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We introduce and study the general nonlinear random (H, 77)-accretive equations with random
fuzzy mappings. By using the resolvent technique for the (H,#)-accretive operators, we prove
the existence theorems and convergence theorems of the generalized random iterative algorithm
for this nonlinear random equations with random fuzzy mappings in g-uniformly smooth Banach
spaces. Our result in this paper improves and generalizes some known corresponding results in
the literature.

1. Introduction

Fuzzy Set Theory was formalised by Professor Lofti Zadeh at the University of California
in 1965 with a view to reconcile mathematical modeling and human knowledge in
the engineering sciences. The concept of fuzzy sets is incredible wide range of areas,
from mathematics and logics to traditional and advanced engineering methodologies.
Applications are found in many contexts, from medicine to finance, from human factors to
consumer products, and from vehicle control to computational linguistics.

Random variational inequality theories is an important part of random function anal-
ysis. These topics have attracted many scholars and exports due to the extensive applications
of the random problems (see, e.g., [1-17]). In 1997, Huang [3] first introduced the concept of
random fuzzy mapping and studied the random nonlinear quasicomplementarity problem
for random fuzzy mappings. Further, Huang studied the random generalized nonlinear
variational inclusions for random fuzzy mappings in Hilbert spaces. Ahmad and Bazédn [18]
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studied a class of random generalized nonlinear mixed variational inclusions for random
fuzzy mappings and constructed an iterative algorithm for solving such random problems.

Very recently, Lan et al. [11], introduced and studied a class of general nonlinear
random multivalued operator equations involving generalized m-accretive mappings in
Banach spaces and an iterative algorithm with errors for this nonlinear random multivalued
operator equations.

Inspired and motivated by recent works in these fields (see [2, 13, 14, 18-29]), in this
paper, we introduce and study a class of general nonlinear random equations with random
fuzzy mappings in Banach spaces. By using Chang’s lemma and the resolvent operator
technique for (H, 17)-accretive mapping. We prove the existence and convergence theorems of
the generalized random iterative algorithm for this nonlinear random equations with random
fuzzy mappings in g-uniformly smooth Banach spaces. Our results improve and extend the
corresponding results of recent works.

2. Preliminaries

Throughout this paper, let (Q, <4, ;1) be a complete o-finite measure space and E be a separable
real Banach space. We denote by B(E), (-,-) and || - || the class of Borel o-fields in E, the inner
product and the norm on E, respectively. In the sequel, we denote 2F, CB(E) and H by 2F =
{A: AeE},CB(E) = {A C E: Aisnonempty, bounded and closed} and the Hausdorff
metric on CB(E), respectively.

Next, we will use the following definitions and lemmas.

Definition 2.1. An operator x : Q — E is said to be measurable if, for any B € B(E), {t € Q :
x(t) € B} € A.

Definition 2.2. A operator F : Q x E — E is called a random operator if for any x € E, F(t, x) =
y(t) is measurable. A random operator F is said to be continuous (resp. linear, bounded) if for
any t € Q, the operator F(t,-) : E — E is continuous (resp. linear, bounded).

Similarly, we can define a random operator a: Q x E x E — E. We will write F;(x) =
F(t,x(t)) and a;(x,y) = a(t,x(t),y(t)) forall t € Q and x(t), y(t) € E.
It is well known that a measurable operator is necessarily a random operator.

Definition 2.3. A multivalued operator G : Q — 2F is said to be measurable if, for any B €
B(E),GY(B)={teQ: G(t)nB#0} € .

Definition 2.4. A operator u : Q — E is called a measurable selection of a multivalued
measurable operator I' : Q — 2F if 4 is measurable and for any ¢ € Q, u(t) € I'().

Lemma 2.5 (see [19]). Let M : Qx E — CB(E) be a H-continuous random multivalued operator.
Then, for any measurable operator x : Q — E, the multivalued operator M(-,x(:)) : Q — CB(E)
is measurable.

