Hindawi Publishing Corporation
Journal of Inequalities and Applications
Volume 2010, Article ID 827082, 16 pages
doi:10.1155/2010/827082

Research Article

Convergence of Iterative Sequences for
Generalized Equilibrium Problems Involving
Inverse-Strongly Monotone Mappings

Shin Min Kang,' Sun Young Cho,? and Zeqing Liu®

! Department of Mathematics and the RINS, Gyeongsang National University, Jinju 660-701, South Korea
2 Department of Mathematics, Gyeongsang National University, Jinju 660-701, South Korea
3 Department of Mathematics, Liaoning Normal University, Dalian, Liaoning 116029, China

Correspondence should be addressed to Sun Young Cho, ooly61@yahoo.co.kr

Received 11 December 2009; Accepted 25 January 2010

Academic Editor: Yeol Je Cho

Copyright © 2010 Shin Min Kang et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

The purpose of this paper is to consider the weak convergence of an iterative sequence for finding a

common element in the set of solutions of generalized equilibrium problems, in the set of solutions
of classical variational inequalities, and in the set of fixed points of nonexpansive mappings.

1. Introduction and Preliminaries

Throughout this paper, we always assume that H is a real Hilbert space with the inner
product (-, -) and the norm ||-|| and C is a nonempty closed convex subsetof H.LetS: C — C
be a nonlinear mapping. In this paper, we use F(S) to denote the fixed point set of S. Recall
that the mapping S is said to be nonexpansive if

||Sx—53/|| < ||x_y||/ Vx/ye C. (11)

Let A: C — H be a mapping. Recall that A is said to be monotone if

(Ax - Ay,x-y)>0, VYx,yeC (1.2)
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A is said to be inverse-strongly monotone if there exists a constant « > 0 such that
(Ax - Ay, x - y) > a||Ax - Ay|>, Vx,y€C. (1.3)

A set-valued mapping R : H — 2 is said to be monotone if for all x,y € H, f € Rx and
g € Ry imply (x —y, f - g) > 0. A monotone mapping R : H — 29 is maximal if the graph
G(R) of Ris not properly contained in the graph of any other monotone mapping. It is known
that a monotone mapping R is maximal if and only if, for any (x, f) € HxH, (x-y, f-g) >0
for all (y, g) € G(R) implies f € Rx.

Let F be a bifunction of C x C into R, where R denotes the set of real numbers and
A : C — H aninverse-strongly monotone mapping. In this paper, we consider the following
generalized equilibrium problem:

Find x € C such that F(x,y) + (Ax,y -x) >0, VyeC. (1.4)

In this paper, the set of such an x € C is denoted by EP(F, A), that is,

EP(F,A)={xeC:F(x,y)+(Ax,y-x) >0, Vy € C}. (1.5)

Next, we give two special cases of problem (1.4).

(I) If A =0, then the generalized equilibrium problem (1.4) is reduced to the following
equilibrium problem:

Find x € C such that F(x,y) >0, VYyeC. (1.6)

In this paper, the set of such an x € C is denoted by EP(F), that is,
EP(F)={xeC:F(x,y) >0, Vy € C}. (1.7)

Numerous problems in physics, optimization, and economics reduce to finding a solution of
the equilibrium problem.

To study problems (1.4) and (1.6), we may assume that F satisfies the following
conditions:

(A1) F(x,x) =0forall x € C;
(A2) F is monotone, thatis, F(x,y) + F(y,x) <0forall x,y € C;
(A3) foreach x,y,z € C,

limsup F(tz+ (1 -t)x,y) < F(x,y); (1.8)
€10

(A4) for each x € C, y — F(x, y) is convex and weakly lower semicontinuous.



Journal of Inequalities and Applications 3

(I) If F = 0, then problem (1.4) is reduced to the classical variational inequality. Find
x € C such that

(Ax,y-x)>0, VyeC. (1.9)

It is known that x € C is a solution to (1.9) if and only if x is a fixed point of the mapping
Pc(I - LA), where A > 0 is a constant and I is the identity mapping.

