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We give a new proof for power-type weighted Hardy inequality in the norms of generalized
Lebesgue spaces LPO)(R™). Assuming the logarithmic conditions of regularity in a neighborhood
of zero and at infinity for the exponents p(x) < g(x), f(x), necessary and sufficient conditions are

proved for the boundedness of the Hardy operator H f(x) = fly\ < f(¥)dy from Lﬁ‘g<_) (R™) into
a0)

[x[PO-/P O=n/a0)
and at infinity is given. This shows that logarithmic regularity conditions for the functions g, p at
the origin and infinity are essentially one.

(RN). Also a separate statement on the exactness of logarithmic conditions at zero

1. Introduction

The object of this investigation is the Hardy-type weighted inequality

” |x|PO-n/P O=n/a0) ¢

pC)
o <[RS

Hf@=[  fway
|y|<lx|

7O (Rn)”

in the norms of generalized Lebesgue spaces L") (R"). This subject was investigated in the
papers [1-7]. For the one-dimensional Hardy operator in [1], the necessary and sufficient
condition was obtained for the exponents f§,p,q. We give a new proof for this result in
more general settings for the multidimensional Hardy operator. Also we prove that the
logarithmic regularity conditions are essential one for such kind of inequalities to hold. In
that proposal, we improve a result sort of [8] (since, there is an estimation by the maximal
function |x| ™" H f (x) < CM f(x)).
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At the beginning, a one-dimensional Hardy inequality was considered assuming the
the local log condition at the finite interval [0,[]. Subsequently, the logarithmic condition
was assumed in an arbitrarily small neighborhood of zero, where an additional restriction
p(x) > p(0) was imposed on the exponent. In [3, 9] it was shown that it is sufficient to assume
the logarithmic condition only at the zero point. In [10] the case of an entire semiaxis was
considered without using the condition p(x) > p(0). However, a more rigid condition f* <
1 -1/p~ was introduced for a range of exponents. The exact condition was found in [1].
They proved this result by using of interpolation approaches. In this paper, we use other
approaches, analogous to those in [10], based on the property of triangles for p(x)-norms and
binary decomposition near the origin and infinity. We consider the multidimensional case,
and the condition f(x) = const is not obligatory, while the necessary and sufficient condition
is obtained by a set of exponents p, g,  without imposing any preliminary restrictions on their
values (Theorems 3.1 and 3.2). In Theorem 3.3, it has been proved that logarithmic conditions
at zero and at infinity are exact for the Hardy inequality to be valid in the case g = p.

Problems of the boundedness of classical integral operators such as maximal and
singular operators, the Riesz potential, and others in Lebesgue spaces with variable exponent,
as well as the investigation of problems of regularity of nonlinear equations with nonstandard
growth condition have become of late the arena of an intensive attack of many authors (see
[11-18]).

2. Lebesgue Spaces with a Variable Exponent

As to the basic properties of spaces LP), we refer to [19]. Throughout this paper, it is assumed
that p(x) is a measurable function in €2, where € € R” is an open domain, taking its values
from the interval [1, co) with p* = sup, _p.p < co. The space of functions LPV)(Q) is introduced
as the class of measurable functions f(x) in Q, which have a finite I,,(f) := fg |f (x)|p(x)dx—
modular. A norm in LP®)(Q) is given in the form

1l =int{ 1> 0:1,(£) <1} @

Forp~ > 1, p* < oo the space LP")(Q) is a reflexive Banach space.
Denote by A a class of measurable functions f : R* — R satisfying the following
conditions:

Im € (0, %), 3f(0) e R, xesBl(lgm)V(x) - f(0)|In |17| < oo, (2.2)
IM >1, 3f(w)€R, sup | f(x) - f(c0)]|In|x| < co. 2.3)
xERM\B(0,M)

For the exponential functions p(x), p(x), and g(x), we further assume f,p, g € A.
We will many times use the following statement in the proof of main results.
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Lemma 2.1. Let s € A be a measurable function such that —co < 57,5 < oco. Then the condition
(2.2) for the function s(x) is equivalent to the estimate

C3' @ < [x"® < Calx"® (2.4)
when |x| < m and the condition (2.3) for s(x) is equivalent to the estimate

CyH ) < ") < Cala ) (2.5)
when |x| > M. Where the constants C3, C4 > 1 depend on 5(0), s(o0), s7, 5%, 5(0), s(0), m, M, Cy,

Cy.