Lemma 2.6 (see [19]). Let M,V : Q x E — CB(E) be two measurable multivalued operators,
€ > 0 be a constant and x : Q — E be a measurable selection of M. Then there exists a measurable
selection y : Q — E of V such that, for any t € Q,

[|x(t) -y (]| < A +e)H(M(E), V(1)). (2.1)
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Definition 2.7. A multivalued operator F : Q x E — 2F is called a random multivalued operator
if, for any x € E, F(-,x) is measurable. A random multivalued operator F : Q x E — CB(E)
is said to be H-continuous if, for any t € Q, F(t,-) is continuous in H (+,+), where H (-,-) is the
Hausdorff metric on CB(E) defined as follows: for any given A, B € CB(E),

H(A, B) = max{ sup inf d(x,y),supinfd(x,y) ¢. (2.2)
xeA YEB yeB x€A

Let ¥(E) be the family of all fuzzy sets over E. A mapping F : E — ¥(E) is called a
fuzzy mapping over E.

If F is a fuzzy mapping over E, then F(x) (denoted by F,) is fuzzy set on E, and F.(y)
is the membership degree of the point y in Fy. Let A € ¥(E), a € [0, 1]. Then the set

(A),={x€eE:A(x) > a} (2.3)

is called a a-cut set of fuzzy set A.

(i) A fuzzy mapping F : Q — $¥(E) is called measurable if, for any given a € (0,1],
(F(+)), : Q — 2F is a measurable multivalued mapping.

(ii) A fuzzy mapping F : Q x E — §(E) is called a random fuzzy mapping if, for any
x €E,F(-,x) : Q — ¥(E) is a measurable fuzzy mapping.

Let K,T,G : Q x E — $(E) be three random fuzzy mappings satisfying the following
condition (C): there exists three mappings a,b,c: E — (0, 1], such that

(Ktx)ax) €CB(E),  (Tix)px) €CB(E),  (Grx)y €CB(E), Y(L,x) €QxE.  (24)

By using the random fuzzy mappings K, T and G, we can define the three multivalued
mappings K, T and G as follows, respectively.

K:QxE—CB(E), (tx) — (Kix),p, VY(t,x)EQXE,

T:QxE—CB(E), (tx)— (Tix)yy, VY(x)EQXE, (2.5)

)

:QxE—CB(E), (tx)— (Gix)yn), V(tx)EQXE.

It means that
K(t,x) = (Kix) ) = (2 € E, (Kix) (2) > a(x)} € CB(E),
T(t,x) = (Ti0)y 0 = 12 € E, (Ti)(2) 2 b(x)) € CB(E), (2.6)
G(t,x) = (Gtx) () = {2 € E, (Gix)(2) 2 ¢(x)} € CB(E).

It easy to see that K, T and G are the random multivalued mappings. We call K, T and G are
random multivalued mappings induced by fuzzy mappings K, T and G, respectively.
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Suppose thatp, S : QxE — Eand M : QxExE — 2F with Im(p) N dom(M(t,-, s)) #0,
H:QxE — Eand N: Qx Ex ExE — E be two single-valued mappings. Let K, T, G :
QxE — ¥(E) be three random fuzzy mappings satisfying the condition (C). Given mappings
a,b,c: E — (0,1]. Now, we consider the following problem:

Find measurable mappings x,u,v,w : Q — E such that for all t € Q, x(t) € E,
Koy (u(t)) > a(x(t)), Toxw (0(t)) 2 b(x(t)), Grxry (w(t)) > c(x(t)) and

0 € N(t S(t, x(t), u(t), v(t)) + M(t,p(t, x(t)),w(t)). (2.7)

The problem (2.7) is called random variational inclusion problem for random fuzzy mappings in
Banach spaces. The set of measurable mappings (x, u, v, w) is called a random solution of (2.7).
Some special cases of (2.7):
(1) If G is a single-valued operator, p = I, where I is the identity mapping and
N(t,x,y,z) = f(t,z) + gt,x,y) for all t € Q and x,y,z € E, then (2.7) is equivalent to
finding x,v: Q — E such that v(t) € T (¢, x(t)) and

0€ ft,o(t) + gt St x(t)), u(t)) + M(t, x(t), G(t, x(1))), (2.8)

forall t € Q and u € M(t,x(t)). The problem (2.8) was considered and studied by Agarwal
etal. [1], when G = 1.