In 2003, Takahashi and Toyoda [1] considered the variational inequality (1.9) and
proved the following theorem.

Theorem 1.1. Let C be a closed convex subset of a real Hilbert space H. Let A be an a-inverse-
strongly monotone mapping of C into H, and let S be a nonexpansive mapping of C into itself such
that F = F(S)NVI(C, A) #0. Let {x,,} be a sequence generated by

x0 €C, xp1=apxy+ (1—a,)SPc(x, — AAxy,), Yn2>0, (1.10)

where A, € [a,b] for some a,b € (0,2a) and a, € [c,d] for some c,d € (0,1). Then, {x, } converges
weakly to z € F(S) N VI(C, A), where z = limy, _, o, Pgx,.

In 2007, Tada and Takahashi [2] considered the equilibrium problem (1.6) and proved
the following result.

Theorem 1.2. Let C be a nonempty closed convex subset of H. Let F be a bifunction from C x C to R
satisfying (A1)—(A4) and let S be a nonexpansive mapping of C into H such that F(S) N EP(F) #0.
Let {x,} and {u,} be sequences generated by x, = x € H and let

u, € C such that F(u,,u) + l(u —Up, Uy —x,) >0, YuecC,
n (1.11)

Xni1 = anXy + (1 —ay)Su,, Yn2>1,

where {a,} C [a,b] for some a,b € (0,1) and {r,} C (0, o0) satisfies liminf,, _, -1, > 0. Then, {x,}
converges weakly to w € F(S) N EP(F), where w = lim,, _, . Pr(s)nEp(F) Xn-

Very recently, Moudafi [3] considered the following iterative process:
xo € C,

1
Fr(u,,u) + r—(u—un,un—xn> >0, YuecC,
n

1 (1.12)
Fy(v,,v) + r—(v —Un, Uy —xy) 20, YoeC,
n
xn+1 = Hn ; vnl vn 2 1/

where F; and F; are bifunctions and {r,,} is a control sequence. A weak convergence theorem
was established; see [3] for more details.
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Weak convergence of iterative sequences has been studied recently for the problems
(1.4), (1.6), and (1.9); see [1-14] and the references therein. In this paper, we consider the
generalized equilibrium problem (1.4) and a nonexpansive mapping based on an iterative
process. We show that the sequence generated in the purposed iterative process converges
weakly to a common element in the set of solutions of the variational inequality (1.9), in
the fixed point sets of a nonexpansive mapping and in the solution sets of the generalized
equilibrium problem (1.4). The results presented in this paper improve and extend the
corresponding results announced by Takahashi and Toyoda [1] and Tada and Takahashi [2].

In order to prove our main results, we also need the following lemmas.

Lemma 1.3 (see [1]). Let C be a nonempty closed convex subset of H. Let {x,} be a sequence in H.
Suppose that, for all y € C,

[xne1 =yl < llxn —yll, Yn21, (1.13)

then {Pc(x,)} converges strongly to some z € C.
The following lemma can be found in [15].

Lemma 1.4. Let T be a monotone mapping of C into H and Ncv the normal cone to C at v € C, that
is,

Nev={weH:{(v-uw) >0, YueC} (1.14)

and define a mapping R on C by

Tv+ Nco, veC,
Ro = (1.15)

0, v¢gC.

Then R is maximal monotone and 0 € Ro if and only if (Tv,u—v) >0 forall u € C.
The following lemma can be found in [16, 17].

Lemma 1.5. Let C be a nonempty closed convex subset of H and let F : C x C — R be a bifunction
satisfying (A1)—(A4). Then, for any r > 0 and x € H, there exists z € C such that

F(Z,y)+%(y—z,z—x>20, Yy e C. (1.16)
Further, define

Trx={zeC:F(Z,y)+%<y—z/z—X>20r Vyec} (1.17)
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forall r > 0 and x € H. Then, the following hold:

(a) T, is single-valued;

(b) T, is firmly nonexpansive, that is, for any x,y € H,

ITox - Ty < (Tx - Ty, x - y); (1.18)

(c) F(Ty) = EP(F);
(d) EP(F) is closed and convex.

