) and p,, = Jm (I — AB)¢,, we have p = Jpr) (I — AB)p, and so

llon =PIl = [TmaI = AB)én = Jma(I - AB)p||
< |[(I=AB)é&, - (I-AB)p|| < ||&: - P

(3.15)
= |Jaa(I = AB)yn = Jma(I = AB)p||
< lyn=pll < % - pll-
Letting u, = (1/t,) fé” T(s)xnds, gn = (1/tn) fé" T(s)pnds, we have
1 ("
Jow=pll = | - [ T(s)xnds—pH
1 (3.16)
<t f |T(s)x, — T(s)p||ds
nJo
< lxn=pll-
Similarly, we have
ll9x =Pl < llen - pll- (317)

Form (3.5), (3.9), (3.14), (3.15), (3.16), and (3.17) we have

[l =l

= [lany f () + Prxn + ((1 = fu) I = anA)gn = p|

= [lawy (f (un) = £(P)) + Pu(on = p) + (1 = Pu) T = 4 A) (qn = p) + au(y f () — Ap) ||

< awyh||un = p|l + ullxn = pll + (1= Bn) = @) lan = Il + an|ly f (p) - Ap||

< awyh||xn = pll + Bullxn = pl| + (1= Bn) = @) |20 = p|| + anllvf (p) - Ap|-

(3.18)

So, |lx, —pll £ (1/(y —yh))lly f (p) — Apl|. This implies that {x,} is a bounded sequence in H.
Therefore {y,}, {pn}, {én}, {yf(un)}, and {g,} are all bounded.

Step 2. Next we prove that
[ = T(8)xu|| — 0, (n— o0). (3.19)
Since x, = any f (Un) + Puxyn + (1 = Pu)] — 2, A)qy, then

|20 = qul| < @ully f () = Agu]| + Bul|2n = qu- (3.20)
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Hence
00 = ull < 225l a) = Adl | (21)
From condition (ii), we have
l|¢x = gu|| — 0. (3.22)

LetK ={w e C:|lw-p| < (1/(F-yh)|yf(p) - Ap|l}, then K is a nonempty bounded closed
convex subset of C and T (s)-invariant. Since {x,} C K and K is bounded, there exists r > 0
such that K C B,; it follows from Lemma 2.6 that

lim ||gn = T(s)ga|| — O. (3.23)

From (3.22) and (3.23), we have

10 = T(s)xull = ||%n = Gn + Gn — T(5)qn + T(5)qn — T(s) X ||
< |2 = qull + |gn = T()qull + [|T()qn = T(s) x| (3.24)

< Nl = gull + l9n = T(S)qall + 145 = xa]] — 0.
Step 3. Next we prove that

(i) lim ”Ul”xn ~Ulx,

=0, Vle{0,1,...,N-1};
(3.25)
(ii) especially, lim ”'()N Xp — Xn
n—oo

= lim ||yn — x4|| = 0.

n—oo

In fact, for any givenp € Gand l € {0,1,..., N -1}, since Vn(? ' is firmly nonexpansive, we
have
I+1 2 O 7yl O ||?
ot =p][ = [V @ - V2|

T1+1 741

< <V,Ief]*1 <len> -p, Ulx, - p>

_ <U”1xn 0 p> (3.26)

(ool < ol - ot -

)
It follows that

[0 = < e I = |00 - 01| (3.27)
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From (3.5), we have

% = PII* = lloay f () + un + (1= )T = s A)g - p||*
= [letu (£ (1n) = Ap) + Pu(tn — gu) + (I = 0 A) (qn — p) ||°
< [T = @A) (@n = P) + Pu(on = Gn)||” + 200 (Y f (un) = Ap, x0 — )
< [T = @A) (G = P) | + Bull (e = 4) 1]” + 200y f (1) = Ap, 20 = p)
< [(1=an) lon =PIl + Ballxn = Gull]* + 220y f (un) = Ap, %, — p)
= (1= ax7)lon = pII* + Ballxn = qull” +2(1 - @) Ballpn = P - 160 =
+ 20, |y f (un) = Ap|| - |20 = p|-

(3.28)
Since
low -2l < & -pl < ||0an —p” < ”v’”xn ~pl, vieto1,...,N-1}, (3.29)
and this together with (3.27) and (3.28), it yields
[l - plI?
< (1= ) { = pIl - [0~ 0|} + Bl =
+2(L=an¥) - Bullpn =PIl - 120 = qall + 2aally f ) = Ap|| - [l = p| (3:30)
= (1= 207+ @) 0 =PI = (1= )| 00 = 0|+ 2 =
+2(1 = anY)Pullon =Pl - l|xn = an|l +2an|ly f (un) = Ap]| - || 20 - p|-
Simplifying it we have
(1~ @) [0 - 0| < (14 @ ()l I - [l
(3.31)

+ B2|%n = qall” +2(1 = @) Bullpn =PIl - || = Gu
+ 20, ||y f (un) = Ap|| - [|x = p||-

Since a, — 0and ||x, — gu|| — 0, by condition (ii), it yields [|U"*'x, — U'x,|| — 0.