If M(t,x,s) = M(t,x) forallt € Q,x,s € Eand, forallt € Q, M(t,-) : E — 2Fisa
(H{, n7)-accretive mapping, then (2.7) reduces to the following generalized nonlinear random
multivalued operator equation involving (H;, 77)-accretive mapping in Banach spaces:

Find x,v: Q — E such that v(t) € T(¢, x(t)) and

0 € N(t,S(t,x(1), u(t), v(t)) + M(t, g(t, x(t))), (2.9)

forall t € Q and u(t) € M(t, x(t)).
The generalized duality mapping J, : E — 2F is defined by

Jo) = {£* € B s (x, f) = I, I1F°1] = D1 (210)

for all x € E, where g > 1 is a constant. In particular, ], is the usual normalized duality
mapping. It is well known that, in general, J,(x) = llx||77% J2(x) for all x #0 and J, is single-
valued if E* is strictly convex (see, e.g., [29]). If E = H is a Hilbert space, then J, becomes the
identity mapping of H. In what follows we will denote the single-valued generalized duality
mapping by jg.

The modules of smoothness of E is the function pg : [0,00) — [0, 00) defined by

1
pE(t) = sup{§||x+ yl[+lx-yl|l-1: lIxlI <1, |y < t}. (2.11)

A Banach space E is called uniformly smooth if lim;_,o(pg(t)/t) = 0 and E is called g-uniformly
smooth if there exists a constant ¢ > 0 such that pg¢) < ct?, where g > 1 is a real number.
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It is well known that Hilbert spaces, L, (or [,) spaces, 1 < p < co and the Sobolev spaces
W™P, 1 < p < oo, are all g-uniformly smooth.

In the study of characteristic inequalities in a g-uniformly smooth Banach space, Xu
[30] proved the following result.

Lemma 2.8. Let q > 1 be a given real number and E be a real uniformly smooth Banach space. Then
E is g-uniformly smooth if and only if there exists a constant c; > 0 such that, for all x,y € E and
Jjq(x) € J4(x), the following inequality holds:

llx+ w7 <1l + aCy, jg () + cqlly |- (2.12)

Definition 2.9. A random operator p : Q x E — E is said to be:

(a) a-strongly accretive if there exists jo(x(t) —y(t)) € Jo(x(t) — y(t)) such that

2 (2.13)

(8(x) = & (y), ja(x(®) = y(D)) > a(t) | x(t) = y (D)

forall x(t), y(t) € E and t € Q, where a(t) > 0 is a real-valued random variable;

(b) p-Lipschitz continuous if there exists a real-valued random variable () > 0 such that

8:Gx) =g )l < BOIIx®) -y D, (2.14)

forall x(t),y(t) € Eand t € Q.

Definition 2.10. Let S : Q x E — E be a random operator. A operator N : Q x ExExE — E
is said to be:

(a) g-strongly accretive with respect to S in the first argument if there exists jo(x(t) —
y()) € J2(x(t) - y(t)) such that

(N(Si(x), ) = Ni(Se(), ), o (x()) = y(0)) 2 @) lx()) -y >, (215)

forall x(t), y(t) € E and t € Q, where ¢(t) > 0 is a real-valued random variable;

(b) e-Lipschitz continuous in the first argument if there exists a real-valued random
variable e(t) > 0 such that

[Nt(x,-,-) = Ne(y, -, ) || < e®)[|x () - y®)]|, (2.16)

forall x(t),y(t) € Eand t € Q.

