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We prove positive semidefiniteness of matrices generated by differences deduced from
majorization-type results which implies exponential convexity and log-convexity of these

differences and also obtain Lyapunov’s and Dresher’s inequalities for these differences. We
introduce new Cauchy means and show that these means are monotone.

1. Introduction and Preliminaries

Let x = (x1,...,x,), p = (p1,--.,pn) denote two sequences of positive real numbers with
>, pi = 1. The well-known Jensen inequality for convex function [1, page 43] gives that, for
t<Qort>1,

n n t
dpixi > <Zpixi> , (1.1)

and vice versa for 0 <t < 1.
In [2], the following generalization of this theorem is given.

Theorem 1.1. For o <r <s<t < +oo,

AT < AT (1.2)
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where

( i Pixf -(Zhpi xi)t
tt-1) ’

At = { log <ipixi> - ipi log x;, t=0, (1.3)
i=1 i=1

zn:p,-xi log x; — (En:pixi> log<§n:pix,->, t=1.

i1 i=1 i=1

For fixed n > 2 let
X=X, %), Y=Y Yn) (1.4)
denote two n-tuples. Let

X[ 2 X[2] 2 2 X[n), Y 2Ype 2 2 Yl
(1.5)
X1 Sx@) < S X, Yo <ye) < SYm)

be their ordered components.

Definition 1.2 (see [1, page 319]). y is said to majorize x (or x is said to be majorized by y), in
symbol, y > x, if

m m
PREDN (1.6)
i=1 i=1

holdsform=1,2,...,n—1and
in = Zyi’ (1.7)
i=1 i=1

Note that (1.6) is equivalent to

> 0SS D Yo (1.8)
i=n-m+1

i=n—-m+1

form=1,2,...,n-1.

The following theorem is well-known as the majorization theorem and a convenient
reference for its proof is given by Marshall and Olkin [3, pagell] (see also [1, page 320]).
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Theorem 1.3. Let I be an interval in R, and let x, y be two n-tuples such that x;, y; € 1 (i =
1,...,n). Then

n

S < 39(0) 19

i=1

holds for every continuous convex function ¢ : I — R if and only if y > x holds.

Remark 1.4 (see [4]). If ¢(x) is a strictly convex function, then equality in (1.9) is valid iff
X =yu, i=1,...,n

The following theorem can be regarded as a generalization of Theorem 1.3 and is
proved by Fuchs in [5] (see also [1, page 323]).

Theorem 1.5. Let x, y be two decreasing real n-tuples, and let p = (p1, ..., pn) be a real n-tuple such
that

k k
Zpixl- < Zpiyi fO?’ k=1,...,n-1,
i=1 i=1

. . (1.10)
Zpixi = Zpiyi-
i=1 i=1
Then for every continuous convex function ¢ : I — R, one has
2pid(x) < 3 pidp(vi). (111)
i=1 i=1

Definition 1.6. A function h : (a,b) — R is exponentially convex function if it is continuous
and

i‘gi‘gjh(xi"‘xj) >0 (1.12)

ij=1
for all n € N and all choices ¢; € R and x; € (a,b), i = 1,...,n such that x; + xj € (a,b),
1<i,j<n.
The following proposition is given in [6].
Proposition 1.7. Let h : (a,b) — R. The following propositions are equivalent.

(i) h is exponentially convex.
(ii) h is continuous and

igigjh<xi ;xj> >0, (1.13)

ij=1

for every n € N, every ¢; € R, and every x;,x; € (a,b),1<1,j <n.
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Corollary 1.8. If h is exponentially convex, then

det [h(xi ; x]->]" >0, (1.14)

ij=1

for every n € Nand every x; € (a,b),i=1,...,n.

Corollary 1.9. If h : (a,b) — R is exponentially convex function, then h is a log-convex function
in Jensens sense:

h(x ; y) <\Vh®)R(y), Vx,y € (ab). (1.15)

In this paper, we prove positive semidefiniteness of matrices generated by differences
deduced from majorization-type results (1.9), (1.11), (4.2), and (4.5) which implies
exponential convexity and log-convexity of these differences and also obtain Lyapunov’s and
Dresher’s inequalities for these differences. In [7], new Cauchy means are introduced. By
using these means, a generalization of (1.2) was given (see [7]). In the present paper, we give
related results in discrete and indiscrete cases and some new means of the Cauchy type.

