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This paper is concerned with a periodic system dependent on parameter. We study differentiability
with respect to parameters of the periodic solution of the system. Applying a fixed point theorem
and the results regarding parameters for Co-semigroups, we obtained some convenient conditions
for determining differentiability with parameters of the periodic solution. The paper is concluded
with an application of the obtained results to a periodic boundary value problem.

1. Introduction

One of the fundamental subjects in dynamic systems is the boundary value problem. When
studying boundary value problems of differential and integrodifferential equations, we often
encounter the problems involving parameters. Take, for example, a periodic boundary value
problem

U = Uy, Tort>0,

u(x,0) = up(x), forxe[0,1],
1.1
klu(ol t) - hlux(ol t) = fl(t)/ ki/ hi 2 O (1 = 1/2)/ ( )

kzut(l,t)+h2ux(l,t) ng(t), ki+hi>0 (i=1,2),

on the Banach space L*[0,1], where fi(t) and f,(t) are both p-periodic and continuously
differentiable. It appears that the boundary conditions contain four scalars ki, k», by, and h;.
Because these scalars may vary as the environment of the system changes, they are considered



2 Journal of Inequalities and Applications

as parameters. Reforming (1.1) (for details, see Section 5), we have the periodic boundary
value problem

W = Wyxx + F(t/ 5)/ €= (kll k2/ hl/ hZ) € R4/ for t > O/

w(x,0) =wy(x), forxe[0,1], 12
1.2
kiw(0,t) — hiw,(0,£) =0,

kow(1, 1) + howy(1,) =0,

where F(t, £)(x) = (1/ (ki (ka+h2) +kohy)) [(ki f3(£) = ko f1 (£)) x+ (ha +k2) f1 () + h1 f3(F)]. Clearly
F(t, €) is p-periodic.

Furthermore, when (1.2) is written as a matrix equation (for details, see Section 5), its
associated abstract Cauchy problem has the following form:

d.;(tt) = A(e)z(t) + f(t z(b), €), (1.3)

z(0) = zp.

This example motivates the discussion on the parameter properties of the general
abstract periodic Cauchy Problem (1.3). Since the periodic system (1.3) depends on
parameters, it is a natural need for investigating continuity and differentiability with respect
to parameters of the solution of the system. Moreover, in applications, the differentiability
with respect to parameter is often a typical and necessary condition for studying problems
such as bifurcation and inverse problem [1]. It is worth mentioning that (1.1) indicates that
the occurrence of parameters in the boundary conditions leads to the dependence of the
domain of the operator A(e) on the parameters. We have developed some effective methods
for dealing with this tricky phenomenon.

In our previous work [2], we have obtained results on continuity in parameters of
(1.3). In this paper, we will discuss the differentiability with respect to parameters of solutions
of (1.3).

According to the semigroup theory, when A(e) generates a Cp-semigroup T'(t,¢), the
weak solution of (1.3) can be expressed in terms of the Cp-semigroup T'(t,¢):

t

z(t,e) =T(t, €)zp + f T(t—-s,e)F(s,z(s,€),¢e)ds. (1.4)
0

It is clear that the differentiability with respect to parameter € of semigroup T (¢, ¢) will
be the key for determining the differentiability with respect to parameter ¢ of the solution
z(t,€) of (1.3). Some recent works [3, 4, and reference therein] have obtained fundamental
results on the differentiability with respect to parameters of Cyp-semigroup. Applying these
results together with some fixed point theorem, we are able to prove that (1.3) has a unique
periodic solution, which is continuously (Frechét) differentiable with respect to parameter ¢.

We now give the outline of the approaches and contents of the paper. The general
approach is that we first prove some theorems for the general periodic system (1.3). Then,
by applying these results, we derive a theorem concerning (1.2) and thereby we obtain
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differentiability with respect to the parameter ¢ of the solution of (1.1). The paper begins with
the preliminary section, which presents some differentiability results, a fixed point theorem,
and related theorems. These results will be used in proving our theorems in later sections. In
order to obtain results for (1.3), we, in Section 3, first study a special case of (1.3)

z' = A(e)z + f(te€),
(1.5)
z(0) = zo,

where f(t + p,e) = f(t,e) for some p > 0, and f(t ¢) is continuous in (t,¢) € R x P.
After obtaining the differentiability results for (1.5), we, in Section 4, employ a fixed point
theorem to attain the differentiability results of (1.3). Lastly, in Section 5, we will apply the
obtained abstract results to the periodic boundary value problem (1.1) and use this example
to illustrate the obtained results. One will see that the assumptions of the abstract theorems
are just natural properties of (1.1).

