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We solve the inhomogeneous differential equation of the form y" +2xy' -2ny = >,;_, a,,x™, where
n is a nonnegative integer, and apply this result to the proof of a local Hyers-Ulam stability of the
differential equation y” + 2xy’ — 2ny = 0 in a special class of analytic functions.

1. Introduction

Assume that X and Y are a topological vector space and a normed space, respectively, and
that I is an open subset of X. If for any function f : I — Y satisfying the differential inequality

”an(x)y<”) () + @1 ()" (x) + -+ ay (x)y (x) + ao(x) y (x) + h(x)“ <e (1.1)
for all x € I and for some € > 0, there exists a solution fy : I — Y of the differential equation
an(x)y" (x) + ap1 (X)y "D (x) + - + a1 ()Y (x) + ap(x)y(x) + h(x) =0 (1.2)

such that || f(x) — fo(x)|| < K(¢) for any x € I, where K(¢) is an expression of € only, then we
say that the above differential equation satisfies the Hyers-Ulam stability (or the local Hyers-
Ulam stability if the domain I is not the whole space X). We may apply this terminology for
other differential equations. For more detailed definition of the Hyers-Ulam stability, refer to
[1-6].

Obloza seems to be the first author who has investigated the Hyers-Ulam stability of
linear differential equations (see [7, 8]). Here, we will introduce a result of Alsina and Ger
(see [9]): If a differentiable function f : I — R is a solution of the differential inequality
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ly'(x) — y(x)| < &, where I is an open subinterval of R, then there exists a solution fy: I — R
of the differential equation y'(x) = y(x) such that | f(x) — fo(x)| < 3¢ for any x € I.

This result of Alsina and Ger has been generalized by Takahasi et al.: They proved
in [10] that the Hyers-Ulam stability holds true for the Banach space-valued differential
equation y'(x) = Ay(x) (see also [11]).

Using the conventional power series method, the author in [12] investigated the
general solution of the inhomogeneous Legendre differential equation of the form

<1 - x2>y"(x) -2xy'(x) +p(p+1)y(x) = Zamxm (1.3)
m=0

under some specific conditions, where p is a real number and the convergence radius of the
power series is positive. Moreover, he applied this result to prove that every analytic function
can be approximated in a neighborhood of 0 by the Legendre function with an error bound
expressed by C(x?/(1 - x?)) (see [13-15]).

Let us consider the error function and the complementary error function defined by

2 J‘x e 2 J‘°° e
erfx=—| e dt, erfcx=—| e dt=1-erfx, (1.4)
VI ) o VI x

respectively. We recursively define the integrals of the error function as follows:

[ee]

2
iterfcx = —e*xz, ierfc x = erfcx, i"erfcx = J‘ i"terfe tdt (1.5)
Jr X

for any m € Ny. Suppose that we are given a nonnegative integer n, and we introduce a
differential equation

y'(x) + 2xy'(x) - 2ny(x) =0, (1.6)
whose general solution is given by

y(x) = Ai"erfc x + Bi"erfc (—x) (1.7)

(see [16, §7.2.2]).
In Section 2 of this paper, using power series method, we will investigate the general
solution of the inhomogeneous differential equation:

y'(x) + 2xy' (x) - 2ny(x) = iamxm, (1.8)
m=0

where the radius of convergence of the power series >,_; a,,x™ is p > 0, whose value is in
general permitted to have infinity. Moreover, using the idea from [12-14], we will prove the
Hyers-Ulam stability of the differential equation (1.6) in a class of special analytic functions
(see the class Ck in Section 3).

In this paper, Ny denotes the set of all nonnegative integers.
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2. General Solution of (1.8)
In the following theorem, we solve the inhomogeneous differential equation (1.8).