2. Main Results

Lemma 2.1. Define the function
S
s(s—1)7
s (x) = -logx, s=0, (2.1)

s#0,1,

xlogx, s=1.

Then ¢ = x572, that is, (s is convex for x > 0.

Definition 2.2. It is said that a positive function f is log-convex in the Jensen sense on some
interval I C R if

50> r(557) 2)

holds for every s,t € I.

The following lemma gives an equivalent condition for convexity of function f [1,
page 2].

Lemma 2.3. If ¢ is convex on an interval I C R, then
P(s1)(s3 = 52) + P(52) (51 — 83) + P(53) (52— 51) 2 0 (2.3)

holds for every s < s < s3, 51,52,53 € L.
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Theorem 2.4. Let x and y be two positive n-tuples, y > X,
A= AN(6y) = Do(yi) - Dpr(xi), (2.4)
i=1 i=1

and all x(;)’s and yp;)’s are not equal.
Then the following statements are valid.

(a) For everyn € Nand sy,...,s, € R, the matrix [A(Si+sj) /2]:’].:1 is a positive semidefinite
matrix. Particularly

k
det [A(S#S].) /2]”:1 >0 (2.5)
fork=1,...,n.

(b) The function s — A is exponentially convex.

(c) The function s — Ay is log-convex on R and the following inequality holds for —co < r <

s<t<oo:
AT <A AT (2.6)
Proof. (a) Consider the function
k
u(x) = Z u,-u]-(psl.).(x) (2.7)
ij

fork=1,...,n,x>0,u €R, s;j € R, where s;; = (s; + 5;) /2 and Ps;; 18 defined in (2.1).
We have

k k 2
p(x) = > uuxi? = <Z ul-xs"/z_1> >0, x>0. (2.8)
ij i

This shows that y is a convex function for x > 0.
Using Theorem 1.3,

D HYm) = D H(xm) 20, (29)
m=1 m=1

This implies that

n k n k
Z <Z Uit s, (ym)> - <Z Uit s, (xm)> >0, (2.10)
1\ 7

m=1 i,j m=
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or equivalently

k
> uiujAg, > 0. (2.11)
ij

n

From last inequality, it follows that the matrix [A(Si+sj) /2]1 i1

that is, (2.5) is valid.

(b) Note that Ay is continuous for s € R. Then by using Proposition 1.7, we get
exponentially convexity of the function s — A,.

(c) Since ¢;(x) is continuous and strictly convex function for x > 0 and all x[;’s and
y[i’s are not equal, therefore by Theorem 1.3 with ¢ = ¢; we have

is a positive semidefinite matrix,

Doe(yi) > Dgpi(xi). 2.12)
i=1 i=1
This implies
A= A(xy) = Z‘Pt(yi) - Z‘Pt(xi) >0, (2.13)
i=1 i=1

that is, A is a positive-valued function.
A simple consequence of Corollary 1.9 is that A is log-convex; then by definition

log AL" <log AL® +log S, (2.14)

which is equivalent to (2.6). O

Theorem 2.5. Let A; be defined as in Theorem 2.4 and t,s,u,v € Rsuch that s <u, t < v, s#t, and
u#v. Then

1/(t-s) 1/(v-u)
(ﬁ) < <ﬁ> , (2.15)
A A,

Proof. For a convex function ¢, a simple consequence of (2.3) is the following inequality [1,
page 2]:

plx) —pa) ¢(2) —w(yl)/ (2.16)
X2 — X1 Y-
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with x1 < y1, x2 < y2, X1 # %2, Y1 #Y2. Since by Theorem 2.4(c) and A is log-convex, we can
setin (2.16) p(x) =log Ay, x1 =5, xo =t, y1 = u, and y, = v. We get

log As—log As _ log Ay —log Ay (2.17)

4

t—s N v-Uu
from which (2.15) follows. O

Theorem 2.6. Let x and y be two positive decreasing n-tuples, let p = (p1,...,pn) be a real n-tuple
and let

A= X0y ) = ) pipe(yi) = D, pigpe(xi) (2.18)
i=1 i=1

such that conditions (1.10) are satisfied and A, is positive.
Then the following statements are valid.