2. Preliminaries

In this section, we state some existing theorems that will be used in later proofs. We start by
giving the results on differentiability with respect to parameters.

Consider the abstract Cauchy problem (1.3), where A(e) is a closed linear operator
on a Banach space (X, || - ||) and € € P is a multiparameter (P is an open subset of a finite-
dimensional normed linear space ) with norm |-|). Let T'(t, €) be the Cy-semigroup generated
by the operator A(e). For further information on Cy-semigroup, see [5].

In [3], we obtained a general theorem on differentiability with respect to the parameter
€ of Cp-semigroup T(t,€) on the entire space X. It is noticed that a major assumption of
the theorem is that the resolvent (Al — A(e)) ™" is continuously (Frechét) differentiable with
respect to €. In a recent paper, Grimmer and He [4] have developed several ways to determine
differentiability with respect to parameter ¢ of (Al — A(e))7\. Here, we include one of such
theorems for reference.

Assumption Q. Let &9 € P be given. Then for each ¢ € P there exist bounded operators
01(8),Q2(e) : X — X with bounded inverses Il(s) and Qz‘l(e), such that A(g) =
Q1(e)A(e0)Qa(e).

Note that if A(e1) = Q1(1)A(g0)Q2(€1), then

A(e) = Q1(e) A(e0)Qa(e)
= Q1(e)Q; (1) Q1 (1) A(£0)Q2(£1) Q5 (£1) Q2 (€) (2.1)
= Qi) Ale1) Q)

Thus, having such a relationship for some g implies a similar relationship at any
other £; € P. Without loss of generality then, we may just consider the differentiating of
the semigroup T'(t,€) ate = ¢ € P.

Define R(e) = A(M — A(g)) (I - {1 (E)le(s)), for X € p(A(e)) N p(A(e)), and
assume that I — R(¢) : X — D(A(gp)) is invertible.
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Theorem 2.1 (see [3]). Assume Assumption Q and that

(1) there are constants M > 1 and w € R such that

”()»I - A(g))—1|| < (.)L]i/I(,())’ for A >w,n€ N, and all € € P.

(2.2)

(2) There is Ky > 0 such that ||Q5" (€)x|l < Killx||x, for all € € P.
(3) There is Ky > 0 such that ||(I — R(g))_1x||X < Ks|x||x, for all € € P.

(4) For each x € X, Qi‘l(e)x (i = 1,2) and (I - R(g)) " x are (Frechét) differentiable with
respect to € at € = &.

Then for each x € X, (Al — A(e)) ' x is (Frechét) differentiable with respect to € at € = €.

Theorem 2.2 (see [3]). Assume the following

(1) Forsome0 <6 <o /2,p(A(€)) D D ={A:|arg | <o /2+ 6} U (0}, forall € € P.
(2) For each ¢ € P, there exists a constant M(e) such that

Jor-a7) < Aﬁf) for L& 2, A0 (2:3)
6

(3) for each x € X and each A € 26\{0},(AI—A(£))_1x is continuously (Frechét)
differentiable with respect to € on P. Moreover, for any &y € P, there exists some ball
centered at o, say B(eo, 60), (60 > 0) such that € € B(eo, 69) implies

||Dg (AI - A(s))"lx” <A, x), (2.4)

where n(A, x), A € I, is measurable and for t > 0

L|eﬂ|q(x,x)|dx| < . (2.5)

Then for each x € X, T(t, €)x is continuously (Frechét) differentiable with respect to € on P for t > 0.
In particular, for t > 0
_ 1 At -1
D.T(t,e)x = 5 L e [Dg(u — A(e)) x] du, (2.6)

where T is a smooth curve in Y5 running from oce ™ to oce™® for some 0, w/2 <0 < /2 +6.