Step 4. Now we prove that for any givenp € G

lim || By, — Bp|| =0. (332)
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In fact, it follows from (3.15) that
llow =pII* < & =pII* = 1Tt (T = AB)yu = Tnaa (I = AB)pII*
< || = AB)y, — (I - AB)p||*
= Ilyn = pII* = 2A(ya = p, Byu = Bp) + 1’|| By, - Bp|’ (3.33)
< lyn = pII* + 1 = 20) || By, - By

< [lxn = plI* + A1 - 20)[| By, - Bp||*.
Substituting (3.33) into (3.28), we obtain

llw = pII* < (1= @) {1z = p|I* + (4 = 20) || By, ~ Bp|*} + B3| — gu”

(3.34)
+2(1=ayy)Bullon =Pl - 120 = qull + 22|l f () = Apl[ - [l = I
Simplifying it, we have
(1 - a,7)°A(2a - 1)|| By, - Bp||”
< (1+a @) lxn=pl* = lxn = plI* + Bllxn - aull?
+2(1 = auT)Pullon = pll - 1200 = gl + 20 [ly f 1) = Ap]| - [l 0~ P (3:35)

—\2 2 2
= o, (V) 1% = plI” + B2l 2w = gl
+2(1 = anY)Bullpn =Pl - [0 = gu| + 2au||y f (un) = Ap|| - |30 — |-

Sincea, — 0,0 <lim inf, o B, <lim sup,_,  fn <1, [xy—qull — 0,and {yf(u.)-Ap}, {xn}
are bounded, these imply that ||By, — Bp|| — 0 (n — o0).

Step 5. Next we prove that

Tim [|y, = pul| =0,

(3.36)
lim ||x,, — pu|| = 0.
In fact, since
[0 = pull < Mlyn =&l + 1120 = pall, (337)

for the purpose, it is sufficient to prove

”yn - gn” — 0, ”én - Pn” — 0. (3.38)
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(a) First we prove that ||y, — &,|| — 0. In fact, since

&~ p*
= /(I = AB)yy — Jara (I - AB)p||®
< <yn — )LByn - (]9 - J\Bp)rén - P>

1

= 5{lyn = 4By = (p = ABp) ||* + | = pII* = |y = AByu - (p ~ ABp) - (& - p) |}
1

< S{ Iy =PI+ 10 =PI = |y = & = 1(Bya — Bp) |}

=2
1
< S{llyn =PI+ l1n = pI* = 1y = &al* + 22(yn = &1, By~ Bp) - V*|| By, - Bp|*},
(3.39)

we have
én = PI* < 1vn =PI = 190 = &nll” + 22(Yn — &, Byn - Bp) - 2| By, — Bp|>.  (3.40)
Substituting (3.40) into (3.28), it yields that
1 = pI* < (1= @) {1y = I = lyn = &all” + 22y = &, By — Bp)
~\2[By. = Bp||*} + Bl %0 — 4u’ (341)
+2(1 = anY)Pullpn =Pl - llxn = an|l +2an|[y f (un) = Ap]| - [|xn = p||-

Simplifying it we have

(1= @) [lyn = &all” < @[l = pII* +2(1 - @0F ) (W = &, By ~ Bp)

~ (1= ) 22||Byn ~ Bp|l” + B2l —

+2(1 = anY)Bullpn =PIl - [0 = gu| + 2au|ly f (n) = Ap|| - ||xn = p]|-
(3.42)

Sincea, — 0, 0 <lim inf, .o B, <limsup, , P <1 |xy—qull — O, ||By,—Bp| — 0 (n —
o), and {y f(u,) — Ap}, {xn}, {pn} are bounded, these imply that ||y, — &,|| — 0 (n — o0).
(b) Next we prove that

Tim |8, = pu| = 0. (3.43)

In fact, since ||&, — pull = [[Jma(I = AB)yy = Jma(I = AB)éull < llyn = &ull — 0, so
lyn = pull = lyn = én + &n = pull < lyn = &ull + Ién — pull — 0. This together with (3.25) shows
that [|x, — pull — 0.
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Step 6. Next we prove that there exists a subsequence {x,, } of {x,} such that x,, — x* € G,
and x* is the unique solution of the variational inequality (3.6).