(a) For every n € Nand sy,...,s, € R, the matrix [A(S,.J,s].) /2]?]‘=1 is a positive semidefinite
matrix. Particularly

k

det [)L(SiJ,sj)/z] i1 >0 (2.19)
fork=1,...,n

(b) The function s — \g is exponentially convex.

(c) The function s — A is log-convex on R and the following inequality holds for —oo < r <

s<t<oo:
AL < AE ST (2.20)
Proof. As in the proof of Theorem 2.4, we use Theorem 1.5 instead of Theorem 1.3. O
Theorem 2.7. Let A, be defined as in Theorem 2.6 and t,s,u,v € R such that s <u, t < v, s#t, and
u#uv. Then
1/(t-s) 1/ (v-u)
<ﬁ> < <E> , 2.21)
As T\
Proof. Similar to the proof of Theorem 2.5. O

3. Cauchy Means

Let us note that (2.15) and (2.21) have the form of some known inequalities between means
(e.g., Stolarsky means, Gini means, etc). Here we will prove that expressions on both sides of
(2.15) and (2.21) are also means.
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Lemma 3.1. Let f € C*(I), I interval in R, be such that

m< f"(x) <M. (3.1)
Consider the functions ¢q, ¢, defined as
P1(x) =
(3.2)
22
$a2(x) = f(x) = ——,

then ¢;(x) for i = 1,2 are convex.

Proof. Since

1(x) =M= f"(x) 20,

(3.3)
p(x) = f'(x) -m >0,
thatis, ¢; for i = 1,2 are convex. O
Denote
I = [my, M1], where m; = min{my, my}, My = max{ My, My}. (3.4)

In the above expression, m, and my are the minimums of x and y, respectively. Similarly, M
and My are the maximums of x and y respectively.

Theorem 3.2. Let x and y be two positive n-tuples, y > x, all x;'s and yy;)’s are not equal, and
f € C2(I), with I being defined as in (3.4), then there exists ¢ € Iy such that

100 S0 29 )

Proof. Since f € C?(I;) and I; is compact, then m; < f”(x) < M; for x € I;. Then by applying
¢1 and ¢, defined in Lemma 3.1 for ¢ in Theorem 1.3, we have

D) < D1 (vi),
i=1 i=1

(3.6)

ﬁ;ﬁi’z(xi) < 24)2 (vi),
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that is,

n n

anlf (vi) - Zn;f (xi) < —= {Zyﬁ lexf}, (3.7)
Zf(yz) Zf xi) 2 —{Zn]yﬁ - sz} (3.8)

By combining (3.7) and (3.8)

m 2B U2 L) <, o

Stiyi? — S x2 #0 because x[; 2y, for i = 1,...,n by using Remark 1.4. Using the fact
that for my < p < My, there exists ¢ € I such that f”(¢) = p, we get (3.5). O

Theorem 3.3. Let x and y be two positive n-tuples, y > x, all xp;)’s and y;)’s are not equa,and
f, g € C*(1y), with I being defined as in (3.4), then there exists ¢ € Iy such that

i f(yi) - S f () _ '@

n n = ol ’ (310)
Shig(yi) - Xiigla) 8"
provided that g"(x) #0 for every x € I.
Proof. Let a function k € C?(I;) be defined as
k=cf-cg (3.11)
where ¢; and ¢, are defined as
n n
a1 =.8(wi) - D.g(xi),
i=1 i=1
(3.12)

2= f(vi) = D f (x0).
i=1 i=1
Then, using Theorem 3.2 with f = k, we have

0= (q@ _ng”zﬁ>{iyiz_ixi2}‘ (3.13)

Since

QY- # 0, (3.14)
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therefore, (3.13) gives

a_f©
0 gO 19

After putting values, we get (3.10). The denominator of left-hand side is nonzero by using
f = g in Theorem 3.2. O

