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Let R = (—c0,00), and let Q € C? : R — [0, 00) be an even function. In this paper, we consider
the exponential-type weights w,(x) = |x|’ exp(-Q(x)), p > -1/2, x € R, and the orthonormal
polynomials pn(wg;x) of degree n with respect to w,(x). So, we obtain a certain differential
equation of higher order with respect to pn(wf, ;x) and we estimate the higher-order derivatives
of p (w,z, ; x) and the coefficients of the higher-order Hermite-Fejér interpolation polynomial based
at the zeros of p, (wg 5 X).

1. Introduction

Let R = (-o0,00) and R* = [0,00). Let Q € C?> : R — R* be an even function and let
w(x) = exp(-Q(x)) be such that [;"x"w?(x)dx < oo foralln =0,1,2,.... For p > -1/2, we set

w,(x) = |x[Pw(x), x€R. (1.1)

Then we can construct the orthonormal polynomials py,,(x) = pn(wf,;x) of degree n with
respect to w7 (x). That is,

j pn,p(x)pm,p(x)wﬁ(x)dx = 6un (Kronecker's delta),

(1.2)

Pn,p(x) :Ynxn+"' s Yn :Yn,p > 0.
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We denote the zeros of p,,(x) by

=00 < Xpnp < Xn-1mp < < Xonp < Xipp < 00 (1.3)

A function f : R* — R* is said to be quasi-increasing if there exists C > 0 such that
f(x) < Cf(y) for 0 < x < y. For any two sequences {b,},-; and {c,},.; of nonzero real
numbers (or functions), we write b, < ¢, if there exists a constant C > 0 independent of n (or
x) such that b, < Cc, for n being large enough. We write b,, ~ ¢, if b, < ¢, and ¢, < b,. We
denote the class of polynomials of degree at most n by /,,.

Throughout C,C;,C,,... denote positive constants independent of n,x,t, and
polynomials of degree at most n. The same symbol does not necessarily denote the same
constant in different occurrences.

We shall be interested in the following subclass of weights from [1].

Definition 1.1. Let Q : R — R* be even and satisfy the following properties.

(a) Q'(x) is continuous in R, with Q(0) = 0.
(b) Q"(x) exists and is positive in R \ {0}.

(c) One has
JCliﬁrrc}OQ(x) = oo. (1.4)
(d) The function
xQ'(x)
T(x) := 0@) x#0 (1.5)

is quasi-increasing in (0, o0) with

T(x)>A>1, xeR"\{0}. (1.6)

(e) There exists C; > 0 such that

Q) Q)
9= 0w

ae. xR\ {0}. (1.7)

Then we write w € F(C?). If there also exist a compact subinterval J( 0) of R and
C;, > 0 such that

Q) . QW)
91> Q)

ae. xeR\]J, (1.8)

then we write w € F(C?+).
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In the following we introduce useful notations.

(a) Mhaskar-Rahmanov-Saff (MRS) numbers a, is defined as the positive roots of the
following equations:

1 /
_2[amQ@n) b, (1.9)
w)o (1-u2)'?
(b) Let
e = (xT(ax)) 7, x>0. (1.10)
(c) The function ¢, (x) is defined as the following:
7 X — aur
Ppu(x) = u[(ay + x + aunu) (au —x+au71u)]1/2 (1.11)
pulau), a, < |x|.

In [2, 3] we estimated the orthonormal polynomials p, ,(x) = pn(wﬁ; x) associated
with the weight wlz, = |x|* exp(-2Q(x)), p > —1/2 and obtained some results with respect to
the derivatives of orthonormal polynomials p, ,(x). In this paper, we will obtain the higher
derivatives of p, ,(x). To estimate of the higher derivatives of the orthonormal polynomials
sequence, we need further assumptions for Q(x) as follows.

Definition 1.2. Let w(x) = exp(-Q(x)) € F(C*+) and let v be a positive integer. Assume that
Q(x) is v-times continuously differentiable on R and satisfies the followings.

(@) QD (x) exists and Q¥ (x), 0 < i < v + 1 are positive for x > 0.

(b) There exist positive constants C; > 0 such that for x € R\ {0}

1Q'(x)]
Qx)

|Q<i+l> (x)| < Ci|Q(i) (x) =1,...,v. (1.12)

(c) There exist constants 0 < 6 < 1 and ¢; > 0 such that on (0, ¢]

Qv (x) < C<%>5_ (1.13)

Then we write w(x) € F,(C?+). Furthermore, w(x) € F,(C?+) and Q(x) satisfies one of the
following.

(a) Q'(x)/Q(x) is quasi-increasing on a certain positive interval [¢;, o0).
(b) Q"D (x) is nondecreasing on a certain positive interval [c,, ).

(c) There exists a constant 0 < & < 1 such that Q@1 (x) < C(1/x)° on [c2, o).

Then we write w(x) € F,(C2+).
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Now, consider some typical examples of F(C?+). Define for a > 1and I > 1,
Qra(x) = exp,;(|x]*) — exp,(0). (1.14)
More precisely, define fora+m >1,m>0,l>1and a >0,
Qram(x) = |x|™ (exp; (|x|*) — a*exp,(0)) (1.15)
where a* = 0 if a = 0, otherwise a* = 1, and define
Qu(x) =1+ [x) -1, a>1. (1.16)

In the following, we consider the exponential weights with the exponents Qjq ().
Then we have the following examples (see [4]).

Example 1.3. Let v be a positive integer. Let m + a — v > 0. Then one has the following.

(a) w(x) = exp(=Qpam(x)) belongs to g]-'1,(C2+).

(b) If I > 2 and a > 0, then there exists a constant ¢; > 0 such that Q; = (x)/Qpam(x) is
quasi-increasing on (cj, o).

(c) When I =1, if a > 1, then there exists a constant c; > 0 such that Q;  (x)/Qja,m(x)
is quasi-increasing on (cz,0), and if 0 < a < 1, then Q arm(x) /Qram(x) is
quasidecreasing on (cz, o).

(d) Whenl=1andO0O<a<1, Ql(’;;)(x) is nondecreasing on a certain positive interval
(c2, ).