Lemma 1.6 (see [18]). Let H be a Hilbert space and 0 < p < t,, < g <1 forall n > 1. Suppose that
{xn} and {y,} are sequences in H such that

lim sup||x,|| <7, lim sup|ly,|| <7,
n—oo n—oo

(1.19)
lim [|tyx, + (1 =ty yull =7

hold for some r > 0, then lim,, _, o || X, — Y|l = 0.

Lemma 1.7 (see [19]). Let H be a real Hilbert space, C a nonempty closed convex subset of H, and
S :C — C anonexpansive mapping. Then the mapping I — S is demiclosed at zero, that is, if {x,} is
a sequence in C such that x,, — x and x, — Sx,, — 0, then x € F(S).

2. Main Results

Theorem 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F; and F,
be two bifunctions from C x C to R which satisfy (A1)—(A4). Let A : C — H be an a-inverse-
strongly monotone mapping, B : C — H a p-inverse-strongly monotone mapping, T : C — H
an \-inverse-strongly monotone mapping, and S : C — C a nonexpansive mapping. Assume that
§ = EP(F;, A) NEP(F,, B)n VI(C,T) N F(S) #0. Let {a,} and {B,} be sequences in [0,1]. Let
{an} be a sequence in [0,2a], {b,} a sequence in [0,2f], and {t,} a sequence in [0,2A]. Let {x,} be
a sequence generated in the following manner:

x1 €C,
1
Fr(uy,u) + (Axp, u—uy,) + a—(u—un,un —-x,) >0, Yuec,
n

(4)

1
F>(v,,0) + (Bx,,v—v,) + b—(v—vn,vn -x,) >0, Yve(C,
n

Yn = ﬁnun + (1 - ﬁn)vnr
Xpe1 = AnXp + (1 = @) SPe(Yn — taTyn), Yn>1.
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Assume that the sequences {a,}, {Pn}, {an}, {bn}, and {t,} satisfy the following restrictions:

(@)0<ad <a,<a<l,0<b<P,<c<1;
(b)0<d<a,<e<2a0<f<b,<g<2B,0<h<t,<j<2)

for some a’,a,b,c,d,e, f,g,h,j € R, then the sequence {x,} generated in (A) converges weakly to
some point x € §F, where x = lim,, _, o, Pgx,.

Proof. Fix p € . It follows that

p=Sp=T,,(I-a,A)p=Tp,, (I -b,B)p=Pc(I-t,T)p, VYn>1. (2.1)
Note that I —t,T is nonexpansive for each n > 1. Indeed, for any x,y € C, we see that

(T = taT)x = (T = ta Ty ||* = || (x = y) = ta(Tx = Ty) ||*
= |lx - y||* - 2t(x - y, Tx = Ty) + £2|| Tx - Ty’ 02
< Jlx = y|I? - ta2) = £)ITx  Ty|P ’
<lx -yl

In a similar way, we can obtain that I —a, A and I — b, B are nonexpansive for each n > 1. Note
that

lltn = pll < |Ta, (I = anA)xn = pll < llxn = pll,

(2.3)
lon = pll < Ty, (I = buB)xn = pll < llxn = pll-
Put z,, = Pc(yn — t,Ty,) for each n > 1. It follows from (2.3) that
[2¢ne1 = pll < anllxn —pll + (1 - an)||Szn - pll
< anllxn = pll + (1 = an)l|zn — pll
< anllxn = pll + (1 = an)llyn - pll (2.4)

< “n”xn - P” + (1 - an)(ﬂn”un —P|| + (1 _ﬂn)llvn —P||)

< loen = pll-

This implies that lim,, _, . ||x,, — p|| exists. This shows that {x,} is bounded, so are {y,}, {u,},
and {v,}.
On the other hand, we have