Theorem 2.1. Assume that n is a nonnegative integer, the radius of convergence of the power series
S_g Amx™ is p > 0, and that there exists a real number p > 0 with

|aom| < pPm(2m +2)(2m + 1)|agmsa|  (if 1 is odd),

2.1
|aome| < p2m(2m +3)(2m +2)|fomss|  (if n is even) @D
for all sufficiently large integers m, where
m—1 m— Z(Zk), m=1 .
Xom = (2m Z azkigl(” - 2i),
(2.2)

om Z (2k+1)' =

A2k+1 H - (2i+1)]
2m + 1)' Faiee]

Pom+1 =

foranym € {2,3,...}. Let us define py = min{p,1/u} and 1/0 = co. Every solution y : (—po, po) —
C of the inhomogeneous differential equation (1.8) can be represented by

o0 am— " 0 " o0 m
Y() = yn(0) + 3 eI Y a4 3 o, (2.3)
m=2 m=2

m=2

where yy,(x) is a solution of the homogeneous differential equation (1.6).
Proof. Assume that a function y : (-po,po) — C is given by (2.3). We first prove that the

function y,(x), defined by y(x) — yn(x), satisfies the inhomogeneous differential equation
(1.8). Since

= A
Yp(x) = ZmL—zl x4 ZZmame 1y Z(Zm + 1) Boms 6™

m=2 m=2

Yp(x) = Zamx + Z (2m +2)(2m + 1) Az x™™ (2.4)

m=1

+ Z (2m +3)(2m + 2)ﬁ2m+3x2’"+1
m=1
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we have

Yy (x) +2xy,(x) = 2ny,(x) = Zamxm + Z (2m +2)(2m + 1)@y x™™

m=0 m=1

2
+ Z (2m + 3) (2m + 2) foms3x>™ + Z - 12 X

m=1 m2

+ Z4ma2mx2m + ZZ(Zm + 1)ﬂ2m+1x2m+1

m=2 m=2

_ Z Tjgfl’m i) ZZnazmx Zznﬂz K2m+l

(2.5)
e] [ee]
= Zamx’" + 12042 + Z (m +2)(2m + 1) agunx™™
m=0 m=2
+2065x° + D" (2m +3) (2m + 2) oy 3"
m=2
< 2(m—n)
—_— 2 2
+mZ:2m(m— 1)am ox™ mZZ (n—- m)ame
- > 2[n- 2m+1)]foma ™™
m=2
for all x € (—po, po)-
It is not difficult to see that
(2 +2)(2m + 1 tamss = 2(11 — 2m)atzy + —— 2"
2m+2 = 2m m(zm — 1) 2m-2s
@ N (2.6)
n-(2m+
(27”’1 + 3) (27”’1 + 2)ﬁ2m+3 = 2[71 — (Zm + 1)]ﬁ2m+] + mazm_l
for any m € N. Hence, we obtain
" ’ n-2m 3
Yp(x) +2xy,(x) — 2ny,(x) = Zamx +12a4x° + Z m@m=1) Az x™™ + 20Bsx
-(2m+1 &
no@mAl) o ame Zmamﬂxm 27)

m(m—1)

which proves that y,(x) is a particular solution of the inhomogeneous equation (1.8).
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We now apply the ratio test to the power series expression of y,(x). If n is an odd
integer not less than 0, then f,.2 = fpa = Pne = -+ = 0. Hence, the power series
S s Pome1x¥™* 1 is a polynomial. And it follows from the first conditions of (2.1) and (2.6)
that

i Comi2 | lim n-2m N n-2m Arm-n
m—w| dyy | moo|(m+1)2m+1) mCm+2)2m+1)2m-1) asy,
- lim [n —2m| A2m-2
m—com(2m+2)2m+1)2m—-1)| ayy (2.8)
. | —2m| 2
<1 -1)2mQ2m-1
< i Gm ) @m s Nam-n (M- D2m@m-1)
= #2'
If n > 0 is an even integer, then we have ay,.» = a4 = @y = --+ = 0. Thus, for each

even integer n > 0, the power series Y5 _, a,x*™ is a polynomial. By the second conditions
in (2.1) and (2.6), we get

lim Pomss| n-2m+1) n-2m+1) Aom-1
m—oo|Pyns1 | m—o|(@m+3)(m+1)  (2m+3)(2m +2)(2m + 1)m Poms
[n—(2m+1)] A1

m o (2m + 3)(2m + 2)(2m + 1)ym

Pom+1 (2.9)