Now we state a fixed point theorem from [6].
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Definition 2.3 (see [6, page 6]). Suppose that  is a subset of a Banach space (X, |- |),G is a
subset of a Banach space Y, and {T,,y € G} is a family of operators taking ¢ — A. The
operator T, is said to be a uniform contractionon ¢ if T, : ¥ — ¥ and thereisal,0 <1 <1
such that

|Tyx -T,x| <Alx-x| VYyin(, x,X in &. (2.7)

Theorem 2.4 (see [6, page 7]). If §F is a closed subset of a Banach space X, G is a subset of a Banach
space Y, T, : F — ¥,y in G is a uniform contraction on F, and T, x is continuous in y for each
fixed x in F, then the unique fixed point g(y) of T, y in G, is continuous in y. Furthermore, if F, G
are the closures of open sets F°,G° and T, x has continuous first derivatives A(x,y), B(x,y) in y, x,
respectively, for x € ¥°,y € G°, then g(y) has a continuous first derivative with respect to y in G°.

Theorem 2.5 (see [7, page 167]). Let f be a continuous mapping of an open subset Q of E into F.
f is continuously (Frechét) differentiable in Q if and only if f is (Frechét) differentiable at each point
with respect to the ith (i =1,2,...,n) variable, and the mapping (xi,...,%x,) — Dif(x1,...,xy,) (of
Q into B(E;, F)) is continuous in Q. Then at each point (x1, ..., x,) of Q, the derivative of f is given

by

Df(x1,...,%n) - (t1, .., tn) = D Dif (x1,...,%n) - t;, (b1,...,t,) € E. (2.8)
i=1

Theorem 2.6 (see [4]). Let (X,||-|lx) and (Y,||-|ly) be Banach spaces, and let {B(€)}.cp C
B(X,Y). Assume that

(A) foreach x € X, B(e)x is continuously (Frechét) differentiable in P. In particular, for &y € P,
[D:B(¢)x|._.,] € B(D,Y) is the (Frechét) derivative of B(e)x at € = &y, and D B(g)x is
continuous in P.

Then, for each €y € P, there is a constant H (go) > 0 such that

| [DeB(e)xl._ ) 1]l < H(eo)lIxllx - k| for x € X, hep. (2.9)

E=E

Lemma 2.7. Let B € B(X,Y). If | Bl < 1/2, then (I - B)™" exists, and
e}
(I-B)'=>B" (2.10)
k=0

Moreover, ||(I - B) || < 2.

Proof. The proof is standard and is omitted here. O

3. Differentiability Results of (1.5)

In this section, we study (1.5), which is a special case of (1.3). We will prove that the uniques
periodic solution of (1.5) is continuously (Frechét) differentiable with respect to parameter .
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We first state a theorem from [2]. This result shows that (1.5) has a unique periodic solution
which is continuous in parameter «.

Theorem 3.1 (see [2]). Assume that

(1) T(t, &)z is continuous in € for each z € X, and

IT(t €)ll < M(to) (3.1)

for some M(tg) > 0andall e € P, t € [0, ], and
(2) IT(Np,e)|l < k <1 for some integer N with Np < tgand all € € P.

Then there exists a unique p-periodic solution of (1.5), say z(t, €), which is continuous in € for € € P.

Now we will discuss differentiability with respect to parameter &£ of the periodic
solution of (1.5). The following lemma presents a general result on the differentiability with
respect to parameter of the fixed point of a parameter dependent operator.

Lemma 3.2. Let K(e) € B(X) for each € € P, and let z(g) be the fixed point of K(¢g) for each
€ € P, which is continuous in €. Also, let Q(z,€) = K(¢)z. If Q(z, €) has the first partial derivatives
D.Q(z, €) and D.Q(z, €) which satisfy

(1) D.(z(e), €)x is continuous in € for each x € X and ||D.Q(z,¢)|| < a < 1 forall (z,¢) €
X x P, and

(2) D:Q(z, €) is continuous in (z,€) € X x P,
then z(¢) is continuously (Frechét) differentiable with respect to € € P.