[ = pI* = 1T, (T = @n Ay = p|I* < lon = pII” = au 22 = @) | Axw = Ap|", 25)

llon = pII> = | To, (T = b.B)x = p||” < | %0 = P|I* = 2 (28 = b)) ||Bxs - Bp||>.  (2:6)
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Combining (2.5) with (2.6) yields that

1xne1 = pII* < aul|a = pl|” + (1 - @) [|Sza — p||*
< anlxn = pl” + (1 - @) ||z - p|”
< ayllxn—pl* + (1= @) [y - pl*
< b=l + (0= (Bl =+ 0= ) o= I)
2 2 2
< | = plI* + (1= @) (Bu([l2n - pII* - an e - @) || Ax, - Ap|*)
+ (1= ) (%0 = pII* = (2 - @) || Bxu = Bp||*))
< ”xn _pHZ -(1- ‘xn)ﬂnan(za_ an)”Axn - Apllz

~ (1= an) (1= u)bu(2p — an) || Bxs - Bp|".

(2.7)
This implies that
(1= an)Buan(2a — a) | Ax - Apl[* < [|%n = p||* = |01 - ™ (2.8)
In view of the restrictions (a) and (b), we obtain that
1im [|Ax, - Apl| = 0. (29)
It also follows from (2.7) that
(1= ) (1= u)bu(2P = @) | Bxu = Bp||” < [l = p|I* = [lss = p|I (2.10)

In view of the restrictions (a) and (b), we obtain that

lim [|Bx, - Bpl| = 0. (2.11)
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On the other hand, we see from Lemma 1.5 that
[l - P||2 = || Ta, (I = anA)xy = Ta, (I - anA)p||2
< <(I —apA)x, — (I - anA)p/ Uy — P>
1
= §<”(I — ayA)xy — (I - a, Ap||* + ||un — p|°
2
_”(I - ayA)xy — (I - a,A)p - (un — p) || ) (2.12)

<

1
(=PIl =PI = 10— 00— (A~ Ap) )
1

(=l + ll — p?

= (ll2n = tenll” = 28 (6 = 1n, Axy — Ap) + a2 || Axy - Ap]|*)).
This implies that
[l = pII* < [l = pII* = 1% = tall® + 2]l = | Az — Apll. (213)
In a similar way, we can obtain that
1o =PI < %0 = pII* = 110 — 0al’® + 2bullxs — 04l 1B — Bpl. (214)
It follows from (2.13) and (2.14) that

1xner = pII* < anl|xa = pl|” + (1 - @) [|Sza - p|”
< anlxn = pl” + (1 - @) ||z - p|”
< aal|xn = pl|* + (1= ) [y - P
< aglln I+ (1 @) (Bullis — I+ (1= ) [0~ pIF)
< apl|xn —p|I* + (1 - ) (2.15)
< (Bu(lln = P> = N = 0al* + 2,15 = wall | Ax, - Apl])
+ (1= B) ([l = I = ltn = 0l + 26312 — 00| B — Bpl]))
<l = pII* = (1 = @) Bull e = tall? + 24l ~ uall| Axs ~ Ap]

-(1- ‘Xn)(l - ﬁn) lloxn — 'Url”2 +2by|xn = v|l[|Bx, — Bpl.
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This shows that

(1- an),ﬁn”xn - unHZ < ”xn - P||2 - ”xn+1 - pllz +2ay||x, — ul|||Ax, — AP”

(2.16)
+ 2by||x, — vn||l|Bxy - Bp|.