) [n—(2m+1)]
< lim
m—ow (2m+3)(2m+2)2m+ 1)m

= ”2'

Wr(m—1)(2m+1)2m

Therefore, the power series expression of y,(x) converges for all x € (—po, po)-

Moreover, the convergence region of the power series for y,(x) is the same as those
of power series for y,(x) and y,(x). In this paper, the convergence region will denote the
maximum open set where the relevant power series converges. Hence, the power series
expression for y,(x) + 2xy,, (x) — 2ny,(x) has the same convergence region as that of y,(x).
This implies that y,(x) is well defined on (~po, po) and so does for y(x) in (2.3) because y;(x)
converges for all x € R under our hypotheses.

Since every solution to (1.8) can be expressed as a sum of a solution y(x) of the
homogeneous equation and a particular solution y,(x) of the inhomogeneous equation, every
solution of (1.8) is certainly in the form of (2.3). O

Remark 2.2. We might have thought that the conditions presented in (2.1) were too strong.
However, we can show that some familiar sequences {a,,} satisfy the conditions in (2.1). For
example, letn = 0 and ag = a1 = 1, azy = aoms1 = 1/(m —1)! for all m € N and choose an
arbitrary p > 0. Then, by some manipulations, we can show that the coefficients sequence
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{am} satisfies the second condition of (2.1) for all sufficiently large integers m as we see in the

following:

2
prm(2m +3)(2m +2) | Bamsa| = ﬁ

m-1
1+ > (-1)*k
k=1

o1 (2.10)
- (m-1)!

= |axm1]-

3. Hyers-Ulam Stability of (1.6)

In this section, let n be a nonnegative integer and let p be a constant with 0 < p < oo. For a
given K > 0, let us denote by Ck the set of all functions v : (—p,p) — C with the properties
(a) and (b):

(a) y(x) is represented by a power series ».._ b,,x™ whose radius of convergence is at
least p;

(b) it holds true that > |anx™| < K| > g amx™| for all x € (-p,p), where a,, =
(m+2)(m+1)by4o +2(m — n)b,, for each m € Ny.

It should be remarked that the power series ., a,,x™ in (b) has the same radius of
convergence as that of X ,>_, b, x™ given in (a).

In the following theorem, we prove that if an analytic function satisfies some given
conditions, then it can be approximated by a combination of integrals of the error function
(see the last part of Section 1 or [16, §7.2.2]).

Theorem 3.1. Let n be a nonnegative integer. For given constants K and p with K > 0 and 0 <
p < oo, suppose that y : (—p,p) — C is a function which belongs to Cx. Assume that there exist
constants p, v > 0 satisfying

v2|a2m+2| < lagm| < ‘uzm(2m +2)(2m + 1)|azms2|, (3.1)

V2| Bomss| < |@oma1| < Wrm(2m + 3)(2m + 2)| o3 (32)

forall m € N. (See the definitions of ay,y, and Poy1 given in Theorem 2.1. Indeed, it is sufficient for the
second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Let us define
po =min{p,1/u}, where 1/0 = co. If the function y satisfies the differential inequality

|y" () +2xy' (x) - 2ny(x)| < e (3.3)
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forall x € (=po, po) and for some € > 0, then there exists a solution y, : R — C of the differential
equation (1.6) such that

|y (x) = yn(x)] < (% + %)Kexz (3.4)