Proof. We begin by noting that the equation
¥y =D.Q(z(¢),e)y + D,Q(z(¢),e)h, hep, (3.2)

has a unique solution, say y(e, h), which is linear in h.
It follows from Lemma 3.2(1) and Theorem 2.4 that

y(e, h) = (I - D:Q(z(e),€)) " DeQ(z(e), £)h (3.3)

is the unique solution of (3.2) for (¢, h) € P x ), which is continuous in (g, k).
From the uniqueness, one observes that

y(e, ahy + phy) = ay(e, h1) + Py (e, ho), (3.4)

for all scalars a, p and hy, hy € P. That is, y(¢, h) is linear in h and may be written as C(¢)h,
where C(¢) : f — X is a bounded linear operator for each ¢ € P.
Now we show that C(¢) is the derivative of z(¢).
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Let w = z(e + h) — z(e) — C(e)h. Since z(¢) = Q(z(¢), €) by hypothesis, one sees that

w = Q(z(e + h), e+ h) - Q(z(¢),£) - C(e)h
= Q(z(e + h),e+h) - Q(z(e + h), &) + Q(z(e + h), &) — Q(z(¢), ) — C(e)h
= D.Q(z( + h), e)h + o(h) + D-Q(z(e), &) (z(e + h) - z(€))
+o(z(e + h) - z(¢)) - C(e)h.

(3.5)

Note that there is a function k(g, h) continuous in h and approaching zero as h — 0
such that

o(z(e+h) —z(e)) = k(g, h)(z(e + h) — z(¢)). (3.6)

Now from (3.5) and since C(g)h is a solution of (3.2), we have

w =D.Q(z(e+h),e)h+o(h) + D.Q(z(¢),¢)(z(e + h) — z(g))
+k(e,h)(z(e +h) —z(e)) = C(e)h
= [D:Q(z(e + h), £) - D:Q(z(¢), €)|h + o(h)
+[D.Q(z(€),€) + k(e, h)|w + k(e, h)C(e)h.

(3.7)

Thus

[I -D.Q(z(¢),€) — k(e, h)]w = [D.Q(z(e + h),e) — D:Q(z(¢),€)]h + o(h) + k(e, h)C(¢)h.
(3.8)

Since D.Q(z(¢), €) and z(¢) are continuous, and {p € P | |p| = 1} is compact, the right-
hand side of this expression is o(|h|) as |[h| — 0. Also, thereisayy > Osuch that ||D.Q(z(¢e), €)+
ke, h)|| < B <1 for |h| < yo, 50 (I - D.Q(z(¢),€) — k(, h)) ™" is bounded. Thus |w| = o(|h]) as
|h| — 0. O

Remark 3.3. This proof is based on that of Theorem 3.2 from [6, page 7].
Now we prove the main theorem of the section.

Theorem 3.4. Assume that

M) IT(p,e)|| <a<1foralle e P.

(2) T(t, €)z is continuously (Frechét) differentiable with respect to € for each z € X. Moreover
forany go € P there is some 6(gg) > 0 such that € € B(ep, 6(&g))

DT (t,€)z|| < H(eo)|zll for some H(go) >0, t € [0,p]. (3.9)

(3) f(t,¢) is continuously (Frechét) differentiable with respect to €.
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Then there exists a unique p-periodic solution of (1.5), say z(t, ), which is continuously (Frechét)
differentiable with respect to € for € € P.

Proof. First note that from Theorem 3.1, we have that
t
z(t,e) =T(t, €)zp(e) + f T(t-s,e)f(s e)ds (3.10)
0

is the unique p-periodic solution of (1.5).
Now we want to show that z(¢) is continuously (Frechét) differentiable with respect
to € by applying Lemma 3.2. To this end, we need to prove the following two claims first.

Claim 1. T(t-s,¢€)f (s, €) is continuously (Frechét) differentiable with respect to € fort—s,s €
[0, p]. In particular, for any ¢ € P,

[D.T(t-s,€)f(s,€)] |E:£U = [DeT(t-s,€)f (s, 0)] |E:€U +T(t - s,€0) [Def (s, €)] |E:£U. (3.11)

In fact, forany ep € Pand h € P withey + h € P,

% |T(t-s,e0+h)f(s,e0+h) —T(t—s,&)f(s, )
_{ [D.T(t-s,€)f(s,€0)] |, + T(t—5,€0) [Def(s,9)]]..,, }h”
< |17|||T(t = 5,20+ h){f(s,20+ h) = f(s,20) = [Def(s,€)]| ., }

¥ ﬁ“T(t ~ 5,60+ h)f(s,€0) = T(t = 5,0 (s,80) = [DT(t = 5,)f(5,€0)] | .,

’ ﬁ”{T(t —-s,e0+h) —T(s, )} [Def(s,€)] |£=€oh||'

(3.12)

The first two terms on the right go to 0 as || — 0by Theorem 3.4(2) and (3) . The last term on
the right goes to 0 because T (t-s, €)z is continuous at gg and the set {[D. f (s, ) ]|._.,p | [p| = 1}
is compact, so (3.11) holds.

