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By means of algebraic, analytical and majorization theories, and under the proper hypotheses,
we establish several Jensen type inequalities involving yth homogeneous polynomials as follows:

Z;nﬂ wkf(Xk)/f(In) < [f(ZZL ka;t)/f(In)]l/Yr Z;nzl wkf(Xk)/f(Nn) < [f(ZZLl ka;}:)/
FINDTYY, and I, wi fo(Xx) < fu( S8, wiXk), and display their applications.

1. Introduction

The following notation and hypotheses in [1-4] will be used throughout the paper:

X = (xll x2/' "/xn)T/ a = (allaZI"'/an)T/ w = (wll wZ/' "/wm)T/
X = T N={01,2 N, n>2 (1.1)
k (xk,lka,Zl‘-'/xk,n) ’ { 7L, ,...,Tl,...}, nelN, n>.2

R=]-o0,00[, R"=[0,c0[", R",=]0,00[", Q'={x€R"[0<x <2< <X

Also let
P [x] = > )L(a,o)]_[x”f(,) A:ByxS, — R\ {0},
(,0)€EByx Sy j=1 Y
Pf[x] = > )L(a,o)sz’(j) A:By xS, —[0,00[ ¢\ {0},
(,0)€By x Sy j=1
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I_DY[x] = { Z Aij{)per[x] ] A:B, — R} \ {0},

P)[x] = { D )Lf:;{)per[xj] 1B, — [O,oo[} \ {0},

a€EBy
(1.2)
where
xi' x5t x5! xp!
xitz xgz xgz . xﬁz
[x‘?’] = [x”.!i] = , (1.3)
! T Jnxn R
an an an a,
Xpo Xy X3 X d n
BB, is a nonempty and finite subset of
{aeR“ Za, Y,y €0, oo[} (1.4)

and the permanent of n x n matrix A = [a; ], is given by (see [2, 4])

per A= 3T Jajo0; (15)

o€S, j=1

here, the sum extends over all elements o of the nth symmetric group S,.

If f € Py[x], then f is called yth homogeneous polynomial; if f € P,[x], then f is
called yth homogeneous symmetric polynomial (see [3]).

The famous Jensen inequality can be stated as follows: if f : I — R is a convex
function, then for any x € I"” we have

) 2 f<%zxk>. (16)
k=1 k=1

A large number of generalizations and applications of the inequality (1.6) had been
obtained in [1] and [5-8]. An interesting generalization of (1.6) was given by Chen et al., in

[8]: Let By C N" and f eﬁ;[x].Ika eR?withl<k<mand0<X; <X, <--- <Xy, then
we have the following Jensen type inequality:

LS xk>>f< Zxk> (1)
k=1
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In this paper, by means of algebraic, analytical, and majorization theories, and under

the proper hypotheses, we will establish several Jensen type inequalities involving yth
homogeneous polynomials and display their applications.

2. Jensen Type Inequalities Involving Homogeneous Polynomials

In this section, we will use the following notation (see [1, 4, 9]):
Go={2pemiion gemio}, L= 1.0 N2 ),
t 1
= (a2, @), @) = (@), pe) e p)), A = Sx, 2D
i=1
Ax = (Axy, Axy, ..., Axn)Jr = (X1, X0 —X1,X3— X2, ..., Xp — xn_l)T.

2.1. A Jensen Type Inequality Involving Homogeneous Polynomials
We begin a Jensen type inequality involving homogeneous polynomials as follows.

Theorem 2.1. Let f € P/ [x]. If Xk € RT with1 <k <mand w € RY,, then

++7

m ¥ 1/y
Do wif (Xk) B f(Zkzl kak) (2.2)
fIn) - f(In)
The equality holds in (2.2) if there exists t € [0, 00|, such that X; = Xp = -+ = Xy, = tI,,.

Lemma 2.2. (Holder’s inequality, see [1, 10]). Let a;x € [0,00[,gi € [0,00[ with1 < i < nand
1<k<m.IfX!,qi <1, then

1 n _ n 1 qi
ATk <TT( o) 23)
M T =t \"Ma

The equality in (2.3) holds if a;1 = ajp = -+ = ajm for 1 <i < n.