In view of the restriction (a), we obtain from (2.9) and (2.11) that

Jim [|x, — ]| = 0. (2.17)
From (2.15), we also have
(1= ) (1= Bu) = 2all® < lotw = pII* = llzss = pII” + 2012 = uallll Ay = Apl] 018)
+2by |, — 0| B — Bpl. |

In view of the restriction (a), we obtain from (2.9) and (2.11) that

Jim [|x, — 0| = 0. (2.19)

Since {x,} is bounded, we see that there exits a subsequence {x,,} of {x,} which converges
weakly to x. It follows from (2.17) that u,, converges weakly to x. Note that

Fy(up,u) + (Axp, u—uy) + %(u— Uy, Uy —Xy) >0, VueC. (2.20)

From (A2), we see that

1
(Axp,u—uy) + a—(u —Up, Uy — Xp) > F1(u,u,), YueC. (2.21)
n
Replacing n by n;, we arrive at

1
(Axy, U — Uy, ) + — (U — Uy, Uy, — Xy, ) > F1 (1, u,,), YueC. (2.22)

ni

FortwithO<t<landu € C,letu; =tu+ (1 -t)x.Sinceu € C and x € C, we have u; € C. It
follows from (2.22) that

Up, — Xn,
=ty At (=t At} = Ao 0= ) = (= 10, ") 4 Fy 0,
n;i
= (U — Uy, Ally — Ay, ) + (Ut — Uy, Ally, — AXp,) (2.23)

Uy, — X,
- <ut — Uy, —> + Fy (uy, uy,).
ap,
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From (2.17), we have Au,, — Ax,, — 0asi — oo. On the other hand, we obtain from the
monotonicity of A that (u; — u,,, Au; — Au,,) > 0. It follows from (A4) that

(ut - E, Aut> > Fl (ut,f). (224)
From (A1), (A4), and (2.24), we obtain that

0 = Fy(us, uy) < tFy(up,u) + (1 - t)Fr(uy, X)
<tF1(up,u) + (1 =) (us — x, Auy) (2.25)

=tF1(u,u) + (1 - Ht{u—x, Auy),
which yields that
Fi(up,u) + (1 -t){u—x, Auy) >0. (2.26)
Letting t — 0 in the above inequality, we arrive at
Fi(x,u) + (u—-x,Ax) > 0. (2.27)

This shows that x € EP(F;, A). In a similar way, we can obtain that x € EP(F;, B).
Next, we claim that x € VI(C,T)

nir =pI* < alln = plI* + (= ) |SPe(n = tTya) - pI

< “n”xn - P||2 + (1 - an)”(yn - tnT]/n) - (P - tnTP)HZ

, , , (2.28)
< a2 = pI* + (1= @) (v = plI* = ta@h = £) [ Ty = Tp|*)
< llxn = pl* = (1 = an)ta@A = £)|| Ty, - Tp||”.
It follows that
(1= @) tn(@h = 1) | Ty = Tp||” < [l2w = pII” = [|0e1 = ]I (229)

This implies from conditions (a) and (b) that

lim [Ty, - Tpl| = 0. (2.30)
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Since P is firmly nonexpansive, we have

2o = pII* = [|Pe(I = taT)yu - Pe(I - tuT)p||?
<(T =t,T)yn = (I = t,T)p, 20 — p)

1
= 5 (1T =Dy = A=t D)p||* + |20 -
- ”(I - tnT)]/n -(I- tnT)P —(zn - P)||2>
1 2 2 2
< 5 (llyn =PI + 120 = pI* = llya = 20 = ta(Tyu = TP) I’
1

2 2 2 2
= 5 (Ilya=pl* + 1za=pI = (Ilyn=2all* = 2ta(ya=20, Tya=Tp) + £2]| Ty~ Tp||*) ).
(2.31)

So, we obtain that
120 =pI* < [l =PII* = 1y = zall” + 26ullyn = zalll Ty = Tpll. (232)
It follows that
Iotner = pIP < il = pl* + (1= @) |52 -
< aufloen = plI* + (1= ) |20 - pII°

< an”xn _PHZ +(1- an)<||xn - p”Z - ”yn - anlz + Ztn”yn - ZnH”Tyn - TP”)

(2.33)
Therefore we have
(=) [[yn = zall* < 120 = pI* = 101 = P>+ 2tullyn = zallI Ty — Tl (234)
From the restriction (a) and (2.30), we get that
Jim [l =zl = 0. (2.35)
Note that
30 = Znll < llxn = Yaull + lyn = zall
(2.36)

< ﬁn“xn — Uyl + (1 _.Bn)“xn — U, + ”]/n - Zn||-
From (2.17), (2.19), and (2.35), we obtain that

im [l = z,,[| = 0. (2.37)
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Define a mapping R by

veC,

vé¢C.