To prove Lemma 2.1, for example (2.4), it suffices to rewrite the inequality (2.4) in the
form

Gl < xf=® < ¢y (2.6)

and pass to logarithmic in this inequality (see also, [1, 7, 17]).

For 1 < p < o, p’ denotes the conjugate number of p, p' = p/(p — 1). It is further
assumed thatp' =coforp =1,and p’ = 1forp = o0, 1/00 = 0,1/0 = co. We denote by C, C1,C
various positive constants whose values may vary at each appearance. B(x, r) denotes a ball
with center at x and radius r > 0. We write u ~ v if there exist positive constants C3, C4 such
that Csu(x) < v(x) < Caqu(x). By yg, we denote the characteristic function of the set E.

3. The Main Results

The main results of the paper are contained in the next statements. The theorem below gives
a solution of the two-weighted problem for the multidimensional Hardy operator in the case
of power-type weights.

Theorem 3.1. Let q(x) > p(x) and B(x) be measurable functions taken from the class A. Let the
following conditions be fulfilled:

O<p <px), q(x) < q" < oo, —00 < 7 < P(x) < PF < 0. (3.1)

Then the inequality (1.1) for any positive measurable function f is fulfilled if and only if

p(0)>1, p(w)>1, p0)< n(l - Fﬁ) P(o0) < n(l - ;ﬁ) (3.2)

We have the following analogous result for the conjugate Hardy operator H f(x) =
iy f W)y
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Theorem 3.2. Let q(x) > p(x) and B(x) be measurable functions taken from the class A. Let the
conditions (3.1) be fulfilled. Then the inequality (1.1) for any positive measurable function f and
operator H f is fulfilled if and only if

p(0)>1, p(w)>1, pO)> n<1 - %) P(0) > n(l - Fﬁ) (3.3)

In the next theorem, we prove that the logarithmic conditions near zero and at infinity
are essentially one.

Theorem 3.3. If condition (2.2) or (2.3) does not hold, then there exists an example of functions p, ,
and a sequence f below index k violating the inequality

p()-n BC)
(ae=T1 P [ . (3.4)
4. Proofs of the Main Results
Proof of Theorem 3.1.
Sufficiency. Let f(x) > 0 be a measurable function such that
BC)
x| gy < 1 (4.1)
We will prove that
PC)=n/p'()=n/q()
|||x| HF[| oy <G5 (4.2)

Assume that 0 < 6 < m is a sufficiently small number such that n/p'(x) > n/p'(0) — ¢
forall x € B(0,6), where € = (n/p'(0)-p(0)) /2. Let, furthermore, M < N < oo be a sufficiently
large number such that n/p’(x) > n/p'(c0) - 61 for all x € R"\ B(0, N), where 61 = (n/p'(c0) -
p(0))/2.

By Minkowski inequality, for p(x)-norms, we have

” |x|fO-/P OO ¢

< “| x|POn/P O=n/a0) py £
L) (Rn)

L1 (B(0,6))

_,_“ |x|ﬁ(~)—n/P’(')—n/q(~)Hf

LI (B(0,N)\B(0,6))

+||xpO-ntr O-nra0) J F(tydt

{Ef|<N}

(4.3)
LI0) (R"\B(0,N))

+ |x|ﬂ(')—n/P'(-)—n/q(') f f(t)dt

{EN<|t|<|x|}

L1O (RN\B(O,N))

=i1+i2+i3+i4.
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The estimate near zero (i1).
By Minkowski inequality, we have the inequalities

ip <

[ee]
(e [fO/PO/40) J' f (Bt
Z {251 x| <[t} <2 7 |x| } f

k=0

L90(B(0,5)
(4.4)

©
<,
k=0

|x[PFO-/P O=n/q0) f Fltydt

{£:27k1 | x|<]t] <2 |x]}

L10)(B(0,6))

Denote Byx = {y € R" : 275 1|x| < |y| < 27¥|x|} and Py = min(p(x),infyep, p(y))-
By (2.2) and Lemma 2.1, for x € B(0,6), t € Byx, we have |x|/®™) ~ 2KO® To prove this
equivalence, we use that [t| ~ |x|27F, |x|ﬁ(x) ~ |x|ﬂ(0) and |t|ﬂ(t> ~ |t|ﬁ(0). Therefore, and due to
Holder’s inequality, for x € B(0,6), we get

|/ /() J‘ Fltydt
Bxk

< Cal PO [P 45)
Bx/k .