Lemma 2.3. (Power mean inequality, see [1, 10-11]). Let x € R?,u € R}, and 37 p; = 1. If
y € [1, 00], then

n n Y
x> <Zuixi> : (24)

The inequality is reversed for y € (0,1). The equality in (2.4) holds if and only if y = 1, or
X1 =Xp =+ =Xy
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Lemma 2.4. Let g(x,a) = ]_[] 1x0(]) and o € S,.  If a € By and Xy € R} with 1 < k < m, then

m m Y
g<ZXY,a> 2 [Zg(Xk,a)] . (2.5)
k=1 k=1

The equality in (2.5) holds if « = (1,0, ... ,O)T, or there exists t € [0, 00[, such that X, = Xy = -+ =
X = tl,.

Proof. According to a € By, 374 (a;/y) =1<1and Lemmas 2.2-2.3, we get that

(i) TGE)

[rGE)

Y

- (2.6)
1 m n '
> | =
> 2l )
Fy y
== g(Xk/ a)] .
From
g E;X,a =58 éX,a , (2.7)
we deduce to the inequality (2.5). Lemma 2.4 is proved. O

Proof of Theorem 2.1. First of all, we assume that w = I,,. According to y € [1,00[, f(I,) =
2 (,0)eB,xs, M@, 0) and Lemmas 2.3-2.4, we find that

f(Zx) Ma,0) (&,
P o, S0 g<zx>
Ma, 0)
2 ﬂH[Z(&’]

(a 0)EBy xS,

Ma,
Z[AZ ;a?z(k“q

(a,0)€By xS,

(2.8)

[ 2k f&x0 ]
f(I) '

That is, the inequality (2.2) holds.
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Secondly, for some of wy with 1 < k < m satisfing wy # 1, we have the following cases.

(1) If w € N™, then the inequality (2.2) holds from the above proof.

(2) If w € QF,, then there exists N € N\ {0} that satisfies Nw € N™. By the result
in (1), we obtain that

1/y

SNuwf(X) | f (waz«X%)
k=1 < k=1
oy - F(L)

(2.9)
m m 1/Y
S [(Ewx))
k=1 k=1
— < /
f(T) fIn)
which implies that inequality (2.2) is also true.
(3) If w € R}, then there exist sequences {wl((i) }::1, such that
wy €Q. (1<i<ow), limw! =we (1<k<m) (2.10)
We get by the case in (2) that
. 1/y
m i m (@)
S e f(X0) f(Ziwd X)) .
f(In) - f(In) '

and taking i — oo in (2.11), we can get the inequality (2.2). The proof of Theorem 2.1 is thus
completed. 0O

2.2, Jensen Type Inequalities Involving Difference Substitution

Exchange the ith row and jth row in nth unit matrix E, then this matrix, written E(i, j), is
called nth exchange matrix. If Eq, E;, ..., E, are nth exchange matrixes, then the n x n matrix
D, = EyE,1---E1EoA, is called nth difference matrix, and the substitution x = D,y is
difference substitution, wherep € N, Eq = E, and

A= (2.12)
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Let f € Pyx]. If f(D,y) € Pf[y] is true for any difference matrix Dy, then
f(x) > 0 forany x € R” (see [11]), and the homogeneous polynomial f is called positive
semidefinite with difference substitution.

If we let

D, = {Dy, | D, be nth difference matrix},
(2.13)
Prlx] = {f(x) € By[x] | By < ", f(Day) € P [y], VD, €D, ),

then 9, is a finite set and the count of elements of ®,, is |®,| = n!, and y € N.
We have the following Jensen type inequality involving homogeneous polynomials
and difference substitution.

Theorem 2.5. Let f € Py[x]. Ifw € R}, and Xy € Q" with 1 < k <'m, then

m Y vy
f(Nw) - f(Ny)
The equality holds in (2.14) if there exists t € [0, 00, such that X; = X, = -+ = Xy, = tI,, and

f(In) =0.