In this paper, we will consider the orthonormal polynomials p, ,(x) with respect to
the weight class #,(C2+). Our main themes in this paper are to obtain a certain differential
equation for p, ,(x) of higher-order and to estimate the higher-order derivatives of py,,(x)
at the zeros of p,,(x) and the coefficients of the higher-order Hermite-Fejér interpolation
polynomials based at the zeros of p, ,(x). More precisely, we will estimate the higher-order
derivatives of p,,, (x) at the zeros of p,, ,(x) for two cases of an odd order and of an even order.
These estimations will play an important role in investigating convergence or divergence of
higher-order Hermite-Fejér interpolation polynomials (see [5-16]).

This paper is organized as follows. In Section 2, we will obtain the differential
equations for p,,(x) of higher-order. In Section 3, we will give estimations of higher-order
derivatives of p,,(x) at the zeros of p, ,(x) in a certain finite interval for two cases of an odd
order and of an even order. In addition, we estimate the higher-order derivatives of p,,(x)
at all zeros of p,,(x) for two cases of an odd order and of an even order. Furthermore, we
will estimate the coefficients of higher-order Hermite-Fejér interpolation polynomials based
at the zeros of p, ,(x), in Section 4.
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2. Higher-Order Differential Equation for Orthonormal Polynomials

In the rest of this paper we often denote p,,(x) and xi,, simply by p,(x) and x,
respectively. Let p, = p if n is odd, p, = 0 otherwise, and define the integrating functions
A, (x) and B, (x) with respect to p,(x) as follows:

Au(x) = 2an°° pa()Q(x, u)w? (u)du,
-~ (2.1)

Ba(x) =26 | pulpans Q0w ),

where Q(x, u) = (Q'(x) —Q' (1)) /(x—u) and b, = (y4-1)/¥x- Thenin [3, Theorem 4.1] we have
a relation of the orthonormal polynomial p, (x) with respect to the weight wf,(x):

PL(3) = An()pact () ~ Ba0)pa() ~ 2,20, (22)

Theorem 2.1 (cf. [6, Theorem 3.3]). Let p > —1/2 and w(x) € F(C?). Then for |x| > 0 one has the
second-order differential relation as follows:

a(x)py(x) + b(x)p,,(x) + c(x)pn(x) + D(x) + E(x) = 0. (2.3)
Here, one knows that for any integer n > 1,

a(x) = An(x),  b(x) = -2Q'(x)Au(x) - A, (x),

_ bnAzl(x)An—l (x) 4 XAn(x)An—l(x)Bn(x)

clx) = 2R 4 A, 0B, (0)B ) - ZA2D 0L
+ Ay (0)B (x) = A, () Bu(2) - 29, 292 24)
= c1(x) + co(x) + c3(x) + ca(x) + c5(x) + co(x),
D) =dP Y ) = 0P 4o P,
where
4(x) = 200 (An(0)B(x) ~ A, (3)) + 202 An(3) B (), .

e1(x) = 2(pn +Pn71)An(x)r ex(x) = _zpnAn(x)'
Especially, when n is odd, one has
a(xX)py (%) + b(xX)p,,(x) + c(X)pa(x) + d(X)Gn-1(x) +2pAn()q;,_1 (x) =0, (2.6)

where q,-1(x) is the polynomial of degree n — 1 with p,(x) = xgn-1(x).
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Proof. We may similarly repeat the calculation [6, Proof of Theorem 3.3], and then we obtain
the results. We stand for A, := A,(x), B, := B,(x) simply. Applying (2.2) to p/,_, (x) we also

see

n-1(X
pil*1 (x) = An-1pn-2(x) = Bu-1pn-1(x) - an—lp ;( )/

and so if we use the recurrence formula
XPn-1 (x) = bnpn(x) + bn—an—Z(x)

and use (2.2) too, then we obtain the following:

1 )
P (X) = m{(XAn—l = by-1By1)p,(x)

+ (XAn—an - bn—anBn—l - bnAnAn—l)pn (x)

an—l bn—l

2pn
+ %(xAnq = bu_1By1)pa(x) - X

(P’n(x) + Bupn(x)) }

2.7)

(2.8)

(2.9)

We differentiate the left and right sides of (2.2) and substitute (2.2) and (2.9). Then

consequently, we have, forn > 1,

A_1 Al
”x=—{B_+B—x" ——"}’x
phx) = ~{ B+ B - S - Zn )
b,A,1A xA,_1B A B A,
_{—ﬂbni "+Bn_1Bn——b”11 "B - Zn"—zpb:f}pn(x)
n— n— —

A5\ Pr(X) xpy (x) = pu(x) Py (x) + Bupu(x)
~2p, (Bn - A_n) = -2p, > 2051 . .

Using the recurrence formula (2.8) and u/(u — x) =1+ x/(u — x), we have
By+ Byt =2 f Pt () b () + b 12 () | Q)2 ()

= zfio Pﬁ_l(u)Q'(u)wf,(u)du ~20'(x) + 2xf_ P2 (wQ(x, u_)w;(u) du

xAn—l

=-20Q'(x) + by

because Q' (u) is an odd function. Therefore, we have
b(x) = -2Q'(x) A, — A,

When 7 is odd, since xp},(x) — pa(x) = x*¢,_,(x), (2.6) is proved.

(2.10)

(2.11)

(2.12)
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For the higher-order differential equation for orthonormal polynomials, we see that
forj=0,1,2,...,v=2and |x| >0

DY) (x) = Z <ZE 1_)1){” du-n (x)x(””)>pff) (x),

E(j)(x 2]: 2]:( 1 t (] i) )x—(i—tﬂ) (t+1) (x) (2.13)
( 1)|t‘ e; Pn .

t=0 \ i=

] j ity '

Let < 71> = 0 for nonnegative integer j. In the following theorem, we show the higher-order
differential equation for orthonormal polynomials.