Similarly, we can define the Lipschitz continuity in the second argument and third
argument of N (-, -, ).
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Definition 2.11. Letp: Q x E x E — E* be a random operator H : Q x E — E be a random
operator and M : Q x E — 2F be a random multivalued operator. Then M is said to be:

(a) n-accretive if
(u(t) —o(t),m(x,y)) >0, (2.17)

for all x(t),y(t) € E, u(t) € M;(x) and v(t) € M;(y) where M,(z) = M(t, z(t)), for
allt € Q;

(b) strictly n-accretive if
(u(t) —o(t),ni(x,y)) >0, (2.18)

forall x(t), y(t) € E, u(t) € Mi(x), v(t) € M(y) and t € Q and the equality holds if
and only if u(t) = v(t) forall t € Q;

(c) r-strongly n-accretive if there exists a real-valued random variable r(t) > 0 such that,
forany t € Q,

(u() - o), m(x,y)) > )| x(t) -y @), (2.19)

forall x(t), y(t) € E, u(t) € My(x), v(t) € M;(y) and t € Q.

Definition 2.12. Let 1 : Q x E x E — E be a single-valued mapping, A : Q x E — Ebea
single-valued mapping, M : Q x E — 2F be a multivalued mapping.

(i) My is said to be m-accretive if My is accretive and (I +p(t)M(t,-))(E) = E forallt € Q

and p(t) > 0, where [ is identity operator on E;

(ii) M is said to be generalized m-accretive if M is n-accretive and (I+p(t)M(t,-))(E) = E
forallt € Qand p(t) > 0;

(iii) M, is said to be H;-accretive if M; is accretive and (H; + p(t)M(t,-))(E) = E for all
teQand p(t) >0;

(iv) M; is said to be (Hy, 7)-accretive if M; is y-accretive and (H; + p(t)M(t, -)) (E) = E for
allt € Qand p(t) > 0.

Remark 2.13. If E = E* = H is a Hilbert space, then (a)—(c) of Definition 2.11 reduce to the
definition of #-monotonicity, strict 7-monotonicity and strong 7-monotonicity, respectively,
if E is uniformly smooth and 7(x,y) = j2(x — y) € Jo(x — y), then (a)—(c) of Definition 2.11
reduce to the definitions of accretive, strictly accretive and strongly accretive in uniformly
smooth Banach spaces, respectively.

Definition 2.14. The operator 7 : Q x E x E — E* is said to be: T-Lipschitz continuous if there
exists a real-valued random variable 7(t) > 0 such that

ln:(x y) || < (@) [|x(®) = y(B)

, (2.20)

forall x(t),y(t) € Eand t € Q.
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Definition 2.15. A multivalued measurable operator T : Q x E — CB(E) is said to be y- H-
Lipschitz continuous if there exists a measurable function y : € — (0, +o0) such that, for any
teQ,

H(Ty(x), Ti(y)) <y®)||x#) - y®)|, (2.21)

for all x(t), y(t) € E.

Definition 2.16. Let M : Q x E x E — 2F be a (Hy, n)-accretive random operator and H :
Q x E — E be r-strongly monotone random operator. Then the proximal operator | ﬁf?f‘* is

defined as follows:

534(? iI "(2) = (Hi +p()M) ™ (2), (2.22)

forallt € Qand z € E,wherep: Q — (0, 0) is ameasurable functionand 7 : QxExE — E*
is a strictly monotone operator.

Lemma 2.17 (see [31]). Let n1: E x E — E be a T-Lipschitz continuous operator, H : Q x E — E
be a r-strongly n-accretive operator and M : Q x E — 2F be an (Hy, n)-accretive operator. Then, the

p(t),H;

proximal operator J* v, ‘E— Eis 7971 /r-Lipschitz continuous, that is,

750 (x) = 150 (3| < —||x yll. YxyeE teQ. (2.23)

3. Random Iterative Algorithms

In this section, we suggest and analyze a new class of iterative methods and construct some
new random iterative algorithms for solving (2.7).