Lemma 2.6. (Jensen’s inequality, see [12]). For any x € RY} and y € [1, oo, we have

n Y n
<Zxk> > > (2.15)
k=1 k=1

The equality in (2.33) holds if and only if y = 1, or at least n — 1 numbers equal zero among the set
{x1, x2,...,x,}.

Lemma 2.7. If y € [1,00[ and x € Q", then for the difference substitution x = A,y, one has the
following double inequality:
0<y" <Ax. (2.16)

The equality y¥ = AxY holds ifand only if y =1L, orx1 =x2 =+ =x,.1 =0, 0r x1 = xp = -+ = x.

Proof. From x € Q", it is easy to know that y = A,'x = Ax € R%. By y € [1, oo and Lemma 2.6,
we find that

0<y] =] <4,
0< yg =(x—x)" < x; - x¥, (2.17)

Y

Y Y
0<yn=(xn—2xn1) <xp—x,_;.

This shows that the double inequality (2.16) holds. O
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Proof of Theorem 2.5. Consider the difference substitution X, = A,Yj. Since X € Q", Y} =
Al Xy = AXg € R? with 1 < k < m. From f € Py[x], we have that f(D,y) € P/[y], for all
D, € 9,,. Hence,

f(Any) € Pl [y]. (2.18)

According to Theorem 2.1, we obtain that

1/y 1y
S w ey [f(AZhed]) | [ F (S o)) 219)
f(Anly) - f(AnLy) - f(N») '
In view of Yy € R and with Lemma 2.7, we have
0<Y <AX], k=12,...,m. (2.20)

By noting that f(A,y) € Pf[y], it implies that f(3}", ka"le ) is increasing with
respect to ka . Thus,

f<§m]kanY,Z > < f<ikanAx;> = f<iwkx,t>. (2.21)
k=1

k=1 k=1

Therefore,

S wif (Xe) _ X wef (AnYi)

f(Nnx) f(Anly)
- . 1/y
< f<2k:1 ka"YIZ>
N f(Ny) (2.22)
_ . 1/y
< f <Zk:1 kaiZ)
B f(N»)
This evidently completes the proof of Theorem 2.5.
As an application of Theorem 2.5, we have the following. O

Theorem 2.8. Let f(x) = A(xV) - AV(x),y e Nand y > 2. Ifw € R}, Xy € Q" with1 < k <m,
then the inequality (2.14) holds. The equality holds in (2.14) if there exists t € [0, oo, such that
X1=Xp ==X,y =tl,.
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Proof. First of all, we prove that f € Pf[x]. If the function ¢ : I — R satisfies the condition
that ¢" : I — Ris continuous, then we have the following identity:

@) = pAe) = 5 3 [ [ i+ taxy+ (1=t aColans -

1<i<j<n

(2.23)
where

xel", ¢"(t)= d2—¢, V= {(tl,tz)T ER? |h+th < 1}_ (2.24)
dt2 + >

In fact,

ffv¢” [t1xi + tbox; + (1 — 1 — b)) A(x) ] dtidts

1 1-t
J dt1’[ (i)" [tlxi + tzx]' + (1 -t — tz)A(x)] dtz
0 0
1 1 1-4
= mfodtljo (i) [tlxi + t2x]' + (1 -1 - tz)A(x)]d[tlx,- + tzx]' + (1 -t — tg)A(x)]
1-H

1
- A A [ s (-t =) AR,

1 v ,
= mfg{cﬁ [t + (1= t)x;] = @[ + (1 - b)) A(x)] }dh

1

Xi — Xj x; — A(x)

~ 1 pllixi + (T -t1)x;]  Pltixi+ (1 — 1) A(x)]
-~ xj - A(x)

0
1 ¢xi) - P(xj)  P(xi) - P(A(x))
- xj — A(x) Xi — Xj x; — A(x)
1 P(A(x)) A(x) 1
= (xi) i1,
(xi = xj) (xj = A(x)) (x; — A(x)) ;':b(j;) ;Cj .