Now for each fixed t and s, and any ¢y € P, and € € B(ey, 6(&9)), from Theorem 3.4(2)-
(3) and (3.11), it is clear that [D, T (t-s, €) f (s, €)] is continuous at . This completes the proof
of Claim 1.

Based on Claim 1, we have the following claim.

Claim 2. D¢[[{ T(p —s,€)f(s,€)ds] = [§[D:T(p—s,€)f(s,€)]ds.
In fact, from Theorem 2.5 it suffices to show that

p

P
D, [J‘o T(p- s,s)f(s,s)ds] = f [D.T(p-s,¢e)f(s,e)]ds (i=1,...,n). (3.13)

0
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W.Lo.g. assume that ) = R". Let gy = (¢Y,...,€2) be any point in P. Since f(s, ) is
continuous on [0, p] x B(eo, 6(£p)), there exists L > 0 such that

lf(s,e)|| <L for (s,e) € [0,p] x B(eo, 6(<0))- (3.14)

Now from (3.9), we have

E P
I f ID-T(p-s,7)f(s,T)||dsdr (T=(e1,...,7T,...,€n))
s? 0

o o (3.15)
< f J' ID.T(p - 5,7)| - | £ (s,7) || ds dr < J' f L-H(eo)ds dr < co.
6? 0 s? 0
Thus by a theorem from [8, page 86], we have
& rp p (e
J‘ f D.T(p-s,7)f(s,T)dsdr = J. I D.T(p-s,7)f(s,T)drds. (3.16)
5? 0 0 5?

Furthermore,
“(r At =\\~1 7 At =)\ ~!
Dsfj I e"De,(M - A(T)) xdAdT = DEiJ‘ I e"'De,(M - A(T)) xdrd\ (3.17)
5? 0 0 E?
Now the left-hand side of (3.17) is
& (P . P
D, J f eMD, (Al - A(T)) 'xdAdr = f eMD,, (A - A(e)) " x d), (3.18)
6? 0 0
and the right-hand side of (3.17) is
P (e P -1
D, f f eMD,, (M - AT)) 'xdrd = D, f et [(u —Ae)) 'x - (u - A<eo>> x] dx
0 s? 0

P
=D, | eM(\I-A(e)) " xd),
0
(3.19)

0
where € = (e1,...,€i-1,€, €1, .. ., €n).
That is,

D,, r eM(AL - A(e)) 'xdh = r eMD,, (M - A(g)) ' x dA. (3.20)
0 0

This completes the proof of Claim 2.
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Next, consider the operator
P
K(e)z=T(p,e)z + f T(p-s,e)F(s,e)ds. (3.21)
0

We will apply Lemma 3.2 and Claims 1-2 to show that the operator K (¢) has z(¢) as the fixed
point and z(¢) is continuously (Frechét) differentiable with respect to €.
Note that the operator K(¢) has the following properties.

(i) K(¢) is defined on the Banach space (X, || - ||).

(ii) K(¢) is a uniform contraction on X.

Infact, foralle € Pand z1,z, € X,

IK(e)z1 - K(e)z2ll = || T (p, €) (z1 - z2) |

<||IT(p,e)|l - llz1 — z2ll < allz1 — z2||  (since || T(p,€)|| <a<1).
(3.22)

(iii) K(¢)z is continuous in ¢ for each fixed z € X. (For the detailed proof, see Theorem
3.2 from [2].)

Applying Theorem 2.4, we have that z(¢) is the fixed point of K (¢).
Furthermore, it is clear that the first derivative of K(¢)z with respect to z

D.K(e)z=T(p,¢€) (3.23)

satisfies Lemma 3.2(1) . It is also clear from Claim 2 that the first derivative of K(&)z with
respect to £

P
[D:K(e)z] = D, [T(p,€)z] + jo [DeT(p—s,¢)f(s,€)]ds (3.24)

is continuous in (z,¢) by Theorem 3.4(2) and (3). (Note that using the same argument as
in the proof of Claim 1, we can show that [D.T(p — s,€) f (s, €)] is continuous at € = ¢y and
thereby fg [D:T(p—s,€)f(s,€)]ds is continuous at &.)