Lemma 3.1. The set of measurable mapping x,u,v,w : Q — E a random solution of problem (2.7)
if and only if for all t € Q, and

pi(x) = Tog M (H (pe(x)) = p()Ni(Si(x), 1, ). (3.1)
Proof. The proof directly follows from the definition of J, (t) H‘* as follows:

pr(x) = ﬁfigt(Ht(Pt(x))‘P(t)Nt(St(x)'”’U))

= pi(x) = (H + p(t)Mt)_1 [Hi(pi(x)) — p())Ni(Se(x), u,v)]
& H;(p:(x)) — p(t)N(Se(x), u,v) € Hy(pi(x)) + p()) M; (pi(x), w)
= 0e Mt(Pt(X),ZU) + Nt(St(x),u,v).

(3.2)
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Algorithm 3.2. Suppose that K,T,G : Q x E — $¥(E) be three random fuzzy mappings
satisfying the condition (C). Let K,T,G : Q x E — CB(E) be H-continuous random
multivalued mappings induced by K, T, and G, respectively. Let S,p : Q xE — E,
1 : QxExE — Eand N : Qx Ex Ex E — E be random single-valued
operators. Let M : Q x E x E — 2F be a random multivalued operator such that for
each fixed t € Q and s € E, M(t,,s) : E — 2F be a (H¢, 17)-accretive mapping
and Range(p) () dom M(t,-,s) #0. For any given measurable mapping xo : Q — E,
the multivalued mappings IZ(-,xo(-)),T(-,xo(-)),é(-,xo(-)) : Q — E are measurable by
Lemma 2.5. Then, there exists measurable selections u(-) € K (-, x0(+)),00(-) € T(-, xo(+)) and
wo(-) € G(-, x0(-)) by Himmelberg [6]. Set

x1(8) = x(t) = MO {pi(x0) = Iy [Hi (pr(x0)) = p(ON:(St(x0), w0, w0)] |, (3.3)

where A(t)p(t) and H; are the same as in Lemma 3.1. Then it is easy to know thatx; : Q — E
is measurable. Since u(t) € Izt(xo) € CB(E),v(t) € Tt(xo) € CB(E) and wy(t) € ét(xg) €
CB(E), by Lemma 2.6, there exist measurable selections uy(t) € K;(x1),v1(t) € Ti(x1) and
w1 (t) € Gy(x1) such that forall f € Q,

o) 0 < (1+ 1 ) H (R, K,
oot o101 < (1+ 1 A (Titxo), i), 34
feon(t) = or ] < (1+ 3 ) (Gutro), Gion).

By induction, we can define the sequences {x,(f)}, {u,(t)}, {v.(t)} and {w,(t)} inductively
satisfying

1 (£) = 20 (8) = M) {1 Gen) = T2 [Hi(pr(ea)) = p()NY(Si(60), 4, 0)] |,

T >ﬁ<IZt(xn),Izt(xn+1)>,

+ | =

Uy (t) € My(xn),  |tn(t) = upa (B)]| < <1 -

(3.5)
1

n+1

ou(®) €Titx),  ont) ~ona 011 < (1+ 5 VA (T, T,

w0u() € G, Tt = a1 < (14 =7 ) (G, G

From Algorithm 3.2, we can get the following algorithms.
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Algorithm 3.3. Suppose that E, M, 17, S, K, T and A are the same as in Algorithm 3.2. Let
G : QxE — EDbearandom single-valued operator,p=Iand N(t,x,y,z) = f(t,z)+g(t, x, y)
forallt € Qand x,y, z € E. Then, for given measurable x, : Q — E, we have

Xn+1 (t) (1 A(t))xn(t) + )‘(t)]M,( . )>{ n(t) - P(t) [ft(Un) + gt(st(xn)r un)] }/

un(t) € Izt(xn)/ lun(t) = una (D] < <1 + ! 1 >ﬁ<12t(xn)/ Izt(xn+1)>/ (3.6)

0 €Titxn), 1on(®) = vun O < (14 =7 ) (T, Tinn)).