< C PO /P O /0 < f

<|t|ﬂ(t)f(t)>p;'kdt e (2*"|x|)"/(p;’k)l
Bx,k .
(a) If Pri# p(x), then by (2.2) and Lemma 2.1,

(z-k|x|)”/ P _ i) _ gt O) gkl O) g7 O) _ gk O) /), (4.6)

Demonstrate details in proof of (4.6). For t € B,y and x € B(0,6), we have 275 |x| <
|t| < 27%|x|. Then

n/(p, ) N
(24) " (@7)

By hypothesis (a), p , attains in the interval By, because there exists a point y € By x where
p.x ~ P(y). Obviously, the point y depends on x, k. Then 14 P [t P W), By virtue of

275 1| < |y| < 27%1|x|, we have |t|/2 < |y| < 2|t|. Hence, [t|"/"'Y) ~ |y["?¥), by Lemma 2.1,
|y|n/P’(y) - |y|n/p’(0) - |t|n/p’(0)‘

(b) If Pk = p(x), then by choice of 6,

(27k|x|>"/(p;,k) _ szn/p’(x)lxl‘rl/p'(x) < szn/p’(0)+£k|x|n/p/(x); x e B(0,6) (48)
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Applying estimate (4.8) to both hypotheses (a) and (b), by choosing of € and 6, the right-hand

part of (4.5) is less than

- /v, x
C7|x|—n/q(x)2—ke <J <|t|ﬁ(t)f(t)> x,kdt> )

Bk

Simultaneously,

[ (urosm)™ar

<

4[ By xN{teR™:|tPD £(1)>1) &

By (4.5) and (4.9'), we have

%MW<M“HMW”Wfomm>
x,k

P q(x) /Py
|x|711 <J <|t|ﬂ(t)f(t)> x,kdt> dx
Bx,k

< C92—k£q_ J‘
B(0,6)

+ I - ()
< CoCT /P pheg J J' <(|t|ﬂ<f>f(t))” +1)dt x| " dax
B(0,6) Bk

which, due to Fubini’s theorem, yields

. . ()
<CyCT'P 12-’<qu (f(t)|t|ﬂ<f>)” f x| "dx )dt
{E|t|<27k6) B(0,25+11¢)\B(0,2¥]¢])

_ t _
= Cyg2 ke 1n2f <( f(t)|t|ﬁ“>>’”( - 1) dt < Cpy27ked

{t:|t|<27k6)

Therefore,

< Cpp27ked /a7,

|x[PO/P O=1/40 J’ Flbydt
By L90)(B(0,6))

By (4.12) and (4.4), we get

[ee]
ip < Clzzz_kaﬂ‘7+ =Cy3 < o0.
k=0

The estimate at infinity (is).

t
<|t|ﬁ(t)f(t)>p( )dt +I dt < 1+ 2—kn6n — C8~
B

(4.9)

4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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Put fn(t) = f(t) xjy>n- Analogously to the case of (4.4), we have

=3
i < 3|0y Ol J Fu(bdt (4.14)
k=0 {£:27F1 x| <|H|<27 x|} L9 (Rm\B(0,N))
By [t| ~ |x[27K, condition (2.3) and Lemma 2.1 for x € R" \ B(0, N), t € By x, we have
PO~ [P ~ QR0 hle0) _ k(a0 pD) (4.15)
Therefore, by virtue of Holder’s inequality,
|x[PCO/P /() f Fu(b)dt
Bxk
< Cy 2Ky /P )1/ 4() J‘ PO £ (1) dt (416)
Bx,k ’
k /v / f) Pk P k n/(p,,)
< L@@ ([ (10 ) ar ) (2 4) "
Bx,k
(i) If p, #p(x) and t € By x, by (2.3) and Lemma 2.1, we have
(2_k|x|>"/ ®e) sy _ plpee) 2K/ p(00) | 1/P () _ p-kn/p'(@0) |y 1/ (), (4.17)
(ii) If p~ = p(x), then by choice of 61,
Per =P y
<2’k|x|>n/(P;rk), ~ z—kn/p'(x)|x|n/p'(x) < szn/p’(oo)+61k|x|n/p'(x). (4.18)

In both hypotheses (i) and (ii) by choosing of 61, we have

_ 1Pk
|x|ﬂ<X>-"/P’<x>-"/q<X>f fN(t)dtsC15|x|‘"/q(x)2‘k51<j (|t|ﬂ<f>fN(t))p”dt> . (419)
Bx,k

Ba

On the other hand,

~ t ﬁ(t) t p:c,k B B
f (|t|f’<f> f(t))p"'kdt gf w0} G(t)Perdt + f G(t)V dt,
Box Baxn{t€R: [P0 £ (1)>G (1)} G(t) Box
(4.20)
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where G(t) = 1/(1 + #?). Hence,
<[ (pomro) eayrsro | Gwar
Bx,k Bx,k

By (2.3), for t € By x, we have

_ ®-p;
Gy < (14£)7 ™ < G

Then (4.21) implies

[ (urosvm)~arscr.