Theorem 2.2. Let p > -1/2 and w(x) € F(C?). Let v > 2and j = 0,1,...,v — 2. Then one has the
following equation for |x| > 0:

(j+2)

B, (x)p ™ (x) + B (0pd ™ (x +ZB“]<x>p(s><x>=o, (2.14)

where

Blh()=a(),  Bli(x)=jd(x)+b)+ == el(X) (215)

andforj>1and1<s<j

B (x) = < J >a<f-5+2> (x) + < I >b<f-s+1> (x) + <j >c<f-5> (x)
s—2 s—1 s

i-s j i-s+1 4 .
+Z( Dt 40- 1)(x)x—(i—s+1) + Z Le(]_l)(x)x_(i_”z) (2.16)

2 (j-i)ts! G- s -1t !
( 1)1 S]'(l 5+ 1) ( i) —(i—s+
+§ (j—i)!s! I (0,

and for j > 0

<x>—c<f>(x)+Z( 1” 407 (x)x *(””+Z( 1)] ;T” ey V(0)xtD.(217)
i=0

Proof. It comes from Theorem 2.1 and (2.13). O
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Corollary 2.3. Under the same assumptions as Theorem 2.1, if n is odd, then

(j+2)

j )
L pi™® (0 + C[]]l(O)p(]+1 0+ YclopYo =0 j>1,

=1 (2.18)
P o)ps(0) + C(0)p,(0) =0, j=0,

where C][i]z(x) =A,0)+ 2p/(j+2)An(0)and for 1 <s<j+1

co) :< I >a<f-s+2>(0)+< J >b(1 S+1>(0)+< >c<f 9)(0)
s—2 s—1 s
1 j (j—s+1) j (j-s+2)
(Y o).

Proof. Let n be odd. Then we will consider (2.6). Since q(]) (0) = pgﬂ) (0)/(j +1), we have

(2.19)

(A(x)Gu-1 (%) + 29 An ()1 (x)) 'x:o

(]+2) (0) (]+1) (O)

+1 (2.20)

+2
' << >d(f s+1><0)+< jz>2pA<fS+2>(0>>p" 2 . a0 000,

and we have

= 2pA,(0)P"

+(d(0) +2jpA;, (0))

(@GP () + bOPL () + c@pa() |

= a(0)p*?(0) + (ja (0) + b(0))pY ™ (0)

(2.21)
+ EJ: T Y at-s2 0) + T \pti-srn 1)+ (7 )ei2(0) )pi(0).
50 s—=2 s—1 s "
Therefore, we have the result from (2.6). O

In the rest of this paper, we let p > -1/2 and w(x) = exp(-Q(x)) € F,(C*+) for
positive integer v > 1 and assume that 1 +2p — 6 > 0 for p < 0 and

a, < n'/0+v-0), (2.22)

where 0 < 6 < 1 is defined in (1.13).
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In Section 3, we will estimate the higher-order derivatives of orthonormal polynomials
at the zeros of orthonormal polynomials with respect to exponential-type weights.

3. Estimation of Higher-Order Derivatives of
Orthonormal Polynomials

From [3, Theorem 4.2] we know that there exist C and ny > 0 such that for n > ny and
|x| < an(1+1,),

—Agéj) ~ () (@ 1+ 21)* - x2>_1/2, 1B (x)] < An(x). (3.1)

If T(x) is unbounded, then (2.22) is trivially satisfied. Additionally we have, from [17,
Theorem 1.3], that if we assume that Q"(x) is nondecreasing, then for |x| < ea, with
0<e<1/2

|Bn(x)] < Me, n) An(x), (3.2)

where there exists a constant C > 0 such that

A(e,n) = C-max{ (% + 1)9“, gTV/MAD) - LA )L(TL)}, (3.3)
lim lim A(g,n) = 0. (3.4)

e—-0n—o

Here, 0 = ¢AD/2A and A(n) = O(e™") for some C > 0.
For the higher derivatives of A,(x) and B, (x), we have the following results in [17,
Theorem 1.8].

Theorem 3.1 (see[17, Theorem 1.4]). For |x| < a,(1+1,)and j=0,...,v-1

pﬂwgmm(%@f, WWMsAm(”MY- (35)

an

Moreover, there exists e(n) > 0 such that for |x| < a,/2and j=1,...,v -1,

pm@kam@uK y, Bﬂ@kd@&@%fY/ (3.6)

n
Qn

with e(n) — 0asn — co.

Corollary 3.2. Let 0 < i < 1/2. Then there exists a positive constant C # C(n) such that one has for
|x| < pragand j=1,...,v-1,

p%wkcma( y, Bﬂmkcmumiy. (3.7)

n
Qn
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In the following, we have the estimation of the higher-order derivatives of orthonor-
mal polynomials.

Theorem 3.3. Let 1 <2s+1<vand 0 < a < 1/2. Then for a,/an < |xi,| < aa, the following
equality holds for n large enough:

(2s+1) n\*
pn " (Xikn) = (=1)°B° (Xin, n)<a—> (1 + pos+1(a, Xn, 1)) Pl (Xken) (3.8)
where
2
Bl = ("‘7) An () Ayr (), (3.9)

and |pase1(a, Xin, n)| < C(pa (a, n) + pa(ar, n) + ps(a, n)). Moreover, for 1 <2s < v

n 2s-1 .
|p£25) (xen)| < C,u1(a,n)<a—> |pr (xien) |- (3.10)
Here,
I
pi(a,n) = (e(n) + a® ! +a), po(a, n) = o8m | e(n) + a\(a,n) + a?,

(3.11)

us(a,n) == Ma,n)A(a,n - 1) + al(a, n) + e(n) + e(n)A(a,n) + o

Corollary 3.4. Suppose the same assumptions as Theorem 3.3. Given any 6 > 0, there exists a small
fixed positive constant 0 < ag(6) < 1/2 such that (3.8) holds satisfying |pas+1(@o, Xkn, n)| < 6 and

2s5-1
<5(2) Ipat) (3.12)

P;ZS) (xkn)

fOT’ ap/agn < |xkn| < aoay.