Algorithm 3.4. Let M : Qx E — 2F be a random multivalued operator such that for each fixed
teQ, M(t,-) : E — 2F is a (H,n)-accretive mapping and Range(p) (\dom M(t,) #0.If S, p,
1, N, IZ, T and \ are the same as in Algorithm 3.2, then for given measurable xy : Q — E,
we have

1 () = 200 (8) = M) {1 Gen) = T 1 (ea) = pONI(S (), 100, 00)] |,

n(t) € Re(x),  [tn(t) = s (B)] < (1 L1 1)ﬁ(ﬁt(xn),12t(xn+1)), (3.7)

ou®) € Tix),  ou® =0l < (1+ 7 ) H(Titon) Titon).

4. Existence and Convergence Theorems

In this section, we prove the existence and convergence theorems of the generalized random
iterative algorithm for this nonlinear random equations with random fuzzy mappings in g-
uniformly smooth Banach spaces.

Theorem 4.1. Suppose that E is a g-uniformly smooth and separable real Banach space, p : QxE —
E is a-strongly accretive and B-Lipschitz continuous, : Qx E x E — E be T-Lipschitz continuous,
H : Qx E — E is r-strongly n-accretive and pa-Lipschitz continuous and M : Q x Ex E — 2F
is a random multivalued operator such that for each fixed t € Q and s € E, M(t,-,s) : E — 2F isa
(Hy, n)-accretive mapping and Range(p) (\dom M(t,-,s) #0. Let S: Q x E — E be a o-Lipschitz
continuous random operator and N : Q x E x E x E — E be e-Lipschitz continuous in the first
argument, p-Lipschitz continuous in the second argument and v-Lipschitz continuous in the third
argument, respectively. Let K, T,G : Q x E — ¥F(E) be three random fuzzy mappings satisfying the
condition (C), K,T,G : Qx E — CB(E) be three random multivalued mappings induced by the
mappings K, T, G, respectively, K, T and G are H- -Lipschitz continuous with constants pg(t), pz(t)
and ps(t), respectively. If for each real-valued random variables p(t) > 0 and sr(t) > 0 such that, for
anyt € Q, x,y,z€E,

@ -1 @) < x @l -yl (4.1)
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and the following conditions hold:
(1) = (1= qa(t) + ep()) " + T (Bpa(t) <1,

r(t)(1-1(£)) (4.2)

Ha(BP(t) + p(te®)o(t) + p(t)pg (t) +v()pug(t) < -
(1)

where c4 is the same as in Lemma 2.8 for any t € Q. If there exist real-valued random variables
A(t),p(t) > O then there exist x*(t) € E,u*(t) € K¢(x*),v*(t) € Ty(x*) and w*(t) € Gy(x*) such
that (x*(t), u*(t), v*(t), w*(t)) is solution of (2.7) and

xn(t) — x°(),  un(t) —u' (),  vu(t) =),  wa(t) —w(b) (4.3)

as n — oo, where {x,(t)}, {un(t)}, {vn(t)} and {w,(t)} are iterative sequences generated by
Algorithm 3.2.

Proof. From Algorithm 3.2, Lemma 2.17 and (4.1), we compute

|21 (£) = xn (£)]]

xa(5) = A0 {1 Gen) = T2 [Hi(pi(ea) = p(ONL(S1 (), 100, 0)] |

= 01 (B) + MO perat) = Tt [Hi(pi (1)) = pONL(Si(Xn1), ttn1, 000)] | |

< [len () = 2o (8) = A(8) (pe () = pr () |
+ 10|50 [Hi (pr(en)) = ()N (Si(60), 4, 0)]

= T [Hi(pr(x1) = pONKS (1), 1, 001)] |

< [l (8) = x01(8) = 1O (pr(axn) = pr(ea) |
+ 10|70 [Hi (pr(ea)) = p()NY(Si (), 4, 0)]
= ot [He(pr(xa1)) = pONG(Si (1), 1, 00-0)] |
MO0 He(prenn) = pONI(S1 (1), 1, 0n1)]