(2.25)

and

1siz<j:sn{.[ qu, [1xi + b+ (1= = tz)A(x)]dtldﬂ}(xi - x;)?
P(Ax)) Ax) 1
¢(xi) x;i 1
(,‘b(x]-) xj 1

_ Xi— x]-
15§5n (xj = A(x)) (xi = Ax))
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. P(A(x)) A(x) 1

= _1<Iz<n< A(x) —A(x)) P(xi) xi 1

] $(x)  x 1
1 T o [peaen A
"2 1<lz<n xj = A(x) pea) _1<iz'<nxi——A(x) p(xi)  x 1
" oC) x4 1 o p(xj) x5 1

P(A(x)) Ax) 1 P(A(x)) Ax)

n

P

j=1 i i=1

n

ix A(x) Z

i=1 j=1

(xl Xi

P(xj)  x 1

)

1
o (xi) x; 1
$(xj)  x 1

P LS " ¢(xi) x 1
S ) A =S
b)) w1 2 290) A 1

A~ >P0s) 0 0
i=1

( P(A(x)) A(x) 1 PARX) Ax) 1

_ 1 n n 1 n
"2 ]lej_mx) ;l;qb(xi) A(x) 1
$(x;) xj 1
P(A(x)) Ax) 1
o n ¢(xi) xi 1

2 AR |1 2
) Z¢<x,) HAR) 0 0

M:

NI:

{ [AGW)) - ¢ x>>][A<x>—xj]_i[A(qb(x))—qb(A(x))][A(x)—xi]}
j=1

— A(x) ~ xi — A(x)

NI:

{i A(P(x)) = p(A()] + i [A(p(x)) = p(A(x))] }

=1

.

=n*[A(P(x)) - P(A(x))].
(2.26)

That is, the identity (2.23) holds.
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Setting

¢:[0,00[ =R, ¢@)=tr (2.27)

in (2.23), we have that

f(x)= % >, {J‘ IVY(Y -1 [txi+txj+ (1-t - tz)A(x)]Yfzdtldfz}(xi - x;)%. (2.28)

1<i<j<n

Since f € ﬁy[x], f € Py[x] if and only if f(A,y) € P/[y]. Consider the difference
substitution x = A, y. From

2

(xi—x))" = < Z]J yk> € Pf[y] = (xi-x;)" € P;[x] (2.29)

for arbitrary i,j : 1 <i < j <, itis easy to see that f € P;[x] if y = 2.If y > 3, then

(xi - x;)* € P3[x],

[f1xi + boxj + (1t~ 1) A(x)] " € P, [x]

_ 2.30
= jfvy(y 1) [txi + b+ (1 -t — t)A(x)]" 2dt,dt, € P;_Q[x] (2.30)

- J‘I Y(}’ - 1) [tlx,- + tzx]' + (1 -t — tz)A(x)]Y_zdtldtz € P;—Z [x]
\%

for arbitrary 7,7 : 1 <i < j < n. Therefore, we get that f € Pf[x]. It follows that the inequality
(2.14) holds by using Theorem 2.5. Since f(I,) = 0, the equality holds in (2.14) if there exists
t€[0,00[,such that X3 = Xp =--- = X, = t1,,.

The proof of Theorem 2.8 is thus completed. O

Remark 2.9. Theorem 2.8 has significance in the theory of matrices. Let A = [a;],., be an
n x n positive definite Hermitian matrix and \4,...,, its eigenvalues, let diag(x) be the
diagonal matrix with the components of x = (x1,x2,... ,xn)Jr as its diagonal elements, and
alsolet A = (A1, Ay, ... ,/\n)T. Then A = U diag(1)U* for some unitary matrix U (where U* is
the conjugate transpose of U and U*U = E, see [9, 13]). If y € R, then

AT = U diag (AU,

n n n (2.31)
trA=Dlai=DN, trA'=>1
i=1 i=1 i=1
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Write