Corollary 3.5. For |xy,| < ay/2and 1< j<v

pﬁlj)(xkn)

< (%)j_llp;(ka. (313)

Theorem 3.6. Let 0 < |xky| < an(1+1,)andletv=2,3,...,j=1,2,...,v=2. Then

T(an)

an

i+2
pI? (xn)

j+l
S <An(xkn) + > |p;1(xkn)|, (3.14)
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and especially if j is even, then

j+2
P£1]+ )(xkn)

< (R 4 o+ )(A(aa+Tﬁ”)wumaL (3.15)

We note that for n large enough,
|xkn| < an(1+nn)/ k: 1121"‘1nl (316)

because we know that x1, < a4,z from [3, Theorem 2.2] and

ay Anip/2 p/2>
—a, = 1- <C 1 1+—
np/2 = tn = nep/2 < An+ip/2 > = T(Cln) Og( i n

(3.17)
CznT( 5 < < ayo(1y).
To prove these results we need some lemmas.
Lemma 3.7. (a) Fors>r >0
T(ar)<1 - —> < Clog pt (3.18)
(b) For|x| < (1/2)a,
x\* ' n
' - — 3.19
Qel<c(S) 2 (3.19)
(c) For |x| < an(1 + 17)
n
An -~ . .
[An ()] 2o — 1] (3.20)
(d) Let 0 < j <v—1. Then for |x| < a, /2
T(a,/2
| ’*”(x)| <|Q'(a /2)|< (an/ )) ) (3.21)

and for a, /2 < |x| < an(1+ 1)

| ]+1)(x)| <|Qx )|< (an)) (3.22)
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Proof. (a) Itis [1, Lemma 3.11(c)]. (b) Itis [1, Lemma 3.8(c)]. (c) It comes from (3.1). (d) Since
j+1< v, QU*Y(x) is increasing. So, we obtain (d) by (1.12). 0O

Lemma 3.8. Let a(x),b(x),c(x),d(x), and e;(x), i = 1,2, be defined in Theorem 2.1.
(a) For|x|<a,/2and 1< k <v -1, there exists £(n) satisfying e(n) — 0asn — 0such
that

n k+1
|a<’<> (x)| < e(n) <—> . (3.23)
an
Moreover, for |x| < a,(1+1,) and 1 <k <v -1,

'Ll(k)(x)| < <%i")>kAn(x)- (3.24)

(b) For |x| < a,/2and 1 < k < v -2, there exists e(n) satisfying e(n) — 0asn — 0such
that

|b<’<> (x)| < e(n) (f)kz (3.25)

Moreover, for |x| < a,(1+1,)and 1 <k <v -1,

o] 5 (@00 ) (T2 o o2

(c) For |x| < an,/2and 1 < k < v — 3, there exists €(n) satisfying e(n) — 0asn — 0such
that

s n k+3
|| < s(n)(a—> , 1=1,2,3,4,5,6. (327)
Moreover, for |x| < a,(1+1,) and 1 <k <v -3,

k
¥ < <M> Ad(x), i=1,2,3,4,5,6. (3.28)

an

(d) For |x| < a,/2 and 1 < k < v — 3, there exists £(n) satisfying e(n) — 0asn — 0such
that

4% )| < s(n)<§>k+2, EE s(n)<ai>k+l, i=1,2. (3.29)
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Moreover, for |x| < a,(1+1,)and 0 <k <v -3,

T(ay) > <T<an>

Qn

k
1 (x)] < (An<x) + ) An(x),

n

(3.30)
e )| < (%”)YAn(x), i=12

Proof. (a) Since a(x) = A, (x), we prove it by Theorem 3.1.
(b) For1 <k <v-2,wesee

k
b® (x) = - <A,‘j‘+” (x) +2) <k> QP (x) AL (x)> : (331)
p

p=0

From (3.18), we know that T(a,/2) < logn. Therefore by (3.19), (3.21), and (3.6) we have for

0<x<a,/2
<M>p)A;kp)(x)| < g(n)( n )k+2, (3.32)

Qn Qn

Q(P+1) (x)ASlkip) (x) ' S | Q <%>

and for |x| < a, (1 + 77,,) we have by (3.21) and (3.22)

@Al )] < (@ + 1) (T a0 (333)

n

Consequently we have (b).
(c) Next we estimate ¢¥)(x). Suppose |x| < a,/2. Let us set c¢(x) = Zle ci(x). By (3.6)
and (3.20) we have

Pls Y AY@AL @A

tuo t+ut+ov=k

E ks (634
< — < _
Se) 3 (2) A sem(Z)
tu,o t+ut+v=k
For cl.(k) (x) (i=2,3,4,5,6), we obtain the same estimate as cik) :
k+3
|cfk) (x)| < s(n)(%) , 1=2,3,45,6. (3.35)
For |x| < a,(1 + 1,), we have similarly to the case of |x| < a,,/2
(k) T(an)\"*
|c1. (x)| < (T) Ad(x), i=1,2,3,4,5,6. (3.36)

(d) It is similar to (c). Consequently we have the following lemma. O
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Lemma3.9. Let0<a<1/2,0<j<v-2,and Ly >0. Let a,/an < |x| < aa,. Then

< Cp(a,n)—, (3.37)

where i (a, n) is defined in Theorem 3.3 and for Li(a,/n) < |x| < a,/2

[j1
B~ (x)
’[f]l <c. (3.38)
B;‘iz(x) n
Moreover, for |x| < a,(1+ 1),
(7]
Bia(x)| T 1
P <T@ o)+ (3.39)
L] a |x|
B].+2(x) n
Proof. Since
|B[]] _ . ) b 61(x)
heo| = [ja () + b + L2

3.40
An(x) A0
x 7

S|G-1)AL(x) - 2Q' (x) An(x)| +

we have (3.39) for |x| < a,(1 + 1,) by (3.5). For a,/an < |x| < aa, we have from (3.6) and
(3.19) that

|B]U]1 (x)| < (e(m) + C1a™ + Coar) %An (x) < Cpa(a, n)ainAn(x)- (3.41)

Moreover, we can obtain (3.38) for Li(a,/n) < |x| < a,/2 from the above easily. O

Lemma 3.10. Let 0 < a <1/2and 0 < j < v —2. Let a,/an < |x| < aa,. Then for a,/an < |x| <
aa,

B[j](x) 2
L ; = (-1)p(x,n)(1 +fj(zx,xkn,n))<a£n> (342)

[j
j+2

with |fi(a, xkn,n)| < C(pa(a, n) + ps(a,n)), where py(a,n), ps(a,n), and p(x,n) are defined in
Theorem 3.3. For Ly (a,/n) < |x| < (1/2)ay, one has

< c(%)z. (3.43)

B}m )

B4 (x)




Journal of Inequalities and Applications 15

On the other hand, one has for Li(a,/n) < |x| < a,(1 + 1),

B}, (x)