(a) We first prove that x* € F(T). In fact, since {x,} is bounded, there exists a
subsequence {x,,} of {x,} such that {x, } — x*. From Lemma 2.7 and Step 2, we obtain
x* € F(Q).

(b) Now we prove that x* € Ny, MEP(©}, ¢).

Since x,, — x* and noting Step 3, without loss of generality, we may assume that
U’xnk —x*, forall 1 €{0,1,2,...,N-1}. Hence for any x € C and forany ! € {0,1,2,...,N -
1}, we have

K;+1 (Ul+1xnk ) _K;+1 (le”k)
Ti+1

M (x, U’”xnk)> > O (U”lxnk, x) — 1 (X) + 1 (Ul”xnk)-
(3.44)

By the assumptions and by condition (H;) we know that the function ¢; and the mapping
x — (=O1(x,y)) both are convex and lower semicontinuous, hence they are weakly lower
semicontinuous. These together with (K}, (U"*'x,,) - K}, (V'xy,)) /1.1 — 0 and U, —
x*, we have

K Ul+1 ) — K’ Ul "
0 =lim 1nf{< l+1( * k) l+1( i k),ﬂl+1<x,01+1xnk>>}

— o0 1141
(3.45)
> lim inf { ~Op1 (U’”xnk, x) — @11 (X) + Pria (U”lxnk> }
That is,
O (x*/ x) + Pr+1 (x) — QP1+1 (x*) >0 (3~46)

forallx e Cand ! € {0,1,...,N -1}, hence x* € ﬂﬁlMEP(@l,(pl).

(c) Now we prove that x* € VI(H, B, M).

In fact, since B is a-inverse-strongly monotone, it follows from Proposition 1.1 that B is
a 1/a-Lipschitz continuous monotone mapping and D(B) = H (where D(B) is the domain of
B). It follows from Lemma 2.4 that M + B is maximal monotone. Let (v, g) € Graph (M + B),
that is, ¢ — Bv € M(v). Since x,, — x* and noting Step 3, without loss of generality, we may
assume that U'x,, — x*; in particular, we have y,, = UNx,, — x*. From ||y, — pa|| — 0, we
can prove that p,, — x*. Again since p,, = Jp (I — AB)¢,,, we have

1
én, — ABéy, € (I + AM)py,, that is, X(gnk — P —ABéy) € M(py,). (3.47)
By virtue of the maximal monotonicity of M, we have

<v - P, —Bv - %(énk — Py — ABgnk)> > 0. (3.48)
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So,

1
<v - Pnkzg> 2 <V - Pnk/Bv + X(énk - Pnk - -)LB‘;nk>>
1
= <1) - pnk/Bv - BPnk + BPnk - Bgnk + 1(‘;7% - Pnk)> (3'49)

1
>0+ <v ~ Pryr Bpn, — Bgnk> + <v = Prxs X(gnk - p"k)>’
Since ||&, — pull — 0, ||B¢, — Bpa|| — 0, and p,, — x*, we have

lim (v - pp, g) = (v—x*,g) 2 0. (3.50)

Ny — 0

Since M + B is maximal monotone, this implies that 8 € (M +B)(x*), thatis, x* € VI(H, B, M),
and so x* € Q.

(d) Now we prove that x* is the unique solution of variational inequality (3.6).

(1°) We first prove that {x, } — x*.

Since for all z € G,

2w = 2I* = (xn = 2,24 — 2)
= (any f (un) + Puxn + (1= )] — g A)Gn — 2, % — 2)
= (an (v f (un) = Az) + P = 2) + ((1= Pu) ] = anA) (Gu = 2), Xn — 2)
< @y f (tn) = AZ, %5 = 2) + Pulltn = 2l + (1= Br = a7) |90 = 2[| - 10 = 2|

< (1= an)) %0 = 2II* + anly f (un) — Az, x, — 2).
(3.51)
It follows that
5 1
llx, = z||° < ]:/<yf(un) - Az, x, - z)

= 201 ) = () + 1 () = Az 3, - 2) (352)

< i{yh”xn -zl + (yf(z) - Az, x, - z>}

-
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Therefore,

llx, - z|* < - 1Yh(yf(z) — Az, x, - 2). (3.53)