Finally applying Lemma 3.2, we have that zo(¢) is continuously (Frechét) differen-
tiable with respect to €. Using a similar argument as that in Claim 1 and Claim 2 we can
show that T'(p, €)zo(¢€) and fé T(p-s,¢€)f(s,€)ds are continuously (Frechét) differentiable with
respect to €. Thus,

z(t,e) =T(t, €)zp(e) + It T(t-s,e)f(s e)ds (3.25)
0

is continuously (Frechét) differentiable with respect to € for € € P. O

Now we present a theorem with an assumption on the resolvent of the operator A(e)
instead of the Cy-semigroup T'(t, €).



Journal of Inequalities and Applications 11

Theorem 3.5. Assume Theorem 3.4(1) and (3) and that

(1) for some 0 <6 < /2,p(A(€)) D X5 = {A:|argA| < /2+ 6} U {0} foralle € P,

(2) there exists a constant M such that ||(AI — A(e))~}|| < M/|A| for A€ 35, A#£0and all
c€DP,

(3) for each z € X and each A € 25\{0},()LI—A(5))_12 is continuously (Frechét)
differentiable with respect to € on P. Moreover, for any €y € P there exists 6(gy) > 0
such that € € B(eo, 6(g9)) implies

|D-01 - A@) 2| <nr,2), (3.26)
where (A, z), A € T, is measurable and for t > 0

f q(A,z)|eM| )| < co. (3.27)
T

Then there exists a unique p-periodic solution of (1.5), say z(t, €), which is continuously (Frechét)
differentiable with respect to € for € € P.

Proof. First note that from Theorem 2.2 we have, for each z € X,

D.T(t ¢)z = % L eM [Dg(u - A(g))*lz] du, (3.28)

where I' is a smooth curve in } 5 running from e to ooe'® for some 8, /2 <0 < /2 + 6.

Moreover, since D,(AI — A(¢)) "'z is continuous in ¢, it is clear from (3.28) that
D.T(t, €)z is continuous in ¢, so Theorem 3.4(2) is satisfied. Also it is clear from (3.28) that
D.T(t, ¢)z is continuous in (¢, €). By Theorem 2.6, we have

ID:T(t e)z|| < H(t €)||z||, forsome H(t e) > 0. (3.29)
Now by the Principle of Uniform Boundedness, there is a H () > 0 such that
ID.T(t,e)zll < Heo)llzll V(&) € [0,p] x Bleo, 6(c0), (3.30)
thus (3.9) is satisfied. Now the desired result follows from Theorem 3.4. O
4. Differentiability Results of (1.3)

In this section, we discuss the general (1.3). Let P = B(0,1) € D.

Lemma 4.1. Assume that Theorem 3.4(1) and (2) are satisfied. Then (I =T (p, ) 'zis continuously
(Frechét) differentiable with respect to € for each z € X.
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Proof. First note that from Theorem 3.4(1), we see that (I — T(p,s))’1 exists by Lemma 2.7.
Also,

|a-T(pe) | < == H. (@)
Next consider the operator defined on X:
K(e)z=T(p,e)z+y, where y isa given pointin X. (4.2)
Then we have
IK(e)z1 = K(e)z2ll < [|T(p, ) || - 121 = 22l < atllz1 - 22, (4.3)

so K(e) is a uniform contraction. Also it is obvious that K(¢)z is continuous in ¢ by
Theorem 3.4(2). Therefore from Theorem 2.4 it follows that there is a unique fixed point of
K (e), say z(¢).

Furthermore, since

D.K(e)z=D.T(p,¢)z,

(4.4)
D.K(e)z=T(p,¢),
which clearly satisfy Lemma 3.2(1) and (2), so by Lemma 3.2, we have that
z(e) = (I-T(p,e)) 'y (4.5)
is continuously (Frechét) differentiable w.r.t. €. O
Let PC[R,p] = {g € C(R) | g(t +p) = g(£)}.
Consider the equation
z(t) = A(e)z(t) + f(t,g(t), €)
(4.6)

z(0) = z

on a Banach space (X, || - ||), where f(t +p, g,€) = f(t, g,¢) for some p > 0 and g € PC[R, p],
and f(t, g, €) is continuous in (t, g,€) € R x PC[R, p] x P.