Corollary 3.4. Let x and y be two positive n-tuples such that'y > x and all x[;)’s and y;)’s are not
equal, then for —co < s#t#0, 1#s < +oo there exists ¢ € Iy, with I; being defined as in (3.4), such
that

ét—s _ S(S - 1) Z?:l yit - Z?:l xit

= . 3.16
tt-1) Syt - X (3.16)

Proof. Setting f(x) = x' and g(x) = x%, t#5#0,1in (3.10), we get (3.16). O

Remark 3.5. Since the function ¢ — ¢'% is invertible, then from (3.16) we have

. n f_n 1 1/(t-s)
o < [56=D fol Yi Zfl Xi <M. (3.17)
HE-1) 3y - 2k xi®

In fact, similar result can also be given for (3.10). Namely, suppose that f”/g" has
inverse function. Then from (3.10), we have

_ £11<Z£Lﬂw>—2£Lﬂx»> 18
‘ <g”> gy -Zihigx) ) (3.18)

So, we have that the expression on the right-hand side of (3.18) is also a mean. By the
inequality (3.17), we can consider for positive n-tuples x and y such that y > x,

A\ L (E9)
M. = (A_f> (3.19)

for —oo < s#t < +oo, as means in broader sense. Moreover we can extend these means in
other cases. So passing to the limit, we have

Mo o (Z?:lyislogyi_Z?=1xi510gxi_ 25—1) 50,1
T Shwe -z -1/ ST

" log’yi — 3 log’x;
Mop = exp i logyi—Zimlog'x )
' 2 [Eilogyi - X1, log xi]

S yilog’yi — S xilogx; 1>
2 [ yilogyi — XL, xilog xi] '

(3.20)

M, = exp<
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Theorem 3.6. Let t,s, u,v € R such that t < u, s < v, then the following inequality is valid:

Mt,s S Mu,v- (321)

Proof. Since A, is log-convex, therefore by (2.15) we get (3.21). O

Theorem 3.7. Let x and y be two positive decreasing n-tuples, let p be a real n-tuple such that
conditions (1.10) are satisfied, A; is positive defined as in Theorem 2.6, and f € C2(Ih), with I being
defined as in (3.4), then there exists ¢ € I such that

Spif(vi) - Dpif (xi) = # {Zpiyiz - Zpixf}, (3.22)
i1 i1 i1 i1

Proof. As in the proof of Theorem 3.2, we use Theorem 1.5 instead of Theorem 1.3. O

Theorem 3.8. Let x and y be two positive decreasing n-tuples, p be a real n-tuple such that conditions
(1.10) are satisfied, \; is positive defined as in Theorem 2.6 and f, g € C>(I1), I is defined as in (3.4).
Then there exists ¢ € I such that

Siapif(vi) - Sipif () f(é)

- - == (3.23)
Sihpig(yi) - Zhpiglx)  8"(9)
provided that §" (x) #0 for every x € I.
Proof. Similar to the proof of Theorem 3.3. O

Corollary 3.9. Let x and y be two positive decreasing n-tuples, let p be a real n-tuple such
that conditions (1.10) are satisfied and \; is positive defined as in Theorem 2.6, then for —co <
s#t#0,1#s < +oo there exists ¢ € Iy, with 1, being defined as in (3.4), such that

_s(s=1) S piyi' - Sl pixi!

g = = = . (3.24)
Ht=1) i piyi® — Xisy pixi®
Proof. Setting f(x) = x' and g(x) = x%, t#s#0,1in (3.23), we get (3.24). O
Remark 3.10. Since the function ¢ — ¢ is invertible, then from (3.24) we have
_ n . ‘t _ Tl At 1/(t’5>
1 < S(S 1) Zrllzl le‘/l Zznzl plxl < Ml- (3_25)
Ht=1) i piyi® — Xity pixi®

In fact, similar result can also be given for (3.23). Namely, suppose that f”/g” has
inverse function. Then from (3.23), we have

_ f_" - <Z?—1 pif (yi) - X Pif(xi)> 226
: <8”> Sipig(yi) - Ziipigxi) ) (3.26)
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So, we have that the expression on the right-hand side of (3.26) is also a mean. By the

inequality (3.25), we can consider for positive n-tuples x and y such that conditions (1.10)
are satisfied, and