for any x € (=po, po)-

Proof. Since y € C, it follows from (a) and (b) that

y'(x) +2xy' (x) - 2ny(x) = Z [(m +2)(m + 1)byuz + 2(m — n) by, | x™

m=0
(3.5)
= Z A, x™
m=0
for all x € (—p, p). It follows from the last equality and (3.3) that
(3.6)
for any x € (—po, po). This inequality, together with (b), yields that
Z|amxm| <K Zamxm <Ke (3.7)
m=0 m=0
for each x € (—po, po)-
By Abel’s formula (see [17, Theorem 6.30]), we have
Z lamx™| s Z |amx I;
(m +2)(m+1) (p+2)(p+1)
N 1 1
- 3 ( Xa] 3)(m+2) (m+2)(m+1
=\ (m+3)(m+2) (m+2)(m+1)
Zl amx™|
(e 2) (p+1) 5= (38)
p=1 / m
; 2
+ a;x'
mz=o<§| '>(m+1)(m+2)(m+3)
= 2
<

= mzng (m+1)(m+2)(m+3)

~

N
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for any x € (—po, po) and p € N, since

i(m+1)(mi2)(m+3) =§:{<ﬁ_m1+2>+<m1+3_m1+2>} =%' o

m=0 =0

Hence, it follows from (3.7) and (3.8) that

= 1 K
— 2 m < 2
x m2=0|amx |—( Dm) S 2 £x

Am-2 e

= (3.10)

2

for each x € (—po, po)-
Finally, it follows from Theorem 2.1, (3.1), (3.2), (3.7), and (3.10) that there exists a
solution function y, : R — C of the homogeneous differential equation (1.6) such that

|y(x) Yn x)| = Z‘m(t’:;lﬂ 21)

(o) oo}
+ Z |‘x2m||x2m| + Z |ﬁ2m+1 | |x2m+1
m=2 m=2

1 [ee]
<§sx + 2Z|¢12m 2|| 2m| ;lehm—l”xzm+1 (3.11)
m=2
1 1
S(E v2>st
for all x € (—po, po)- O

If p is finite, then the local Hyers-Ulam stability of the differential equation (1.6)
immediately follows from Theorem 3.1.

Corollary 3.2. Let n be a nonnegative integer. For given constants K and p with K > 0 and 0 <
p < oo, suppose that y : (—p,p) — C is a function which belongs to Cx. Assume that there exist
constants p,v > 0 satisfying the conditions in (3.1) and (3.2) for all m € N. (It is sufficient for the
second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Let us define
po = min{p,1/u} and 1/0 = oo. If the function y satisfies the differential inequality (3.3) for all
X € (=po, po) and for some € > 0, then there exists a solution yy, : R — C of the differential equation
(1.6) such that

ly(x) —yn(x)| < <1 + l>I<p € (3.12)

for any x € (=po, po).

We now deal with an asymptotic behavior of functions in Cx under the additional
conditions (3.1) and (3.2).

Corollary 3.3. Let n be a nonnegative integer. For given constants K, p, and py with K > 0 and
0 < p1 < p £ oo, suppose that y : (—=p, p) — Cis a function belonging to Cx. Assume that there exist
constants y > 0 and v > 0 satisfying the conditions in (3.1) and (3.2) for any m € N. (It is sufficient
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for the second inequalities in (3.1) and (3.2) to hold true for all sufficiently large integers m.) Then
there exists a solution yy, : R — C of the differential equation (1.6) such that

|y(x) - yn(0)] = O(x?) (313)

asx — 0.

Proof. Since y € Ck, it follows from the first 4 lines of the proof of Theorem 3.1 that
y"(x) + 2xy'(x) = 2ny(x) = Zamxm (3.14)
m=0

for all x € (=p,p). As was remarked in the first part of Section 3, the radius of convergence
of the power series >, a,x™ is same as that of >,7°_, b,,x™ (= y(x)), that is, it is at least p.
Since 0 < p; < p, if we set pg = min{p1,1/u}, then there exists a constant 6 > 0 such that