S (An(x) + %)2 (3.44)

n

Proof. First, we know that

B (x) = 1G-1) > D a'(x) + jb (x) + c(x)

(3.45)
+d(x)x +jel (x)x T = jer(x)x7? + ex (x)x 2.
Suppose a,/an < |x| < aa,. Since from (3.18) and (3.19)
W/ 0n logn / n\?* L/ n n
2 (F)] =, (,7) ()| =4 (3.46)
we have from (3.6)
(-1 I -
’](] ) () b ()] < C1< ogn +£(n)) <£> An (). (3.47)
2 n a,
Since
d(x)] < C1(A(a,m) +e(m) - An(), (3.48)

we know from (3.6) that

2
d(x)x™t +jel (x)x = jer (x)x 2 + ez(x)x"2| < Ca(Ma,n) +e(n) +a) <a£> An(x). (3.49)

Therefore we have for a,/an < |x| < aa,
[j n\’
|B/ (x) - c(x)| < C,Hz(d,n)<a—> An(x). (3.50)

Since from (3.3)

X
bn—l

An(x)By(x)Bp-1(x) + Ap(x) An-1(x) Bn(x)

lc2(x) +c3(x)| =
. (3.51)
< C(M(a, m)A (e, 7 — 1) + a\(at, ) <ai) An(x)
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and similarly

2
lca(x) + ¢5(x) + co(x)| < C(s(n) +e(n)Ma,n) + %) <a£n) Ap(x), (3.52)
we have
2
lea(x) + c3(x) + ca(x) + ¢5(x) + co(x)| < Cps(a, n)< ) An(x). (3.53)

Then we have

BY(x) 2
j c1(x) n
. <C , , — ). 3.54
B,[i]z(x) J+2( x) (#2(0{ e ”)) <a”> ( :
Therefore, since
c1(x) n\?
=plx,n)(— ), 3.55
]+2( ) ( ap > ( )

there exist constants f;(a, xk,, n) with | fj (&, xxn, )| < C(p2(a, n) + ps(a, n)) such that we have
for a,/an < |x| < aa,

B[J'] X

2
]+2( : = (-1)B(x,n) (1 + fi(a, xkn,n))< > (3.56)

Especially, from the above estimates we can see (3.43) for Li(a,/n) < |x| < a, /2. On the other
hand, suppose Li(a,/n) < |x| < a,(1 + 11,). Then since from Theorem 2.1 and (3.5)

el $ A} + 2

T(ay)\’
A2 £ (A + ) A (357)

n

and |Q'(x)|+n/a, < Au(x), we have from Lemma 3.8

~

[ 5 (Ant + @)i«m). (3.58)

n

Therefore, we have (3.44) for Li(a,/n) < |x| < a,(1 + 1,). O
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Lemma 3.11. Let 0 < a < 1/2and 1 < j < v —2. Let Ly(a,/n) < |x| £ a,/2. Then for € =
1,2,...,7 =1, there exists £(n) satisfying e(n) — 0asn — 0 such that

gll j-e+2
[—() <e(n) <1> : (3.59)
Bl (x) an
Moreover, one has for Li(a,/n) < |x| < a,(1 + 1),
[j] i—0+1
B[”.] 0| Taw) (An(x) + M)] . (3.60)
B;‘iz(x) n "

Proof. For ¢ =1,2,...,j—1wehave from Lemma 3.8 that there exists £(n) satisfying e(n) — 0
asn — 0 such that

|B£j] (x)| _ |a(j—€+2) (x)' + |b(f“’+1)(x)' " |C(j—€) (x)'

j j j
- j—i - (V) -2 ()
+xY[d0 )| + x|V 0| + e Y el )|
i=¢ i=¢-1 i=¢

> - - (3.61)
n j—€+3 an n j—€+2 an 2 n j—+1
< _ (= _
<en(i)  rem(i) (S (3)
j—€+3
cao(2)
(2%
Similarly, for ¢ =1,2,...,j —1and Li(a,/n) < |x| < a,(1 + 1,),
[1] T(an) T(ay) jmed
B/ ()| < Anx) + = An(x). (3.62)
Therefore, we have the results. O

Proof of Theorem 3.3. First we know that the following differential equation is satisfied:

B]Fi]l(an) (j+1) ( kn)

P (o) = =il (o) =~ (xin)
Bj+2(xkn) B]+2(xk"
3.63
B][i]l(xkn) (-1 []]( kn) , ( )
D ) e T .
B]'+2(xkn ]+2(xkn

Suppose Li(a,/n) < |xin| < (1/2)a,. Then since we see from (3.63) and (3.38) that

n, .,
|P (Xkn) | < Ca_lpn(xkn)lz (3.64)
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we have by (3.63) and mathematical induction

kn) | S

<a1n)j|p;(xkn) I (3.65)

Next, suppose a,/an < |xi,| < aa,. More precisely, from Lemma 3.9 we have
[P (xkn)| < Cpia(a, n)— P (xXkn) |- (3.66)

Then by (3.63), (3.42), and (3.66) there exists a constant p; (&, x,, 1) with

3
|ﬁ1 (a/ Xkn, Tl) | S |f1 (a/ Xkn, n) + C/’ll (a/ xkn) | S CZ,ui(a/ Tl), (367)
i=1
such that we have that
P (k) = (~1)B (i, ) ( ) (1 + 51 (2, Xin, 1))y (). (3.68)

Suppose that there exist constants pps_1 (@, Xkn, 1) With |pas_1 (a, Xin, n)| < C(p1 (a, n)+p2(a, 1)+
us(a, n)) such that

(2 1) 1 n\*?
D () = (1) ﬁ“<kan>( ) (14 Poos (@, Xon, 1)), (), (3.69)

2s-1
< Ci(a, n)<: > Pl (k) |- (3.70)

Then we have by (3.38) and (3.70)

25 1] (xkn) (25) n 2s+1 ,
f ()| < o) (25) i o, (3.71)
B, 31 ]( n) n

and we have by (3.42) and (3.69)

BZS 1] . 25 _
%(x") 2 (o) = (1) ﬂ5<xkn,n>( ) (1+ Poss (@ X, ) )P (i), (B72)
25+1 ( )
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where 525,1(09 Xkn, ) = fas-1(&, X, 1) P2s-1 (@, Xkn, 1) + fos-1(, X, 1) + pas—1(a, X, n) and
|Pag_1 (@, Xin, )| < C(pr(ar, n)+po(ar, n)+ps(a, n)). Also, we have by (3.59) that for 1 < € < 25-2