Dy(A) = %tr AY - <%trA>Y = A = AT(L) = (M), (2.32)

then Theorem 2.8 can be rewritten as follows, let w € RY,,y € Nand y > 2. If Ay are n x n
positive definite Hermitian matrix, Ax, € Q", AjA; = AjA; with 1 <14, j, k < n, then

1/y

ket wieDy (Ax) < Dy (Zi”:l kaD
Dy (diag(N,)) ~ | Dy(diag(N,))

(2.33)

In fact, if A, B are n x n positive definite Hermitian matrix and AB = BA, there exists a
unitary matrix U such that (see [13])

A = U diag(Ay)U", B = U diag(Ap)U". (2.34)
Thus,
D, (A +B) = D, (U diag(As + Ap)U") = D, (diag(As + Ag)) = f(Aa + Ag). (2.35)

From A;A; = AjA; with 1 <1i,j <n, we get that

Dy(Ak) = f(Aa,), (ZkaY> <iwkxgk>, Dy (diag(Ny)) = f(Ny). (2.36)
k=1

According to Theorem 2.8, the inequality (2.33) holds.

Remark 2.10. Theorem 2.8 has also significance in statistics. By using the same proving
method of Theorems 2.1-2.8, we can prove the following: under the hypotheses of the
Theorem 2.8, if f(x) = A(xV,p) — A¥(x,p), then f € Py [x] and the inequality (2.14) also
holds, where

peR’, A(x,p)= Zp,-x,., Zpi =1. (2.37)
i=1 i=1

Let ¢ be a random variable, x € Q", let P(¢{ = x;) = p; be the probability of random events
¢=x;withl1<i<n Ify=2, then

2

D
rlel = y(r-1)

2
{E[g"] - E"[¢]} = -1 [A(x",p) - AT(x,p)] = Dy(x,p) (2.38)
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is the variance of random variable ¢. The D, [¢] is called yth variance of random variable ¢
and D, [¢] > O for arbitrary y € R, where

Dof¢] = lim Dy [¢] = 2[log A(x,p) ~ A(log x,p)],
(2:39)
Di[¢] = limDy[g] = 2[A(xlog x,p) — A(x,p) log A(x,p)]-

Let ¢y be also a random variable, P(& = i) = p; with 1 < i < n, and let the function f :
[0, 00[ = [0, o[ be increasing with 1 < k < m. Then the inequality (2.14) can be rewritten as
follows:

1/
sty @) _ [ P[] 2.40)
D, [&] B Dy [é] ’

wherew e R7,,y € N,y > 2.

2.3. Applications of Jensen Type Inequalities

By (1.7) and the same proving method of Theorem 2.1, we can obtain the following result.

Corollary 2.11. Let By CN", f € ﬁ; [x]. fweR™, > wr =1,X, € R? with1 < k < m and
0<X;3<Xp <2 < Xy, then

iwkf(Xk) >f <iwkxk> . (2.41)
k=1 k=1

One gives several integral analogues of (2.2) and (2.41) as follows.

Corollary 2.12. Let E be bounded closed region in R®, and let the functions w : E —]0, 00| and
g : E — R be continuous, and [ wdt = 1. If f € P;[x] and f(I,) =1, then

waf(g)dt < [f(wangt>] UY. (242)

IfB, CN", fe 1_3; [x], and g(E) is an ordered set, that is,

g(t) <g(t2) or g(k) < g(t) (2.43)
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for arbitrary t1,t, : ty € Eand t, € E, then

waf(g)dt > f(jEwg dt>.

As an application of the proof of Theorem 2.8, one has the following.

13

(2.44)

Corollary 2.13. Let w € R, and > wi =1,p e R}, and 3 px = 1,y € (1,2]. If Xj € R7,,
with 1 < k < m, then one has the following Jensen type inequality:

k=1

m m
Zkay (Xx,p) =2 Dy <Zwkxk,lﬂ>,
k=1

where Dy (x,p) = (2/y(y - 1))[A(x", p) - AV (x, p)].