[ee]
S <

m=0

ly" (x) +2xy' (x) - 2ny(x)| = <6 (3.15)

for any x € (=po, po)-
According to Theorem 3.1, there exists a solution y;, : R — C of the differential
equation (1.6) satisfying

|y (x) = yn(x)| < (% + %>K6x2 (3.16)

for any x € (—po, po). Hence, we have
|y(x) - yu(x)| = O(+*) (3.17)
asx — 0. 0

4. An Example

The conditions in (3.1) and (3.2) may seem too strong to construct some examples for the
coefficients a,,’s. In this section, however, we will show that the sequence {a,,} given in
Remark 2.2 satisfies these conditions: let n = 0 and ag = a; = 1, ayy = azy1 = 1/(m - 1)!
for all m € N and choose some constants y > 0 and v = /2. The second inequality in (3.2) has
been verified in Remark 2.2.
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The first inequality in (3.2) is also true for all m € N as we see in the following;:

(—l)m 1 m-1

k
2m+3)(2m + 2) ﬁkzzo(_l) klazkn

v2 |ﬁ2m+3 | =2

2 m-1 K
< -
S @me3)@mr ym el ;( Dk
2 m+1 (4.1)
< =T
S Gmrnamrm 2|2 ]
< m+1 la |
= 2m+3)2m+2)m'
S |a2m+1|/
where [x] denotes the largest integer not exceeding x.
It is not difficult to show that
1 (2k +2)! (2k)! 2k -1
< — <
4k T 41k +1)1k! 4RkN(k-1)! T 4k ] (42)
1 (2k)! 1
<" <k-= 4,
27 4kkl(k-1)! T 2 (43)
forall k € N.
By using (4.2), we will now prove that
m—1 k
-1*  (2k)!
1+ —_— (4.4)
é 4k k!(k—-1)!
asm — oo: if m = 2€ for some € € N, then
m-1 _ k i -1 7\ | H |
1+Z( 1H*  (2k)! :1+ [i . (41?. B 1 §4z+2)..
o4k ki(k-1)! 2 S[4% (20)1(2i-1)! 4%+ (20 +1)1(20)!
-1 4.
5D 45)
T2 4N\ 8
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If m =2€ +1 for some ¢ € N, then

m -k (2k)! ‘1 (41)! 1 (4i - 2)!
143 -1+ 3| il i

gk K=y Qi)1Q2i-1)! 431 (2i - 1)I(2i - 2)!

| (4.6)

i-1 Ot~

—> 00 as m — Q0.

It then follows from (4.3) and (4.4) that

4™ m! ml( Dk @2K)!
2
wm2m+2)(2m + 1)|agmo| = #2(2m D& 4k Kl a2k
4 ml(m - 1)! & (-DF @2kt
2
_ Ll
e Tl P T T )Y 4.7)
1 E(EDE @2k
> 1Pm—
>u mm|azm|1"‘k=1 * Kk=-1)

> |a2m|

for all sufficiently large integers m, which proves that the sequence {a,,} satisfies the second
inequality in (3.1).

Finally, we will show that the sequence {a,,} satisfies the first inequality in (3.1). It
follows from (4.3) that

) L Amm mlDk (©2k)!
v |a2m+2| - ( kg 4k k' k 1)|
4mml(m - 1)! (-1)*  (©2k)!

amr 2y a2

m-1
+ S S —
kz;; 45 ki(k—1)!

B 2 4mm!(m - 1)!
S 2m+2)2m+1)  (2m)!

& (-DE @2kt
25 K!(k - 1)!

|a2m| 1+

4

< S (DF (2K)!
= 2m+2)(2m+1)

m—1
+ —_—
é 4 Kl(k-1)!

|a2m| 1

4
<
S Gmr2)@men ol

= (2k)!
I+ kz:;‘4kk!(k 1)1 '
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4 mol 1
< - _
S Gmr2)@m+D ol 1+k§<k 2>

2m? —4m+6
|a2m|

T em+2)2m+1)

< |a2m|
(4.8)

for each m € N.
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