[2s-1
B ” ](xkn) (e( )
Bl2s- 1]( Xkn
Zs+1

< s(n)< )2 |5 (xken) |- (3.73)

Therefore, there exists posi1(a, Xin, 1) satisfying |posi1 (@, xin, n)| < C(pi(a, 1) + po(a,n) +
us(a, n)) such that

(2s+1) n\*
P i) = (1 1) (2 ) (1 Bt 1)) ). 674)

Moreover, we have by (3.37) and (3.65)

[25] 2s+1
13 S+ kan) n s ,
S )| 5 e n(Z) e (3.75)
25+2( kn
and by (3.43) and (3.70)
B (Xkn) o n\*
[22Ss] pi? ()| < Cpia (e, m) (—) P (xkn) |- (3.76)
Byy» (Xkn) fn
Also we obtain by (3.59) and (3.65) thatfor1 < ¢ <2s-1
B, (xk) 7\
e | < e () x| (377)
2512 (Xkn n
Therefore, since we have by (3.63) that
2542 n 2s+1
P& (xien)| < Cpaa (a, n)< ) P, (3.78)
we proved the results. O

Proof of Theorem 3.4 . From (3.3), Theorem 3.1, and the definitions of y;(a,n) (i = 1,2,3) in
Theorem 3.3, if for any 6 > 0 we choose a fixed constant ay(6) > 0 small enough, then there
exists an integer N = N(a) such that we can make y1(ap, 1), po(ao, 1), and psz(ag, n) small
enough for a,/agn < |x| < apa, withn > N. O
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Proof of Corollary 3.5. Since we have from Lemma 3.8 that |C (0)| ~ n/ay, |C]+1(0)| <

(n/ay,)? for j > 0 and |C£]](0)| < (n/ay) ™ for1<s< j, we obtain using the mathematical
induction that

o) s (2 ) P O] (379)

Therefore, from (3.65) we prove the result easily. O

Proof of Theorem 3.6. We know that from (3.39)

[0]
il | 2 i el < (P2 4 Qo |+ - Yl G50
2 (xkn)
and from (3.44)
P:(as)(xkn) S (A (Xkn) + Ha ")> |5, (xken) |- (3.81)
Suppose
2s-2
P )| < (AnCon) + (")> 16, G|,
I (3.82)
P e £ (B2 1 e + (o) + TN ).
ay
Then since
By (o) S (P2 Qe+ s )2<A (x )+T(“"))2H| x|
By (k) N I Tl ) NPT g, ) Pl
Bzis 11] (xkn)

2s
n) TE::!)> |pn (xkn) |,

(R 41 ] + )(A (i) + (""))zs_llpm

S (An(xkn) +

[2s-1]
2si1 ( n)
B (x)

25 1]
25+1 (

(S)( )

(3.83)

we have

kn)| S

<A (o) + (“")> 11, )| (3.84)
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Here, we used that T(a,)/an + |Q' (Xkn)| + 1/ |Xkn| S An(xin) + T(a,)/ ay,. Similarly, since

[25]
(xkn) || (s (an) (n) ,
Txkn) P (Xkn) 5( a +]Q (xxn) | + )(A (Xkn) + ) ., (k) |,
(3.85)
we have
Xkn) | S <T(an) |Q(xkn)| ><A (Xkn) + (an)> |P;1(xkn)| (3.86)
O

4. Estimation of the Coefficients of Higher-Order
Hermite-Fejér Interpolation

Let [, m be nonnegative integers with 0 < [ < m < v. For f € CY(R) we define the (I, m)-
order Hermite-Fejér interpolation polynomials L, (I, m, f;x) € PDiu-1 as follows: for each k =
1,2,...,n,

quj) (l,m,f; xk,n,p) = f(j) (xk,n,p)/ i=012,...1

L (m, fixin) =0, j=1+11+2,...,m-1.

(4.1)

Especially for each P € D,,,-1 we see L,(im—1,m, P; x) = P(x). The fundamental polynomials
hsinp(m; x) € Prun-1,k=1,2,...,nof Ly(l,m, f; x) are defined by

m-1 .
hs,k,n,p (l, m, .X) = lZln p(x) Z es,i(lr m, k, Tl) (JC - xk,n,p)l' (42)

Here, Ik »,,(x) is fundamental Lagrange interpolation polynomial of degree n—1 (cf. [18, page
23]) given by

2
pu(w?; x
lignp (%) = < ’ >2 , (4.3)
(% = Xnp) P (wp" Xkmp)
and hg k., (I, m; x) satisfies
) (LX) = 65i6kp jis=0,1,..,m=1,p=12,...,n (4.4)
Then
n 1
Ly(Lm, f;x) = 3, " f (xicmp) hsjomp(l, m; x). (4.5)

k=1 s=0



22 Journal of Inequalities and Applications

In this section, we often denote Iy, (x) := Ik n,p(x) and kg, (x) := hskn,p(x) if it does not confuse
us. Then we will first estimate (lzqn)(j ) (xkn) for 0 < j < v — 1. Since we have
(]+1) (x n)

(J +1) Pl (k) (o)

by induction on m, we can estimate (ll”:n)(j ) (Xkn)-

Theorem 4.1. Let 0 < j < v — 1. Then one has for |xy,| < a,/2

<c(Z )i (47)

| ) )

In addition, one has that for |xi,| < an(1 + 17,)

|(l )(]) xkn ~ (A (xkn) + T(aan)> (48)
and if j is odd, then one has that for 0 < |Xi,| < an(1 + 1)
. j-1
| ) o) | < <T(a" +|Q ()| + )(An(xkn) " Ti““) . (4.9)

Forj=0,1,...define ¢;(1) := (2j + 1) and for k > 2

]
i (k) : 22] 2r+1< >¢r(k 1). (4.10)

r=0

Theorem 4.2 (cf. [10, Lemma 10]). Let 0 < a < 1/2 and let a,/an < |xin| < aay,. Then for
0 < 25 < v — 2 there exists uniquely a sequence {¢;(m)}32, of positive numbers