. 1/(t=s)
M, = (*f> (3.27)

for —oo < s#t < +oo, as means in broader sense. Moreover we can extend these means in
other cases. So passing to the limit, we have

— Lpi vt logyi — > pixi® log x; -
M.. - exp(Z,_lp yi'logy Zé_m xi"logxi 25 -1 ) 50,1,
i Py — 2 pixi® s(s-1)
— ?7 ;1o 2 i — ?7 ilo 2xi
Mo’o:exp< 31 pilog’yi = it pilog +1>. (328)
2 (XL pilogyi — 3 pilog x;)
— niilzi— 1'1_1'1‘121'
A, =exp< Sl piyilogy: - S pixilog’x _1>.
2 (XL piyilogy: = X1 pixilog xi)
Theorem 3.11. Let t,s,u,v € R such that t <u, s < v, then the following inequality is valid:
Mt,s S Mu,v- (329)
Proof. Since A, is log-convex, therefore by (2.21) we get (3.29). O

4. Some Related Results

Let x(7), y(7) be real valued functions defined on an interval [a,b] such that f; x(7)dr,
[2 y(r)dr both exist for all s € [a, b].

Definition 4.1 (see [1, page 324]). y(7) is said to majorize x(7), in symbol, y(7) > x(7), for
T € [a, b] if they are decreasing in 7 € [a,b] and

IS x(T)dr < JS y(t)dr fors€[a,b], (4.1)

a

and equality in (4.1) holds for s = b.

The following theorem can be regarded as a majorization theorem in integral case [1,
page 325].
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Theorem 4.2. y(7) > x(7) for T € [a, b] iff they are decreasing in [a, b] and

b b
f P(x(r)dr sj $(y(r))dr (42)

holds for every ¢ that is continuous, and convex in [a, b] such that the integrals exist.

The following theorem is a simple consequence of Theorem 12.14 in [8] (see also [1,
page 328]):

Theorem 4.3. Let x(7),y(7) : [a,b] — R, x(7) and y(t) are continuous and increasing and let
G : [a,b] — R bea function of bounded variation.

(a) I

b b
f x(1)dG(t) < J‘ y(1)dG(t) for every v € [a,b], (4.3)

v

b b
J. x(1)dG(T) =J‘ y(7)dG(T) (4.4)

a

hold, then for every continuous convex function f, one has
b b
[ ranace < [ rwm)dce. (5)

(b) If (4.3) holds, then (4.5) holds for every continuous increasing convex function f.

Theorem 4.4. Let x(7) and y(T) be two positive functions defined on an interval [a, b], decreasing
in [a,b], y(T) > x(7),

b b
Bi(x(7);y(T)) = f ¢ (y(7))dr —I @r(x(7))dr, (4.6)

and Py is positive.
Then the following statements are valid.

n

(a) For every n € Nand s1,...,s, € R, the matrix [ﬂ(siﬂj)/z]l}_:l

is a positive semidefinite
matrix. Particularly

>0 (4.7)

k
det [ﬁ(5i+sj)/2] -
ij=1

fork=1,...,n.

(b) The function s — g is exponentially convex.
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(c) The function s — Pq is log-convex on R and the following inequality holds for —oco < r <

s<t<oo:
SSBAT (4.8)
Proof. As in the proof of Theorem 2.4, we use Theorem 4.2 instead of Theorem 1.3. ]
Theorem 4.5. Let f; be defined as in Theorem 4.4 and t,s,u,v € R such that s <u, t < v, s#t, and
u#uv. Then
1/(t-s) 1/ (v-u)
&) <G )
Ps Pu

Proof. Similar to the proof of Theorem 2.5. O

Denote
I, = [my, Mp], where m; = min{m. (), my(r) }, Mz = max{Mx(r), My} (4.10)

In the above expression, my(;) and my(;) are the minimums of x(7) and y(7), respectively.
Similarly, My(r) and M) are the maximums of x(7) and y(7), respectively.