Bx,k

Therefore,

Igmn\B(O,N) <|x|ﬂ(x)‘"/ P (0)-n/q(x)

fN(t)dt>

Bx,k
- _ (t)
<cp” 2"‘“[ |x|"<f (1t fx )" dt>dx,
R"\B(0,N) By ke

by Fubini’s theorem,

. . ® -
SC1117/Iﬂ 12—k61q 1nzj (fN(t)|t|ﬂ(t)>p dt < C182—k61q_

{E[H>2k N}

From (4.25) and expansion (4.14), we get

[e'e]
iy < szz_kqi&l/q+ = Cyo.
k=0

The estimate in the middle (i3, 13).
We have

ip=

|x[PO-/P O=n/a0) J' F(b)at
(teR™:|t]<]x])

L1O(B(0,N)\B(0,6))

< <I f(t)dt> “|x|ﬂ(-)—n/p’(-)—n/q(') ||
B(ON) L90) (B(0,N)\B(0,6))

< czof F(h)at,
B(O,N)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)
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from which, by virtue of Holder’s inequality, for p(x)-norms, we obtain the estimate

|*ﬁ(~)

(4.27")

t .
LrO)(B(O,N)) || | L7 O (B(0,N)

[ gwar<]iroso
B(O,N)

Using t PP ~ POP O by Lemma 2.1 for t € B(0,N) and taking the condition B(0) <
n/p'(0) into account, we find

Ly Bo.N) <|t|_ﬂ(‘)> - j [ POP O dr < Cy f |t POP O gt = Cpy. (4.28)
B(O,N) B(O,N)
From (4.27') and (4.28), it follows that
ip < Cps. (4.29)
Furthermore, we have
is < <I f(t)dt> (S : (4.30)
B(O,N) L10 (R"\B(0,5))

The boundedness of the first term follows by (4.27'). Due to (2.3) and Lemma 2.1, for x €
R™\ B(0, N), we have

x| B n/P (NI _ | (B(o0)-n/p (o) -n. (4.31)

Applying condition (4.31), we get

g /BO,N) <|x|ﬁ(')_n/p/(')_n/q(.)> S C24,[ || " dx = Cos. (4.32)
R7\B(O,N)

Then
iz <Cyl . (4.33)

Necessity. Let p(0) > n/p'(0). Fix a sufficiently large 7 > 0 and apply inequality (1.1) by the
test function

fo(t) = tPOPO yp0 5\ B0,5/2m) (F)- (4.34)



10 Journal of Inequalities and Applications

We come to a contradiction

L (1079 ) = f x| dx = CyIn2 < oo,
B(0,6/7)\B(0,5/ (21))

I, <|t|ﬂ(-)n/pr(')n/q(~) f £+ (y) dy)
B(0,)

a0 (4.35)
Z_[ |t|(ﬂ(t)—n/pf(t)—n/q(f))q(t) j |y|—n/p(0)—ﬂ(0)dy dt
B(0,1)\B(0,5/7) B(0,6/7)\B(0,6/(27))
(n/p (O)-p(O)g" ,
> (;) f {FO-1/F O)angy o
T B(0,)\B(0,6/7)
asT — oo.
If 0 < p(0) <1, then by virtue of inequalities (4.35) and (3.2) we obtain
1, [P O-/P O-n/a® j fr(y)dy ) — o0, asT— co. (4.36)
B(O,b)
Also,
L (P9 £2(9) = Coln2, (4.37)

and we come to a contradiction.
If B(o0) > n/p'(o0), then, using condition (2.3) and Lemma 2.1 assuming 0 < 7 < 1, we
again obtain

L(IPO f:(t)) = Con2,

B(0,t)

> f |f|BO-n/P B)q(t)-n < J |y| PP dy> At
R"\B(0,6/7) B(0,6/7)\B(0,6/(2T))

(n/p'(0)—-p(0))q*
> <£> f |t (P)-n/p (eNab-ngy o
R"\B(0,6/7)

(4.38)

2T
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as T — oo.If p(o0) = n/p'(c0), then from (4.38) we have