Lemma 4.2. Assume that Lemma 3.2(1) and Theorem 3.4(2) and (3.9) are satisfied and

(K) f(t,z,¢) is continuously (Frechét) differentiable with respect to e.
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Then there exists a unique p-periodic solution of (4.6), say z(t, €, g), which is continuously (Frechét)
differentiable with respect to € for € € P. Also

z(0,6,8) = (I-T(p,e))” J: T(p-s,e)f(s g(s) €)ds. 4.7)

which is continuously (Frechét) differentiable with respect to e.

Proof. Let F(t,¢) = f(t,g(t),e). Then F(t+p, ) = F(t,¢). Also it is obvious that F(t, €) satisfies
Theorem 3.4(3) . Therefore by Theorem 3.4, there is a unique p-solution z(t,¢,g) of (4.6)
which is continuously (Frechét) differentiable with respect to . In particular, z(0,¢,g) is
continuously (Frechét) differentiable with respect to €. Moreover, using the same argument
as that in the proof of Theorem 3.4 we see that

P
z(0,6,8) =T(p,€)z(0,¢,8) + f T(p—s,¢)f(s g(s) €)ds. (4.8)
0
Thus
-1 p
z(0,6,8) = (I-T(p,¢€)) J‘ T(p—s,e)f(s,g(s),€)ds, (4.9)
0
which is continuously (Frechét) differentiable w.r.t. ¢ by Lemma 4.1. O

Define K(¢) : PC[R,p] — PCI[R, p] by
K(e)g(t) =T(t,e)z(0,¢,8) + Jt T(t-s,e)f(s,g(s) €)ds. (4.10)
0

Lemma 4.3. Assume that Theorem 3.4(1)-(2) and (3.9) and Lemma 4.2(K) are satisfied. In addition,
assume that

(1) T(t,€)z is continuous in € for each z € X, and

IT(t e)ll < M(to) (4.11)

for some M(ty > 0) and all € € P, t € [0,to].
(2) |f(t,z1,€) = f(t, z2,€)|| £ L(€)||z1— 22|, where L(¢) is continuous in € € P and L(0) = 0.
(3) fao(t,g,€) = (0/08) f(t, g, €) is continuous in (t, g, €).

Then the operator K (€) has a unique fixed point g(-,€) € PC[R, p] which is continuously (Frechét)
differentiable with respect to €.

Proof. Itis clear that (PC[R, p], || - ||,) is a Banach space. Since L(0) = 0, then, by the continuity
of L(¢), there is 6y such that € € B(0, 6p) implies

1

Le) < s EMEE 1]

(4.12)
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Now fore € P,

IT (¢t e)ll-||z(0,81,€) —z(0, g, €) ||

“ir ol |a-TG.e)™ [ 150 (s 500) - Fls s

(by (4.7))

< M(t) | (1 -T(p, )|
IG5l 15 81) - £(s.80. s by Lemma 43(1)
< M(ty) - H - M(to) f:||f(s, g1,€) — f(s,g,¢€)||ds (by Lemma 4.1)

1
<H-M?(to) - pL(e) |81 - &2|l < 7 [181 - |l (by (4.12)),
(4.13)

(=1 1765, 1050.0) - (29, s
< L(e) J;” g1(s) — g(s)||ds  (by Lemma 4.3(1)-(2)) (4.14)
<M-pL(e)||g1 - || < };IIgl - &l (by (412)).
Hence,
[K(e)g1 - K@) < ITt o)l]|z(0, &1,€) = 2(0, g2, 6) |
+ J;IIT(t —s, &)l - || (s, g1(s),€) = f (s, 8(5),€)||ds (4.15)

<-|lgi -l (by(4.13) and (4.14)).