Theorem 4.6. Let x(7) and y(t) be two positive decreasing functions in [a,b] such that y(t) >
x(7), Py is positive defined as in Theorem 4.4, and f € C*(I,), with I, being defined as in (4.10), then
there exists ¢ € I such that

" b
Ibf(y(T))dT - Ibf(X(T))dT = # {Jb v (r)dr - j xz(T)dT}. (4.11)

a

Proof. As in the proof of Theorem 3.2, we use Theorem 4.2 instead of Theorem 1.3. O

Theorem 4.7. Let x(7) and y(7) be two positive decreasing functions in [a,b] such that y(T) >
x(T), Pt is positive defined as in Theorem 4.4, and f, g € C?(1,), with I, being defined as in (4.10).
Then there exists ¢ € Ip such that

[Lf(y(m))dr - [] f(x(r))dr '@
(2 g(y(m))dr - [ g(x(r)ydr  §'@)’

(4.12)

provided that §"(z) #0 for every z € L.

Proof. Similar to the proof of Theorem 3.3. O
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Corollary 4.8. Let x(7) and y(t) be two positive decreasing functions in [a,b] such that y(t) >

x(t) and Py is positive defined as in Theorem 4.4, then for —co < s#t#0,1#s < +oo there exists
¢ € I, with I, being defined as in (4.10), such that

s(s—1) [P yt(n)dr - [0 xt()dr

g = . (4.13)
tt-1) fs ys(T)dr - js xs(t)dt
Proof. Set f(x) = x' and g(x) = x%, t#s#0,1 in (4.12), we get (4.13). O
Remark 4.9. Since the function ¢ — ¢'5 is invertible, then from (4.13) we have
B b ¢ d B b ¢ d 1/(t_5)
< [ 6= Loy (e - oy . i
tH(t-1) [ ys(r)dt - [ x5(T)dT

In fact, similar result can also be given for (4.12). Namely, suppose that f”/g" has
inverse function. Then from (4.12), we have

- (L )‘1 <Li’f (y(r))dr - fff(x(T))dT> ws)
8"/ \J. g(y(r))dr - [} g(x(r))dT

So, we have that the expression on the right-hand side of (4.15) is also a mean. By the
inequality (4.14), we can consider for positive functions x(7) and y(7) such that y(7) > x(7),
and

M, = (%)UH) (4.16)

for —co < s#t < +oo, as means in broader sense. Moreover we can extend these means in
other cases. So passing to the limit, we have

Wiy = oxp( 2 DIy -y @logx(mar_ 251
[, y(r)dr - [ x%(T)dT s(s=1)
— fﬁ log?y(t)dT — fs log”x(7)dt
Mo, = exp , (4.17)

2 [js logy(r)dr — ff; log x(T)dT]

_ fs y(1)log’y(t)dT — fs x(1)log’x(T)dr
M1 =exp -1

2 [fs y(t)logy(r)dr — fs x(7)log x(T)dT]
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Theorem 4.10. Let t,s,u,v € R such that t < u, s < v, then the following inequality is valid:
Mt,s S Mu,v- (418)

Proof. Since S is log-convex, therefore by (4.9) we get (4.18). O

Theorem 4.11. Let x(7),y(7) : [a,b] — R, x(7) and y(7) are positive, continuous, and increasing
and let G : [a,b] — R be a function of bounded variation. Also let

b b
Ii(x(7), y(r); G(r)) :=j 91 (y(1))dG(7) - f 91(x(1))dG(r), (4.19)

such that conditions (4.3) and (4.4) are satisfied and I'; is positive.
Then the following statements are valid.

(a) For every n € Nand sy,...,s, € R, the matrix [F(S,.J,S).) /2]?]‘:1 is a positive semidefinite
matrix. Particularly

k
det [r(si+sj) /2] >0 (4.20)
i,j=1

fork=1,...,n
(b) The function s — T’y is exponentially convex.