2s
(1) () = 1) ol () () (1 elm,vgm) (A1)
n
and |&s(m, &, X, n)| < C(pr (a, n) + po(a, 1) + ps(a, m)). Moreover, one has for 1 <2s -1<v -1

2s5-1
|(l ) ()| < Cpaa(a, n)( 1 ) : (4.12)

Theorem 4.3. Suppose the same assumptions as Theorem 4.2. Given any 6 > 0, there exists a small
fixed positive constant 0 < ag(6) < 1/2 such that (4.11) holds satisfying |&;(m, &, xxn,n)| < 6 and

N n 7" 413
| @)@ o) | < 6( = (4.13)

fOT’ an/apn < |xkn| < apay.
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Theorem 4.4. Let 0 < s <i < m— 1. Then one has for |xi,| < a,/2
n i-s
les,i(l,m, k,n)| < C<—> : (4.14)
ap
On the other hand, one has for | x| < an(1 + 1)

les,i(1,m, k,n)| < (A (Xkn) + Ti”’”) (4.15)

n

Especially, if i — s is odd, then one has

i-s—1
|es,,-(l,m,k,n)|5< (an) + Q' (k)| + )(An(xkn)+T(aa")> _ (4.16)

n

Especially, for f € C(R) we define the m-order Hermite-Fejér interpolation
polynomials L, (m, f;x) € Pyun-1 as the (0, m)-order Hermite-Fejér interpolation polynomials
L,(0,m, f;x). Then we know that

L, (m’ f; x) = Zf(xk,n,p)hk,n,p(m; x), (417)
k=1
where e;(m, k,n) := ey;(0,m, k,n) and
m-1 .
hionp(m;x) = I, (%) D ei(m, k,n) (x = Xicnp)'- (4.18)
i=0

Then for the convergence theorem with respect to L, (m, f; x) we have the following corollary.

Corollary 4.5. Let 0 <i < m — 1. Then one has for |xi,| < a,/2
2\
les(m, K, m)| sc(a—). (4.19)
On the other hand, one has for |xi,| < an(1 + 1,)

lei(m, k,m)| < (A () + Tff")) (4.20)

n

Especially, if i is odd, then one has

i-1
|ei<m,k,n>|s< (“")+|Q( o+ |)<An<xkn>+”a“")) YRS

n
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Proof of Theorem 4.1. Theorem 4.1 is shown by induction with respect to m. The case of m =1

follows from (4.6), Corollary 3.5, and Theorem 3.6. Suppose that for the case of m — 1 the
results hold. Then from the following relation:

) i /i - .
YD () = 3 <i > (l,t"n-l)< 197 (1), (4.22)

r=0

we have (4.7) and (4.8). Moreover, we obtain (4.9) from the following: for1 <2s-1<v -1
s /25-1 (2r)
2s5-1 _ 5—2r—
(1) (k) = ZO< ) > ()™ o127 ()

s /2s—1 (2r+1) sy
+ Z( >(lz;1) ()l (xtn)-

=0 2r+1

(4.23)

O

Proof of Theorem 4.2. Similarly to Theorem 4.1, we use mathematical induction with respect to
m. From Theorem 3.3 we know that for 0 <2s <v -1

25) n 2s
L7 (Xkn) = (—1)S¢s(1)ﬂs(an,n)<a—> (1+¢s(1, a, xpn, 1)) (4.24)

andfor1<2s-1<v-1

l(Zs—l)

2s-1
o (Xkn) SC,ul(a,n)<a£) , (4.25)

where ¢;(1, a, Xin, 1) = Pass1 (@, Xk, 1) and
|§S (1/ &, Xkn, Tl) | < C(l"l (a/ n) + l’lZ(a/ n) + #3(“/ n)) (426)

Then from the following relations:

CAKICHEDY (J ><1Z:1)(2”<xkn>li’; ) (et

0<2r<j \21
(4.27)
j _1\ @D (j-2r+1)
+ rr ! (xk )l] (xk )
152rz—15j <21‘ _ 1> < kn ) n) kn n
we have the results by induction with respect to m. O

Proof of Theorem 4.3. 1t is proved by the same reason as the proof of Corollary 3.4. O



Journal of Inequalities and Applications 25

Proof of Theorem 4.4. To prove the result, we proceed by induction on i. From (4.2) and (4.4)
we know that es (I, m, k,n) = 1/s! and the following recurrence relation; fors + 1 <i<m -1

(i-p)
esi(l,m, k,n) = Z esp(lm k,m) (17, ) (xinp). (4.28)

2 (i- P)'

When i = s, es5(I,v, k,n) = 1/s! so that (4.14) and (4.15) are satisfied for i = s. From (4.7),
(4.8), (4.28), and assumption of induction on i, for s +1 <i < m—1, we have the results easily.
When i — s is odd, we know that

i-p:odd, ifp-s:even,
(4.29)
i—p:even, ifp-s:odd.

Therefore, similarly we have (4.16) from (4.8), (4.9), (4.28), and assumption of induction
oni. O
Proof of Corollary 4.5. Since e;(m, k,n) = eg;(0,m, k, n), it is trivial from Theorem 4.4. O

We rewrite the relation (4.10) in the form forv =1,2,3,...,

Po(v) =1 (4.30)
andforj=1,2,3,...,v=2,3,4,..,
i1 2j+1
i) - ¢i(v-1) = 2]+1r_0< o7 >¢r(”‘1)- (4.31)

Now, for every j we will introduce an auxiliary polynomial determined by {¥;(y)}3; as the
following lemma.

Lemma 4.6 (see[10, Lemma 11]). (i) For j = 0,1,2,..., there exists a unique polynomial ¥;(y) of
degree j such that

Yi(v) = di(v), v=1,2,3,.... (4.32)

(ii)Wo(y) = 1and ¥;(0) = 0,7 =1,2,....

Since ¥;(y) is a polynomial of degree j, we can replace ¢;(v) in (4.10) with ¥;(y), that
is,

/ 2j :
¥i(y) = 22] 2r+1<2 )qr,(y—l), i=0,12,..., (4.33)

r=0
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for an arbitrary y and j = 0,1, 2, . ... We use the notation Fy,(x, y) = (Ixx(x))¥ which coincides
with lzn (x) if y is an integer. Since lx, (xk,) = 1, we have Fi,(x,t) > 0 for x in a neighborhood
of x, and an arbitrary real number y.