Proof. We can suppose thatp = (1/n)1,,y € (1,2), and

wij(x,t1,t2) = hix; + bxj + (1 -t - t2) A(x).

Since 0 < 2 —y < 1, from Lemma 2.3, we get that

k=1 k=1

IN

k=1

m 2 s 2
[Zwkwi,j Xk, 1, tz)] <Zwk|xk,i - xk,j|>
o 1-1 / m 2
2
Dww; (X, b t2) (Zwklxk,i - xk,j|>
P

[ m
2_
= Zwkwi,jy(xk, ti, t2)
k=1

IN

- 2- 2
<Z;T_1 wkwi,jY(Xk, tl,fz)wiy,j (X, t1,t2)|xk,i = xk

2—
kazl wkwi,jY(Xk/ tl/ tZ)

~ 2— 2y-4
Iy wkwi,jY(Xk, t1, tz)w,-,]y- (X, tr, t2) |2k, = x|

[ m

2_
Zwkwi,j "Xk, 11, 1)
| k=1 ]

m

)
szcwzj (X, t1, 2) Xk, — x|
k=1

By using (2.28), we find that

2—
Zlel wkwi,jY(Xk/ tl/ tz)

>2

(2.45)

(2.46)

(2.47)
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[ m -2 m 2
— Z II wij <Zkak/ t1, tz) dtdt, [Zwk (xki — xk,j)]

o 1<i<j<n v k=1 ) k=1

5 r m J7-2 m 2

< 2 I J‘ Wi, <Zwkxk/ t1, t2> dtldtz <Zw;<|JCk/i — xk,j|>

1 dici<n vi k=1 ) k=1

2 [ m 172/ m 2

— J‘ J wi; <Zwkxk/ t, tz) <Zwk|xk,i - xk,j|> dtidt,

n 1<i<j<n VL k=1 ) k

(2.48)
2 [ m Y2 /om 2
=— IJ Zwkwi,j(Xk,tl,tz)] <Zwk|xk,i - xk,j|> dhdt,

"1 dici<n = k=1

2

< { ([ Swonwl; 00, ks - dtldtz}

Vi=1
n Y—2 2
; 7 1<§<n f vai,j (Xk, t1, t2)dtrdta (X — Xk )
m
Z wik Dy (Xk, p)-
k=1
The proof of Corollary 2.13 is thus completed. O

Corollary 2.14. If Xj € Q" with 1 < k < m, then

. " i-1
Z U [(Xk);—l] < "002| det [<Zxk> ] . (2.49)
p nxn k=1

]

Proof. The nth Vandermonde determinant is wellknown (see [14]):

det [x;'fl] = I (xj-x) (2.50)

1<i<j<n

By Theorem 2.1, for arbitrary x;; € [0, c0[ with 1 <i<j<n, 1<k <m, we get that

i TT ki < WU(J I ixzf;;‘m. (2.51)
k=1

1<i<j<n 1<i<j<n k=1
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Letting
w=ly, Xij= ""VYxkj—Xki, 1<i<j<n, 1<k<m (2.52)

in inequality (2.51), it implies that the inequality (2.49) holds. The proof is completed. O

Example 2.15. Given N-inscribed-polygon I'x = I'k(Ak1, Ak, ..., Axn) with 1 < k < m.
Defining the summation of them is an N-inscribed-polygonT = /. T =T(A;, Ay, ..., AN),
and its sides lengths are given by |A;Ai| = XL |AkiAki+1| with 1 < i < N. Also defining
Ai=Aj&i=j(modN),and Ay; = Ag; & i=j(modN) with1 <k <m.