Now, replacing n in (3.53) with ny and letting k — oo and x,,, — x*, we have x,,, — x™.
(2°) Next we prove that x* is the unique solution of the variational inequality (3.6).
Since

1 (M 1 (M
X, = txnyf<— J‘ T(s)xnds> + Ppxn+ (1= Pu)] —a,A)— J‘ T(s)pnds, (3.54)
ta Jo ta Jo

we have

an(A-yf) <% J‘On T(S)xnd5>

tn tn
= —{ (1-B,) <xn - % fo T(s)pnds> } + anA% ) (T(8)xn —T(S)pn)ds

t, ty
=—(1-pn) <I - tl f T(s)(Jma(I - )LB))ZUNdS> Xy + oantl (T(s)xn —T(s)pn)ds.
nJo nJo

(3.55)
Hence for any z € G we have,
txn<(A -yf) <tl Itn T(S)xnd5>,xn - Z>
nJo
1 ("
=—(1-px) < <1 S NG AB))ZUNds> i
(3.56)

tn
_<1_1I T(S)(]M,A(I—)LB))ZUNds>z,xn—Z>
th Jo

1 ("
+ cxn<A— j (T(8)xn —T(5)pn)ds, x, — z>,
t?‘l 0
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<(A -vf) <é Ion T(s)xnd5>,xn - z>

1-pn

an

tn
y <<1 _ tl f T(s) ]2 (I - )LB)UNdS>xn (3.57)

nJo

tn
—<I—lf T(s)]jz\,M(I—AB)UNds>z,xn—z>
t'ﬂ 0 4

+ <Atl ¥ (T(8)xn —T(5)pn)ds, xn — z>.
0

n

then

It is easily seen that I — (1/t,) _[O" T(s)(Jma(I - AB))*UNds is monotone. Thus from (3.57) we
have that

<(A - yf) <tl J¢n T(s)xnds>,xn - z> < <Atl " (T(s)xn = T(5)pn)ds, x, — z>. (3.58)
nJo nJo

Now, in (3.58) replacing n by ny and letting k — oo and x,, — x*, from (3.36), we have

tn
tl (T(8)%m, = T(5)pn, )ds — 0. (3.59)
ng J O

So, we have

((A-yf)x*,x*-z) <0 Vzeq. (3.60)

It follows from [18, Theorem 3.2] that the solution of the variational inequality (3.6) is unique,
that is, x* is a unique solution of (3.6).

Step 7. Next we prove that

lim sup(yf(x*) - Ax*, x, — x*) <0. (3.61)

n— oo

(a) First, we prove that

n— oo nJo

ty
lim sup<tlj T(s)pads — x*,yf (x*) - Ax*> <0. (3.62)
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Indeed, there exists a subsequence {p,,} of {p,} such that

I tu;
lim sup<fl f T(s)puds — x*,yf(x*) - Ax*> = lim <fl I T(s)pn,ds — x*,yf (x*) - Ax*>.
n—oo nJo 1— o0 ni Jo
(3.63)

We may also assume that p,, — w. This together with (3.22) and (3.36) shows that g,, =

(1/ty,) fé"" T(s)pn,ds — w. Since ||x, — g, — 0, we have x,,, — w. Again by the same method
as given in Step 6 we can prove that w € G. So, we have

tn
lim sup<fl f T(s)pnds —x*,yf(x*) - Ax*>

n— o nJo

. 1 tni * * */
= lim <t— f T(s)pnds —x",yf(x7) — Ax > (3.64)

ni J0O
= lim (gn, — x*, y f (x*) — Ax™)

= (w—-x*,yf(x*) - Ax*) <0.
(b) Now we prove that

lim sup(yf(x*) — Ax*, x, — x*) <0. (3.65)

n—oo
From ||x, — gu|| — 0and (a), we have

lim sup(yf(x*) - Ax*, x, — x*)

n—oo

= lim sup(y f(x*) = AX", Xy — G + G — X*)

n—o (3.66)
< lim sup(yf(x*) — Ax*,x, — gn) + lim sup(y f (x*) - Ax*, g, — x*)

n—oo n—oo
<0.