= Jhiet (i) = pON(S nar), s, 00|

< ”xn (t) - Xn-1 (t) - )‘(t) (pt(xn) - pt(xn—l)) ”

NOLOUS
MO
= [Hi(pi(xn-1)) = p()) Nt(S(xn-1), -1, 0n1) ] ||

+ M) () [|ewn — wp ||

”Ht (pt(x")) - p(t)Nt(St(xn)r Up, Up)
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< (L= M0 Ixn(t) = xn-1 ()| + X(E) [|20n (1) = X1 (£) = (pe(xn) = P (ocn-1)) ||

A a1
A (e ) - Hupr(er))|

+pOII(Nt(St(xn), tn, Un) = Ni(St(xn-1), tn, o)) |l

+ P(t) ”Nt(st(xn—l)r Uy, Un) - Nt(st(xn—l)r Up-1, vn) ||

+ p(OINH(St(xn-1), tn-1,0n) = Ni(St(Xn-1), U1, 0n1) ||}

+ A(t)ar () ||wy — wy-a]|-

(4.4)
By using p; is a strongly accretive and Lipschitz continuous, we have
”xn(t) — Xn-1 (t) - (pt(xn) - pt(xn—l)) ”q
< ||xn(t) — Xn-1 (t)“q - q((pt(xn) — Pt (xn—l))/jq(xn(t) — Xn-1 (t))> (4 5)

+ qulpt(xn) — Pt (xp-1) ”q
< (1= qa(t) + o)) lxa(t) = xn1 (D],

that is
[l260(8) = 2n1.(8) = (pe(xn) = i) || < (1= qa(t) + BB fxa(t) = xua (B, (46)

where ¢, is the same as in Lemma 2.8.

By Lipschitz continuity of N in the first, second and third argument, S, p, H is o-
Lipschitz continuous, f-Lipschitz continuous, p4-Lipschitz continuous, respectively, and K,
T, and G are H -Lipschitz continuous, we have

INt(St(xn), ttn, Un) = Ne(St(Xn-1), tn, vn) ||
< e(®)[1Se(xn) = Se(xn-1)l
<et)ot)llxn(t) - xn-1(B)]l,
INt(St(xn-1), tn, On) = Ne(Se(xn-1), thn-1,0n) ||

< .u(t)”un - un—l“

< u(t) <1 + %)H(Izt(an), Izt(xn)>

< (143 )HORE D50 - 22 01,
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||Nt(5t(xn—1)r Un-1, Un) - Nt(st(xn—l)/ Up-1, Un—l) ”

<v(®)|lon = vpll

<w(t) (1 + %)H<Tt(xn—l)rft(xn)>

< (1 + %)V(t)ﬂf(t)”xn(t) = xp1 (D),

Il (Hi (pe(xen)) = Hi(pr(xa-)) |
< pa®)||pre(xn) = pe(xn) ||
< pua(t)B)||xn () — xn1(B)],

||wn - wn—1||
< <1 + %)H(ét(xn—l)/ ét(xn)>

< (1 + %)y@a)nxn(t) —xaa (B

(4.7)
Using (4.6)—(4.7) in (4.4), we obtain for all t € Q,
11 (8) = % (]| < (D)1 () = 201 (D] (4.8)
where
Ba(t) = 1 - A(t) + M)k (8),
1
a(t) = (1= qa(®) + p0) T+ (14 1 )0 o
q-1
+ T 1 @80) + p0e100) + (14 1) (e ) + v(Opr )|
Letting
K(t) = (1= qa(t) + cp)) " + (B ps(t)
()™ ) ) (4.10)
F@ A®B®) + pOeWo®) + pbpg () + vz ()],

0(t) = 1 - A(t) + A(H)x(t).