Wen and Zhang in [15] raised a conjecture: prove that

I

Mz

> iwm, (2.53)
k=1

o~
]

1

where || = Areal is the area of the N-inscribed-polygon I'.
Now, we prove that the inequality (2.53) holds for N = 3,4 by using Theorem 2.1.
Denote

1 N m
aki = |AkiAkinl,  prx = Ezak,i/ a; = |AiAial = > ax,
i=1 k=1

(2.54)
1Y - :
p:igai=;pk, 1<i<N,1<k<m.
If N = 3, we have that
3
VITkl = {|pe] [ (px — axs),
i=1
(2.55)
m m 3 m
J Tk =ﬂ <ZPk>H[Z(Pk—akl)]
k=1 k=1 i=1 Lk=1
Setting
4
fePx], f(x)=]|xi, n=4
g (2.56)

w=1, X1 =Pk, Xki=~/pk—ari, 2<i<4, 1<k<m

in Theorem 2.1, then inequality (2.2) is just (2.53).
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\/IFT A H(pk_akl

For N =4, we get that

(2.57)
4 m
\J Zrk = #H[Z(Pk - Qi ]
= i k=1
Taking
4
P, ’ = ir = 41
el st l;lx " (2.58)

w=1Iy Xki=+/Pxk—aki;, 1<i<4, 1<k<m

in Theorem 2.1, it is clear to see that inequality (2.2) deduces to (2.53).

Remark 2.16. The following result was obtained in [15]. Let Ty with 1 < k < m and X/, I’k
all be N-inscribed-polygons. If p1 —a1; < po—azi <+ < P — ami, i =1,2,..., N, then for
N =3,4, we have

m
< m3Z|rk|2, (2.59)

w12
2Tk
k=1

This inequality can also be deduced from inequality (1.7).

3. Jensen Type Inequalities Involving Homogeneous
Symmetric Polynomials

In this section, we will also use the following notation (see [4, 16]):

e = (exl,exz,...,ex")T, Qf ={xeR" | x; <xp <<y},

n_(,0 O D\' (OIS0 O]
a¥) = <a1 S0, ..,an> € By, p= {23})\({{(11 Y, S },

m m m m t (3.1)
HXk = <I_[xk,1/ I_[xk,Z/' .. /ka,n> 7

X X11 X12 x10\ 1
Y =\—,—,..., .
2 X21 X202 X2
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Definition 3.1. (see [17,18]). B, is called the control ordered set if

a<p or p<a (3.2)

for arbitrary a, f : « € By and f € By.
The well-known Chebyshev inequality states: let a,b € R™, w € R”, and 3., wi = 1.
Ifa;<ay<---<auandb; <b, <---<b,, then

Zwkakbk > <Zwkak> X <Zwkbk>. (3.3)
k=1 k=1 k=1

The inequality is reversed for by > b, > -+ > by,.
We remark here that Wen and Wang generalized the inequality (3.3) in [4]: if X3, X, €
Q", and a € R}, then we have the following Chebyshev type inequality:

pelixer] pefisor] perfor] o

n! n! n!

3.1. Jensen Type Inequalities Involving Homogeneous Symmetric Polynomials

In this subsection, we first present a Jensen type inequality involving homogeneous symmet-
ric polynomials as follows.

Theorem 3.2. Lef f € ﬁ; [x], f(I,) = 1,w € N™, let By be a control ordered set. If Xy € QF with
1<k <m, then

Swf(X) < fo <iwkxk>, (35)
k=1 k=1

where f, : R" — R, f,(x) =log f(e¥).

Proof. By using the same proving method of Theorem 2.1, we can suppose that w = I,,. If
m = 1, then inequality (3.5) holds. So we just need to prove the following.

Let f € 1_3; [x], f(I,) = 1 be B, is a control ordered set. If X € Q" with 1 < k <m and
m > 2, then

f <ﬁXk> > ﬁf (Xk)- (3.6)
k=1

k=1

We will verify inequality (3.6) by induction.
For m = 2, we find from the inequality (3.4) that

o= 5 o], > S A
aEBy :

|
aEBy n

(3.7)

n!
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Since the control ordered set B, is nonempty and finite set by using Definition 3.1, we
can suppose that

B, = {a(l),a(z),. ..,a(N)}, a <a@ <. <a™), (3.8)
From Hardy’s inequality (see [17, page 74]), we have that

7

n! n! n!