Iq<|t|ﬂ<t>-"/"’<f>-"/q<f> f fT(t)dy> = 0. (4.39)
B(0,t)

From (4.38) and (3.2), we derive, as above, the necessity of the condition p(co) > 1.
This completes the proof of Theorem 3.1. O

The proof of Theorem 3.2 easily follows from Theorem 3.1 by using the equivalence of
inequalities

” || PC=n/P )=/ F £ ()

< C|Ixl" £ )

L40) (Rm) PO Ry’
(4.40)

< C”|Z|—ﬁ(2)—2n/?(2)?(z)

n-p(2)-2n/4(2) ¢y
| f) oy

Lat) (Rm)

where p(x),q(x), and B(x) stand for the functions p(x/lxlz),q(x/|x|2), and ﬂ(x/lxlz),
respectively. The equivalence readily follows from the equality

(4.41)

_ -2n/p(z)=
I8l en = 127797 0,

for any function g : R” — R, where g(z) = g(z/|z|*), which easily can be proved by changing
of variable x = z/|z|* in the definition of p(x)-norm.

5. Exactness of the Logarithmic Conditions

Proof of Theorem 3.3. Assume 6 = 1/4K, k € N, fi(x) = |x|_"/p(x)_ﬂ(x)x3(0,25k)\B(O,gk)(x), and
P(x) = Po. Define the function p : (0,00) — (1, 00) as

(5.1)

Po, X S B(O,Z(Sk) \ B(0/6k)/
p(x) =
pk, x € B(0,48k) \ B(0,26k), k € N

where pg > 1, px = po + ax, Po € R, and {ay} is an arbitrary sequence of positive numbers
satisfying the condition

kay — oo as k — oo. (5.2)
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Then ay In(1/6x) — oo, and condition (2.2) does not hold for the function p(x). Since

I, <|X|ﬁ(x)fk(3€)> — J

_ _ P
B(0,26x)\B(0,6k)

20k dt
Itl_ndt = CQI T = Wyn-1 11’12,
Ok

J B(0,26¢)\B(0,5x)

Pk
_ 53
L(H(-P9™ f())) zj U |t|-"/f’<*>-f‘°dt> | ey 53)
B(0,46k)\B(0,26k) B(0,26x)\B(0,6x)

>C f x (n=n/po—Po)pk |x|(ﬂo—")(lﬂo+txk)dx
B(0,36k)\B(0,26k)

> C6};nak/P0 — e(nak/pg)ln(l/ﬁk) — o0

as k — oo, we see that this contradicts inequality (3.4).

The given function fi(x) and the exponential functions p(x) and p(x) are also suitable
for proving the necessity of condition (2.3) for the function p. For this we define the numbers
6k from the equality 6, = 4%, k € N. Let fi(x) = x| ™" yp025\8(0,50) (%), B(X) = Poo, and
x € R". We define the function p as

s B(0,26 B(0, 6x),
p(x)={’” x € B(0,26¢) \ B(0, 5¢) 5

Py, x € B(0,46k) \ B(0,26x), k€N

where p, > 1, B, € R, P, = pos — @k, and {ay} is an arbitrary sequence of positive numbers
satisfying the condition kay — oo as k — oo. Then axIlndr — oo; hence, condition (2.3)
does not hold for the function p(x). Furthermore, we have

L (1P fi(x)) = f (it - /7= =) " it = w, 1 In2,

B(0,26x)\B(0,6x)

Pk
L (1P () 2 f <I |t|-"/P<f>-f’wdt> || PPk e
B(0,46k)\B(0,26x) B(0,26¢)\B(0,6x) (55)

> Cf 6k(n’n/pw’ﬂoo)lgk|x|(ﬂoo7n)(lgoc’“k)dx
B(0,36x)\B(0,26¢)

> C(SZ"‘k/Poo — Ce(nak/pw)lnﬁk —

as k — oo, which contradicts inequality (3.4).
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The same reasoning brings us to the proof of the exactness of conditions (2.2) and

(2.3) for the function f(x) also. For instance, to show the necessity of condition (2.2), it can
be assumed that p(x) = po > 1, x € R",

ﬁO +ag, XE€ B(O/ 26k) \ B(O, 6k)r

plx) = (5.6)
Po, x € B(0,46¢) \ B(0,26x) k € N.
Then
I (P fi(x)) 2 CEP™ — a0 as k — oo,
(5.7)
1,,<|x|ﬂ<X> fk(x)) < Coln2.
This completes the proof of Theorem 3.3. O
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