Thus x,(t) — «(t), 0,(t) — 6(t) asn — oo. From (4.2), we know that 0 < 6(¢) < 1, for
all t € Q. Using the same arguments as those used in the proof of (Lan et al. [11, Theorem
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3.1, page 14]) it follows that {x,(t)}, {u,(t)}, {v.(t)} and {w,(t)} are Cauchy sequences. Thus
by the completeness of E, there exist u*(t), v*(t), w*(t) € E such that u,(t) — u*(t),v.(t) —
v*(t), w,(t) — w*(t) asn — oo.

Next, we show that u*(t) € K;(x*), we have

d(u*(t), Ki(x*)) = inf{||u*(t) - y|| : v € Ki(x")}

<l () = ()] + d(un (), Ki(x")) )
<l (1) = un (B)]] + H(K; (x0), Ki(x")) '

<l () = un (O]l + px (Bl 2xn(8) = x* (O — 0, 1 — o0.

This implies that u*(t) € K;(x*). Similarly, we can get v*(t) € T;(x*) and w*(t) € G;(x*) for all

t € Q. Therefore, from Algorithm 3.2 and the continuity of J& oFi

Myay - P» N and S, we obtain

pe(x) = ]ﬁf?ﬁ [Hi(pi(x)) = p(t) N1 (Si(x), u, v)]. (4.12)

By Lemma 3.1, we know that (x*(t), u*(t), v*(t), w*(t)) is a solution of (2.7). This completes
the proof. O

Remark 4.2. If the fuzzy mapping K, T and G are multivalued operators, H; = I, and
multivalued M is generalized m-accretive mapping, 7 is 6-strongly monotone, N is o-
strongly accretive with respect to S, then the result is Theorem 3.1 of Lan et al. [11].

From Theorem 4.1, we can get the following theorems.

Theorem 4.3. Let E, 11, S, Hy, IZ, T and A are the same as in Theorem 4.1. Assume that M : Q x E x
E — 2Fis a random multivalued operator such that, for each fixed t € Qand s € E, M(t,-,s) : E —
2F is a (Hy, n)-accretive mapping. Let f : Q x E — E be v-Lipschitz continuous, S: QxE — E
be a o-Lipschitz continuous random operator, G : Q x E — E be pe-Lipschitz continuous and
g Qx ExE — E be e-Lipschitz continuous in the first arqument and p-Lipschitz continuous in
the second arqument, respectively. If there exist real-valued random variables p(t) > 0 and or(t) > 0
such that (4.13) holds:

r()(1-x(tpst))
(17!

1+p(t)et)o(t) + ut)pug(t) +v(t)us(t) < (4.13)

for all t € Q, where c, is the same as in Lemma 2.8, for any t € Q, the iterative sequences {x,(t)},
{un(t)} and {v,(t)} defined by Algorithm 3.3 converge strongly to the solution (x*(t), u*(t),v*(t))
of (2.8).

Theorem 4.4. Suppose that E, p, S, 5, N, M, T and \ are the same as in Algorithm 3.2 Let M :
Q x E — 2F be a random multivalued operator such that, for each fixed t € Q, M(t,") : E — 2F
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is a (Hy, n)-accretive mapping and Range(p) ( dom M(t,-) # (. If there exists a real-valued random
variable p(t) > 0 such that, for any t € Q, and the following conditions hold:

1(£) = (1 - qa(t) + c,p(H) "7 <1,
r(H)(1-1(t)) (4.14)

Ha(BP(E) + p(t)e®)o(t) + p(t)pg () +v()pg(t) < T
T(t)?

where c4 is the same as in Lemma 2.8, for any t € Q, the iterative sequences {x,(t)}, {u,(t)} and
{0, (1)} defined by Algorithm 3.4 converge strongly to the solution (x*(t),u*(t),v*(t)) of (2.9).

Remark 4.5. We note that for suitable choices of the mappings S,p, H, M, K, T, G, 1 and space
E. Theorems 4.1-4.4 reduces to many known results of generalized variational inclusions as
special cases (see [1, 3, 4, 20-25, 32] and the references therein).
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