Tv+ Nco,

0/

Rv

{

Let (v, w) € G(R). Since w — Tv € N¢cv and z,, € C, we obtain that

(v=2zy,w-Tv) >0.

As z, = Pc(yn — t,Ty,) and v € C, we get that

<v - Zn, ntny" + Tyn> >0
From (2.39) and (2.40), we obtain that
(v = zp, w) 2 (V= 2zy, TV)
> (v -z, Tv) - <v — Zn,, Zm T Y Tyn,.>
ni
Zn; — Yny

= <v—zn,.,Tv—Tyni -
n

)

= (0= 2n, TO=Tzy,) + (V= 20, T2y, = TYn,) — <v — Zn,,

Zn; — Ym
t; ’

Note that T is Lipschitz. On the other hand, we see from (2.37) that z,,
that

> <U - Zni/TZn,- - Tyn,-> - <U ~ Znis

(v-x,w) >0.

Journal of Inequalities and Applications

(2.38)

(2.39)

(2.40)

(2.41)

Zn; — Yn
Ly,

— x. Hence, we get

(2.42)

Since R is maximal monotone, we obtain that x € R7!(0). From Lemma 1.4, we get that X €

VI(C,T).
Finally, we show that x € F(S). Note that

”xn+1 - P|| < tXonn —P” + (1 - ‘Xn)“SZn _P” ’
1Szn = pll < llza —pll < llxn - pll.

(2.43)
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Since lim, . . ||x, — pl| exists, we may assume that lim,_, »||x, — p|| = r for some positive
constant 7. Then we see that

limsup||xn+1 - P” <, lim SUP”xn - P” <r,
n— oo n— oo (244)
limsup||Sz, —p|| < 7.
n— oo
In view of Lemma 1.6, we get that
r}ijrgo||xn —S5z,] =0. (2.45)
Furthermore, we know that
1Sxn — x|l < ||Sxy — Szl + |Szn — x4l
(2.46)
< lxen = zall + 1Sz0 — x|
From (2.37) and (2.45), we obtain that
Jim [|Sx, — x| = 0. (2.47)

Note that x,, — X and Sx,, - x,, — 0asi — oo. From Lemma 1.7, we arrive at x € F(S).
Assume that there exists another subsequence {x,,} of {x,}, converges to x', where x' #x. In
view of the Opial’s condition, we see that

lim ||x, — X|| = liminf||x,, — X|| < iminf||x,, — x'||
n— oo 1— 00 1— 00
— % o = T | o
= lim [locy =] h].rgglfllxnj x| (2.48)

< lim [Jxy; - X|| = lim ||, — X[
j—oo n— oo

This is a contradiction. So, we have x' = x.
Let h,, = Pgx,. Since X € ¥, we have

(% = iy, 1y = %) > 0. (2.49)

From (2.4) and Lemma 1.3, we get that {h,} converges strongly to some v € ¥. Since {x,}
converges weakly to x, we have

(x-v,v-%x)>0. (2.50)
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Hence we obtain that

X =0 = lim Pgx,. (2.51)

n—oo

This completes the proof. O

Corollary 2.2. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R which satisfies (A1)—(A4). Let A : C — H be an a-inverse-strongly
monotone mapping, T : C — H an A-inverse-strongly monotone mapping, and S : C — Ca
nonexpansive mapping. Assume that § := EP(F, A) N VI(C,T) N F(S) #0. Let {a,} be a sequence
in [0,1]. Let {a,} be a sequence in [0,2a], and {t,} a sequence in [0,2)]. Let {x,} be a sequence
generated in the following manner:

x1 € C,

1
F(uy,u) + (Axy,u—u,) + a—(u — Uy, Uy —Xn) 20, YueC, (2.52)

n

Xp1 = apXy + (1 — ay)SPc(uy, —t,Tu,), VYn>1.