N =

Therefore K (¢) is a uniform contraction.
Furthermore, K(¢)g is continuous in ¢ for fixed g, and also

D.K(e)g =T(t,e)Dyz(0,¢,8) + Jt T(t-s,€)f2(s, g(s),€)ds,
0
P t
=T(te)(I- T(p,‘s))_1 J‘ f2(s,8(s),€)ds + J‘ T(t-s,e)f2(s,g(s),e)ds, (4.16)
0 0

¢
D.K(e)g = [D:T(t,e)z(0,¢,8)] + J‘o [D:T(t-s,€)f(s,8(s),€)]ds
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are continuous in (g, €). Therefore from Theorem 2.4 it follows that K(¢) has a unique fixed
point, say g(-,¢) € PC[R,p], which is continuously (Frechét) differentiable with respect
toe. O

Now we present the main theorem for (1.3).

Theorem 4.4. Assume that Theorem 3.4(1)-(2) and (3.5), Lemmas 4.2(K), and 4.3(1)—(3) are
satisfied.

Then there exists a unique p-periodic solution of (1.3), say z(t, ), which is continuously
(Frechét) differentiable with respect to € for € € P.

Proof. This is an immediate result from Lemmas 4.2 and 4.3. O

5. Application to a Periodic Boundary Value Problem

Consider the periodic boundary value problem (1.1) on the Banach space L?[0,1], where
fi(t+p) = f1(t), f2(t + p) = fa(t), for some p > 0 and f1, f» € C(R).

Let
w=u-mx->, (5.1)
where
o kifo — ko f1
k1(k2 + hz) + k2h1 ! (5 2)
b= (ka + ho) f1 + ha f> .
- ki(kz + hy) + ko
Then (1.1) becomes
Wy = Wyy + F(t,6), €= (ky, ky, h1,h0) € Rﬁ, fort>0,
w(x,0) = wy(x) for x €[0,1],
(5.3)

klw(o/ t) - hlwx(ol t) = 0/
k2w(1/ t) + h2wx(1l t) = 0/

where F(t,€)(x) = (1/(ki(k2 + h2) + kah1)) [(k1 f5(t) = ko f1(£))x + (h2 + k2) f1(t) + By f5 ()]
Assume ki, k, > 0 and let « = hy/k; and p = hy/k;. Then the associated abstract
Cauchy problem is

dw(t) _ A(e)w(t) + F(t,e),
o (5.4)

w(0) = f,
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on X = (L?[0,1],] - I;2), t € R, where

2
MO =1 e=(@p)eR={(ap) R ap20), s

D(A(e)) = {w € H2[0,1] | w(0) — aw'(0) = 0, w(1) + pw'(1) = 0}.

We now show that (5.4) satisfies all assumptions of Theorem 3.5.
It is well known that the operator A(e) generates an analytic semigroup. The resolvent
(AI — A(e)) ™" of A(e) satisfies, for all ¢ € R2and \ € Saa = (A JargA| < (3or)/4},

|ar = aen?| < % where M = /2. (5.6)

Thus Assumptions Theorem 3.5(1) and (2) are satisfied. Also, refer to [3, Section 4],
we have shown that (A — A(¢)) 'x is continuously (Frechét) differentiable with respect to
€. So Assumption Theorem 3.5(3) is satisfied. Furthermore, from the expression of F, it is
obvious that F(t, ) is continuous in (f,€) and is continuously (Frechét) differentiable with
respect to ¢, so Theorem 3.4(3) is satisfied. Now to apply Theorem 3.5, we only need to show
that Theorem 3.4(1) is satisfied.

In fact, for wy = 307 anpn(x),

T(t, &)wy = iane)‘”t%(x), (5.7)

n=1

where A, <0, and a,, \,, and ¢,, depend on e. Moreover,

2
1T (p, €)ewn]|* =

ianew bn(x)
n=1

< [e*”’

(o)
< 32)‘1PZ|an|2 (since e2n=tp < 1)
n=1

[*e]
> ane P (x)

n=1

2 0
— 2hp | 2 ,2(0—h)p
=e E ay|"e
] n=1 (58)

= ™7y |* = o ||wo I (since a=elf < 1).

Thus Theorem 3.4(1) is satisfied. Now all the assumptions of Theorem 3.5 are satisfied,
therefore (5.4) has a unique p-periodic solution, say w(t, €), which is continuously (Frechét)
differentiable with respect to €. Moreover, u(t, ) = w(t, €) + mx + b is the unique p-periodic
solution of (1.1) and it is continuously (Frechét) differentiable with respect to .
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