(c) The function s — I's is log-convex on R and the following inequality holds for —oo < r <
s<t<oo:

| RS L (4.21)

Proof. As in the proof of Theorem 2.4, we use Theorem 4.3 instead of Theorem 1.3. O

Theorem 4.12. Let Iy be defined as in Theorem 4.11 and t,s,u,v € R such that s < u, t < v, s #t,

and u#v. Then
1/(t-s) 1/ (v—u)
(")
S u

Proof. Similar to the proof of Theorem 2.5. O

Theorem 4.13. Let x(7) and y(t) be positive, continuous, and increasing functions in [a,b] such
that conditions (4.3) and (4.4) are satisfied, Ty is positive defined as in Theorem 4.11, f € C*(I,), with
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I, being defined as in (4.10), and G : [a,b] — R be a function of bounded variation, then there exists
¢ € I such that

b b " b b
[ swnaca - [ smacm - %{j y@)ac( - [ xzmdcm}. w2

Proof. As in the proof of Theorem 3.2, we use Theorem 4.3 instead of Theorem 1.3. O

Theorem 4.14. Let x(7) and y(7) be positive, continuous and increasing functions in [a,b] such
that conditions (4.3) and (4.4) are satisfied, G : [a,b] — R be a function of bounded variation, Iy is
positive defined as in Theorem 4.11, and f, g € C?(I,), with I, being defined as in (4.10). Then there
exists ¢ € I, such that

[* f(y(@)dG(r) - 2 f(x(x)dG(r)  f'(2)

=25, (4.24)
Ja 8(y(1)dG(r) - [ g(x()dG(r) ")
provided that §"(z) # 0 for every z € I.
Proof. Similar to the proof of Theorem 3.3. O

Corollary 4.15. Let x(7) and y(7) be positive, continuous, and increasing functions in [a,b] such
that conditions (4.3) and (4.4) be satisfied, I'y is positive defined as in Theorem 4.11, and G : [a,b] —
R be a function of bounded variation, then for —oo < s#t#0,1#s < +oo there exists ¢ € I, with I,
being defined as in (4.10), such that

_s(s—1) [,y (1)dG(r) - [} x'(1)dG(r)

¢S = . (4.25)
HE=1) [ ys(7)dG(r) - |1 x3(1)dG(7)
Proof. Setting f(x) = x' and g(x) = x5, t#5#0,1 in (4.24), we get (4.25). O
Remark 4.16. Since the function ¢ +— ¢'° is invertible, then from (4.25) we have
) [y @dG) - [P mace |
- T T) - [ XMt T
my< SO Y : <M. (4.26)
HE=1) [° ys(1)dG(r) - [0 x5(7)dG(7)

In fact, similar result can also be given for (4.24). Namely, suppose that f”/g" has
inverse function. Then from (4.24), we have

. <f_” >1 <ff: f(y(0) dG() - [ f(x(x)) dG<r>>_ o)
8"/ \ Jog(y(m) dG(r) - [} g(x(r)) dG(7)
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So, we have that the expression on the right-hand side of (4.27) is also a mean. By the

inequality (4.26), we can consider for positive functions x(7) and y(7) such that conditions
(4.3) and (4.4) are satisfied, and

1/ (t-s)
./nt,s = <E> (428)

for —co < s#t < +o0o, as means in broader sense. Moreover we can extend these means in
other cases. So passing to the limit, we have

M5 = exp 'fs y* (1) log y()dG(7) _Ll; x*(7)log x(1)dG(r)  25-1 .
fo y*(MdG(r) - [, x*(7)dG(7) s(s—1) )’ Y

Moo = exp

[P log?y(7)dG(7) - [* log*x(7)dG(7)
b b 1 (4.29)
2 [fa log y(7)dG(7) - |, Ing(T)dG(T)]

[, y(Mlog’y()dG(r) - [, x(r)logx(r)dG(r)
2 [fs y(7)log y(1)dG(t) — f}; x(7) log x(T)dG(T)]

M1 =exp 1.

Theorem 4.17. Let t,s,u,v € R such that t <u, s < v, then the following inequality is valid:
./’lt,s S ./’Lu,v- (430)

Proof. Since T’ is log-convex, therefore by (4.22) we get (4.30). O

Remark 4.18. Let x = >, piyi/ >, pi such that p; > 0 and 3, p; = 1. If we substitute in
Theorem 2.6 (x1;x2;...;x,) = (x;x;...;x), we get (1.2). In fact in such results we have thaty
is monotonic n-tuple. But since the weights are positive, our results are also valid for arbitrary

y.
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