Assume that the sequences {a,}, {a,}, and {t,} satisfy the following restrictions:
(a)0<d<a,<a<l;
(b)0<d<a,<e<2a0<h<t,<j<2)

for some a',a,d,e, h,j € R, then the sequence {x,} converges weakly to some point x € §, where
x = lim, o, Pgx,.

Proof. Putting F1 = F, = F, A = B, and a,, = b, in Theorem 2.1, we see that y,, = u,. From the
proof of Theorem 2.1, we can conclude the desired conclusion immediately. O

Corollary 2.3. Let C be a nonempty closed convex subset of a real Hilbert space H. Let F be a
bifunction from C x C to R which satisfies (A1)—(A4). Let A : C — H be an a-inverse-strongly
monotone mapping and S : C — C a nonexpansive mapping. Assume that ¥ := EP(F, A)NF(S) #0.
Let {a,,} be a sequence in [0,1]. Let {a,} be a sequence in [0,2a]. Let {x,} be a sequence generated
in the following manner:

x1 €C,

1
F(uy,u) + (Ax,,u—uy,) + a—(u — Uy, Uy, —x,) >0, YuecC, (2.53)

n

Xp1 = AuXy + (1 —a,)Su,, Vn>1.

Assume that the sequences {a,} and {a,} satisfy the following restrictions:

(a)0<d<a,<a<l;

(b)0<d<a,<e<2a
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for some a',a,d,e € R, then the sequence {x,} converges weakly to some point X € ¥, where X =
lim,, _, o, Pgxy.

Proof. Putting T = 0 in Corollary 2.2, we can conclude the desired conclusion immediately.
O

Remark 2.4. Corollary 2.3 is a generalization of Theorem 1.2 in Section 1. More precisely,
Corollary 2.3 is reduced to Theorem 1.2 if A = 0.

Corollary 2.5. Let C be a nonempty closed convex subset of a real Hilbert space H. Let A: C — H
be an a-inverse-strongly monotone mapping, B : C — H a p-inverse-strongly monotone mapping,
T : C — H an Minverse-strongly monotone mapping, and S : C — C a nonexpansive mapping.
Assume that F = VI(C,A) N VI(C,B) N VI(C,T) N F(S) #0. Let {a, } and {f,} be sequences in
[0,1]. Let {a,} be a sequence in [0,2a], {b,} a sequence in [0,2p], and {t,} a sequence in [0,21].
Let {x,} be a sequence generated in the following manner:

X1 € C,
Yn = PuPc(xy — anAxy) + (1 - Bn) Po(x, — buBxy), (2.54)

X1 = UnXn + (1= ) SPc (Y — taTyn), Yn>1.

Assume that the sequences {a,}, {Pn}, {an}, {bn}, and {t,} satisfy the following restrictions:

(@)0<d <a,<a<1,0<b<p,<c<1;

(b)0<d<a,<e<2a,0<f<b,<g<2B,0<h<t,<j<2)

for some a',a,b,c,d,e, f,g,h,j €R, then the sequence {x,} converges weakly to some point X € ¥,
where X = lim,,_, o, Pgx,,.

Proof. Putting F1 = F, = 0, we see that
(Axn,u—un)+ai(u—un,un—xn> >0 (2.55)
n
is equivalent to
u, = Pc(x, — a,Ax,), VYn>1. (2.56)
In the same way, we can obtain that
vy = Po(x, —byBxy,), Yn>1. (2.57)

From the proof of Theorem 2.1, we can conclude the desired conclusion immediately. O

Remark 2.6. Corollary 2.5 is a generalization of Theorem 1.1 in Section 1. More precisely,
Corollary 2.5 is reduced to Theorem 1.1if T =0, A = B, and a,, = b, for each n > 1.
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