Step 8. Finally we prove that

x, — x*. (3.67)
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Indeed, from (3.5), (3.15), and (3.17), we have

2 — x|
= ||an(y f () = AX*) + B2t = x*) + (1 = Bu) ] = 2, A) (g — x*) ||
< ”ﬂn(xn -x")+((1- ﬂn)I - a,A) (qn -x")

< (1= Bu)T = nA) (G = ) || + Bullocn = 2] + 200y (f () = £ (), % = x*)
+2a,(y f (x*) = Ax*, x, — x*)

2, 20, (y f (n) — AX*, 2 — X*)

(3.68)

<[ Bu- ) llon - [+ Bullxe - ] + 2 yhlx, - 2]
+ 20, (yf (x*) = Ax*, x, — x*)

= ((1 - cxn?)2 + Zanyh> 260 — 2*1% + 2,y f (x*) — AX*, x, — x*).
This implies that

* 2 * * *
s = x*|1* < = (Yf(x*) = Ax*, x, — x*). (3.69)

2(y -yh) -

Combining (3.61) and (3.69), we obtain that x, — x™.
This completes the proof of Theorem 3.2. O

Corollary 3.3. Let H,C, f,T,F, A, B, i, n;,K; (i =1,2,...,N) be the same as in Theorem 3.2. Let
ri (i =1,2,...,N) be a finite family of positive parameter, A € (0,2a], {a,}, {fn} C [0,1] and
{ta} C(0,00).IfG := F(CT) MEP () N\ VI(H, B, M) # ( and conditions (i) and (ii) in Theorem 3.2
are satisfied, then

(1) for each n > 1 there is a unique x,, € C such that

tn
Xy = 0(an<% .[o T(s)xnds> + Pnxn

+((1-pa)I- anA)é fo T(s) (Pe( - AB)UNx,d;

(3.70)

(2) the sequence {x,} converges strongly to some point x* € G, provided that Vy' is firmly
nonexpansive;

(3) x* is the unique solution of variational inequality (3.6).
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Proof. Taking M = 06¢ : H — 2H in Theorem 3.2, where 6c : H — [0, o) is the indicator
function of C, that s,

0, x €C,
O6c = (3.71)
+o0, x¢C,

then the variational inclusion problem (1.2) is equivalent to variational inequality (1.4), that
is, to find u € C such that

(B(u),v-u) >0, VYveC. (3.72)

Again, since M = 06¢, then Jp,y = Pc. Therefore we have
pu=PeI=1B)ér, & =Pc(I-AB)y,. (3.73)

The conclusion of Corollary 3.3 can be obtained from Theorem 3.2 immediately. O

4. Applications to Optimization Problem

Let H be a real Hilbert space, C a nonempty closed convex subset of HLA : H — H
a strongly positive linear bounded operator with a constant y > 0, and T : C — C a
nonexpansive mapping. In this section we will utilize the results presented in Section 3 to
study the following optimization problem:

xrg(r;é«f\x,w ~h(x), (1)

where F(T) is the set of fixed points of T in C and h : C — R is a potential function for y f
(i.e, W(x) = yf(x), x € C), where f : C — C is a contractive mapping with a contractive
constant h € (0,1). We have the following theorem.

Theorem 4.1. Let H,C, f, T, A be the same as above. Let {a,}, { fn} be sequences in [0, 1] satisfying
condition (ii) in Theorem 3.2. If F(T') is a nonempty compact subset of C, then for each n > 1 there is
a unique x, € C such that

Xn = oY f (T (xn)) + Puxn + (1= ) — 2, A)Tx,, VYn>1, (4.2)
and the sequence {x,} converges strongly to some point x* € F(T) which is the unique minimal point
of optimization problem (4.1).

Proof. Taking©; =0,¢;=0,K;=0,17,=0,r;=1(i=1,2,...,N),B=0,T=TinCorollary 3.3,
hence we have § = 0, Vr(?" =1i=12,...,Ny, =& = pn = xn,(1/tn) fo" T(s)xp,ds = Tx,,
forall n > 1, F(C) = F(T), MEP(¥) = VI(H, B, M) = C, G = F(T). Hence from Corollary 3.3
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we know that the sequence {x,} defined by (4.2) converges strongly to some point x* € F(T)
which is the unique solution of the following variational inequality:

((A-yf)x*,x-=x*) >0, xeF(T). (4.3)

Since T is nonexpansive, then F(T) is convex. Again by the assumption that F(T) is compact,
therefore it is a compact and convex subset of C, and (1/2)((Ax,x) — h(x)) : C — Risa
continuous mapping. By virtue of the well-known Weierstrass theorem, there exists a point
y* € F(T) which is a minimal point of optimization problem (4.1). As is known to all, (4.3) is
the optimality necessary condition [19] for the optimization problem (4.1). Therefore we also
have

((A=yf)y . x-y") 20, VxeF(T). (4.4)

*

Since x* is the unique solution of (4.3), we have x* = y*.
This completes the proof of Theorem 4.1. O
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