(3.9)
per [(Xz)?’m] per [(Xz)?'@] Per [(Xz) (N)]
< <l Ll =

n! n! n!

By means of f(I,) = 3, AMa®) = 1, inequality (3.7), and Chebyshev’s inequality
(3.3), it is easy to obtain that

per| x| per )] |

A<a(l)> n! 8 n!

per [(Xl)?gl) per l(Xz) ] (3.10)

> ix(w)T y ZA(a”)T

=1

Mz

fXiXo) 2

—
]
—_

= f(X1) f(X2),

which implies that the inequality (3.6) holds for m = 2.
Assume that the inequality (3.6) is true for m = g > 2, that is,

q q
f<HXk> > T [ (3.11)
k=1 k=1

Form = q+1, from X1 € Q" and X1, X>,..., X, € Q", we have szle € Q". Thus,

q+1 q q
(L1 = (x0T ) 2 0500 (T
q+1

> F(Xg1) <1i[f(xk)> =TT/ x0.
k=1 k=1

(3.12)

The inequality (3.6) is proved by induction. The proof of Theorem 3.2 is hence completed.
As an application of the inequality (3.6), we have the following. O
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Theorem 3.3. Let f € ﬁ; [x], let By be a control ordered set, that is,
B, = {a(l),zx(z),...,a(m}, al < a® <. < g, (3.13)

IfX1/X, € Q", X5 € Q", and X, € R}, then

! x\* ] _rexo _ /St
e

Proof. The right-hand inequality of (3.14) is proved in [4]. Now, we will give the
demonstration of the left-hand inequality in (3.14).

We can suppose that f(I,) = 1. By means of X;/X; € Q", X, € Q", and X, € RY},, we
find from the inequality (3.6) that

f<§1 >>f< >f )<=>;§Xli_f<x2> (3.15)

From

By, = {a(l),zx(z),...,a(N) }, al < a® <. <o) (3.16)

and Hardy’s inequality (see [17, page 74]), we obtain that

a; tll(-l)
per[(%)l ] > per[(%) ], Va € B,. (3.17)
i j

Therefore, we deduce that

)5
(@) X\
-

1 [/x\]

- (), | o

-4 NXn
1 [7x\
- | (%),

The proof of Theorem 3.3 is thus completed. O

nxn

(3.18)

)7
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3.2. Remarks
Remark 3.4. 1f y €]0, oo[, then Theorems 3.2 and 3.3 are also true.

Remark 3.5. If B, C N" and 1 < y <5, then By is a control ordered set.
In fact,

1,0,...,00t < (1,0,...,0)T;
1,1,0,...,00" < (2,0,...,0)%;
(1,1,1,0,...,00" < (2,1,0,...,0) < (3,0,...,0)%;
1,1,1,1,0,...,00" < (2,1,1,0,...,0)" < (2,2,0,...,00 < (3,1,0,...,0)" < (4,0,...,0)T;
1,1,1,1,1,0,...,00" < (2,1,1,1,0,...,00" < (2,2,1,0,...,0)" < (3,1,1,0,...,0)"

<(3,2,0,...,001 < (4,1,0,...,00T < (5,0,...,0)".
(3.19)

Remark 3.6. By using the proof of Theorem 3.2 and Remark 3.5, we know the following: if
X e Q"withl <k <m,m>2and

n Y n
f(x)=nyl_n[<2xk> - x{], yeN, 1<y<5, (3.20)

k=1 k=1

then the inequality (3.6) holds.

Remark 3.7. The inequality (3.6) is also a Chebyshev type inequality involving homogeneous
symmetric polynomials.

3.3. An Open Problem
According to Theorem 3.3, we pose the following open problem.

Conjecture 3.8. Under the hypotheses of Theorem 3.3, one has

(1
a® per (Xl)'?"' no P\
lper[<ﬁ) ] < [ : ] PRI <Z’:1 xl"> : (3.21)

. per [(Xz);-l?)] T X)) T\
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