We can show that (0/ ax)j Fin(xkn, y) is a polynomial of degree at most j with respect
toyforj=0,1,2,..., where (6/8x)ijn (Xkn,y) is the jth partial derivative of Fi,(x,y) with
respect to x at (xxn, y) (see [6, page 199]). We prove these facts by induction on j. For j = 0
it is trivial. Suppose that it holds for j > 0. To simplify the notation, let F(x) = Fi,(x,y) and
I(x) = lxn(x) for a fixed y. Then F'(x)I(x) = yl'(x)F(x). By Leibniz’s rule, we easily see that

_ j-1 ) j )
F(I+1)(xkn) = _ZF(S+1)(xkn)l(]_s) (xkn) + yzl(s+1)(xkn)F(I_S)(xkn)/ (434)
5=0 s=0

which shows that FU* (x,) is a polynomial of degree at most j + 1 with respect to y. Let
P(y),j=0,1,2,... be defined by

% o 2j .
(%) Fkn (an/ y) = (—1)][;] (xk‘rl/ 1’1) <a£n> IPJ (y) + PI£]n] (y) (435)

Then P,E;] (y) is a polynomial of degree at most 2j.
By Theorem 4.2 we have the following.

Lemma 4.7 (see[10, Lemma 12]). Let j = 0,1,2,..., and let M be a positive constant. If a,,/an <
|Xkn| < aay, and |y| < M, then

a s i 2]
‘<@> P;gl](l/) SC(#1(a,n)+ﬂz(a,n)+/43(a,n))<aﬁn> , 5=0,1, (4.36)

d 2j+1
'<@> Fkn(xkn/y)

2j+1
<Cuan (). (437)

Lemma 4.8 (see[10, Lemma 13]). If y <O, then for j =0,1,2,...,

(-1)'%¥;(y) > 0. (4.38)

Lemma 4.9. For positive integers s and m with 1 <m < v

s /2
> <;> W, (=m) s (m) = 0. (4.39)

r=0
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Proof. If we let Cs(y) = 37, < ;: )‘Pr(—y)‘Ps_r(y), then it suffices to show that C4(m) = 0. For
every s

2s 2 . )
0= (L) (xkn) = Z( :) (YD tgen) (1) % (x4n)
i=0
s 2 2r
= <2j> (%) Fien (ien, =) (17%) @7 (i) (4.40)
r=0

r=0 2r+1

s-1 2s d 2r+1F m (25-2r-1)
+ Z & kn (xknr _m)( kn) (xkn)'

By (4.24), (4.35), and (4.36), we see that the first sum Y ;_; has the form of

s 2s E 2
Z = (-1)°f° (xkn, 1) <a£n> <Z <2j> Y, (—-m)ps_r(m) + 1]s(-m, a, xkn,n)>. (4.41)

r= r=0

Then since

s /2
ﬁs(_mz A, Xgn, 1) = 5 > ¥, (_m)¢s—r(m)§s—r (m, &, Xn, 1)
r=0 r

9]

s 2 =2r .
+ ( S> (1) (i, ) (ai) Peor(m)PY (m) (1 + &5 (m, @, 300, m)),

r=0 2r
(4.42)

we know that |77;(-m, a, xi,, )| < C(pa(a, n) + po(a, n) + psz(a, n)). By (4.37) and (4.7), the
second sum Zf;(l) is bounded by Cp1 (a, 1) (n/a,)*. Here, we can make C(ui(a,n) +po(a, n) +
uz(a,n)) < 6 for arbitrary positive 6. Therefore, we obtain the following result: for every s

s /2s

0= < >‘Pr(—m)‘Ps_r(m). (4.43)
r=0 2r

O

Then the following theorem is important to show a divergence theorem with respect
to L,(m, f; x) where m is an odd integer.

Theorem 4.10 (cf. [10, (4.16)] and [15]). For j = 0,1,2,..., there is a polynomial ¥;(x) of degree
j such that (—1)j‘I’j(—m) > 0 for m =1,3,5,... and the following relation holds. Let 0 < a¢ < 1/2.
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Then one has an expression for a,/an < |Xi,| < aa,, and 0 < 2s <m - 1:

2s
ex(m, k,n) = (-1)° =—¥,(- m)ﬁs(xkn,n)< > (1+n5(m, a, Xiep, m)), (4.44)

(2 )!
where ns(m, a, Xiy, n) satisfies that for a,/an < |xi,| < aa, and fors =0,1,2, ...
|11s(m, &, xien, m) | < C(pa(a, 1) + po (o, ) + ps(a, n)). (4.45)

Proof. We prove (4.44) by induction on s. Since ey(m, k, n) = 1 and ¥o(y) = 1, (4.44) holds for
s = 0. From (4.28) we write e (m, k, n) in the form of

exs(m, k,m) = Z ear(m, k1) (17%) 7" (i)

2)v

Z(Zs 1)'62, 1(m, k, n)(l )(25 2r+1)( ) (4.46)

=I+1II.

Then by (4.12) and (4.14), |I1| is bounded by Cu;(«, n)(n/a)*. For 0 < i < s we suppose
(4.44) and (4.45). Then we have for I

s=1 s+1 2ss-1 /D
2;)| B° (Xkn, 1) <a£n) Z <2j> ¥, (-m)ps—r (m) (1 +1,) (1 + &s—r), (4.47)

r=0 r=0

where és_; = & (M, a, Xk, n) and 17, = 1, (M, a, Xipn, n) which are defined in (4.11) and (4.44).
Then using Lemma 4.9 and ¢o(m) = 1 we have the following form:

-1°
(2s)!

€2s (m/ kr n)

2s
~ L (- m)ﬁs(xkn,n)< 1 ) (1 +15(m, a, xin, 1)). (4.48)

Here, since

s-1 /25
1’15(111, A, Xgn, 1) = Z <2r>lpr (_m)(i)s—r(m) (rlr + &+ 7"lr§s—r>
=0 (4.49)

+ (<))~ (xtn, ) <£>_251L

we see that |7s(v, a, xi,, n)| < C(pa(a,n) + pa(a,n) + pus(a,n)). Therefore, we proved the
result. O
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